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DEDICATION 


These  Proceedings  are  dedicated  to  the 
memory  of  Roger  Brard.  He  expected  to  attend 
this  Conference  together  with  his  wife  ThSr&se 
and  was  to  take  part  in  it  both  as  a  speaker  and  as 
a  chairman.  A  short  illness  ended  with  his  death 
on  July  15th,  a  culmination  of  many  years  of 
uncertain  health. 

Roger  Brard’s  involvement  with  ships  was  both 
broad  and  deep,  touching  upon  almost  every 
aspect  of  naval  architecture.  However,  ship- 
hydrodynamic  problems  were  an  ever  recurring 
theme,  and  in  recent  years  he  devoted  his  efforts 
principally  to  these.  Earlier  he  was  also  known  for 
his  contributions  to  probability  theory  and  he 
regularly  lectured  on  this  subject  during  his  years 
at  the  Ecole  Pulytechnlque.  Few  of  those  who 
know  only  h:?  recant  work  on  resistance  and 
maneuverability  or  his  earlier  pioneering  work  on 
pitching  and  rolling  ol  ships  under  way  are  likely 
to  be  aware  of  the  breadth  of  his  activities  in  ship 
theory,  fluid  dynamics  and  mathematics.  In  the 
following  paragraph  we  try  to  give  some  idea  of 
this  breadth. 

Brard’s  doctoral  thesis  {In  mathematics)  was 
"On  some  oropertles  of  the  geometry  of  ship 
hulls”  (1929).  The  following  year  there  was  a  paper 
on  the  reheating  of  boiler  teed  water  and  the  year 
after  that,  one  on  the  exhaust  of  Internal 
combustion  engines.  To  give  a  further  idea  of  the 
almost  Incredible  extent  of  his  activities,  a 
sampling  of  topics  on  which  there  are  published 
papers  follows:  theory  and  design  of  propellers, 
aoded  mass  in  rolling,  elfect  of  added  mass  and 
wave  generation  on  stopping  of  ships,  nonlinear 
oscillations,  statistical  theory  of  turbulence,  the 
law  of  large  numbers,  stationary  random 
processes,  model  testing  of  towed  barges, 
representation  of  hulls  by  source-sink  distribu¬ 
tions,  self-propelled  model  tests,  sea  trials  of  van 
ous  ships  and  comparison  with  model  tests,  flow 
about  deformable  profiles,  cavitation.  And  of  course 
the  topics  mentioned  earlier  The  list  is  not  ex 
naustlve.  Furthermore,  during  1932  38  while  at 
the  Arsenal  at  Brest  he  was  In  charge  of  repairs 
ti'  several  cruisers,  of  the  construction  ol  another, 
and  of  the  armament  of  three  battleships. 

His  talents  and  contributions  were  not 
unrecognised  In  France  and  abroad  Ws  mention 
first  a  few  of  his  prizes,  chosen  to  show  their 
diversity  a  medal  from  the  Office  National  dea 


Recherches  Scientiflques  et  des  Inventions  for 
his  work  on  the  exhaust  of  internal  combustion 
motors  (1^32).  a  prize  frem  the  Acad$rnle  des 
Sciences  for  his  design  of  the  propellers  of  the 
liner  Normandie  (1937),  a  further  prize  from  the 
Academic  for  contributions  to  ship  hydrodynam¬ 
ics  (1955),  and  the  David  W.  Taylor  rnedal  of 
SNAME  (1974).  He  was  a  Commandeur  of  the 
Legion  d’Honneur,  a  member  of  the  AcadSmie  de 
Marine  and  a  member  of  the  Acadfimio  des 
Sciences.  He  served  as  president  of  the  latter 
during  1972*73.  He  was  also  a  member  of  the 
National  Academy  of  Engineering  of  the  U.S.A.  In 
1960,  he  wa3  president  of  the  French  Mathematical 
Society  Much  more  could  be  added  to  this  list. 

It  is  not  surprising  that  Rogor  Brard  should  have 
been  given  pos'tlons  and  responsibilities 
corresponding  to  his  abilities.  Again  tha  list  Is  not 
complete.  In  1941,  he  was  chief  of  the  French 
towing  tank,  the  Bassln  d'Essais  c.es  Cardnes,  and 
was  its  director  from  1962-1970.  He  was  Professor 
of  Applied  Mathematics  ot  the  Ecola  Polytech- 
nlque  from  1942-1969  and  also  Professor  of 
Hydtodynamlcs  from  1944-1969  at  the  F.cole 
Nationals  Sup6r‘eure  du  G6nle  Maritime,  the 
French  school  of  naval  architecture.  He  was 
director  of  this  school  from  1958-1962.  After 
retiring  from  the  Ecole  Polytechnique  ano  the 
Ecole  du  G6nle  Maritime,  he  began  a  new 
acadomic  career  in  1970  at  the  Ecole  Natlonalo 
Sup6rleure  de  Mdcanlque  of  the  University  of 
Nantes.  Here  he  developed  a  special  course  for 
advanced  training  In  naval  hydrodynamics.  In  1973 
he  was  invited  to  give  the  David  Taylor  Lectures  at 
the  David  Taylor  Ship  Research  and  Development 
Center  and  on  two  occasions  gave  courses  of 
lectures  at  the  University  of  Michigan.  He  had 
been  chairmrn  of  the  Resistance  Committee  of 
the  ITTC  since  1963 

In  addition  to  having  outstanding  scientific  and 
administrative  talents.  Roger  Brard  was  also  a 
warm  human  being,  reserved  rather  than  ebullient, 
but  also  a  good  companion  and  a  witty  raconteur 
and  conversationalist.  To  many  of  us  he  was  a 
cherished  friend  He  v/as  an  Indefatigable  worker 
In  spite  ol  hie  poor  health  and  strove  constantly 
for  excellence  He  was  just  past  70  when  he  died 
and  would  certainly  have  accomplished  much 
more  if  he  had  boon  spared  We  shall  miss  him. 
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PREFACE 


Although  theoretical  3hip  hydrodynamics  has  made  steady  If  not  dramatic  progress  during 
the  last  thirty  years,  it  seems  evident  that  this  progress  has  been  achieved  for  the  most 
part  by  application  of  various  methods  for  replacing  the  difficult  nonlinear  equations  by 
approximate  ones,  In  particular  Dy  the  use  of  perturbation  methods.  The  simultaneous 
spectacular  growth  of  computing  machines  and  iheir  Impact  on  the  development  of 
numerical  analysis  were  not  Ignored,  but  their  influence  on  ship  hydrodynamics  was 
primarily  In  widening  the  possibilities  of  computing  derived  formulas  and  almost  not  at  all 
in  altering  the  methods  of  approach  to  the  problems  themselves.  It  had  been  evident  for 
several  years  that  the  time  was  appropriate  for  taking  formal  notice  of  this  fact  and  of 
encouraging  wider  participation  In  ship  hydrodynamics  of  persons  with  strong  back¬ 
grounds  in  numerical  analysis  and  computing.  The  First  International  Conference  on 
Numerical  Ship  Hydrodynamics  was  In  response  to  this  need.  It  brought  together  researchers 
of  rather  diverse  backgrounds,  with  the  aim  of  giving  to  each  a  forum  for  his  own  approach 
to  ship-hydrodynamic  calculations  and  of  providing  opportunities  for  Interaction. 

This  first  Conference,  held  in  October  1975  in  the  National  Bureau  of  Standards  in  Gaithersburg, 
Md.,  was  by  all  criteria  a  notable  success.  The  papers  were  Interesting  and  the  opportunities 
for  discussion,  both  formal  and  Informal,  were  adequate.  Furthermore,  the  Proceedings 
appeared  m  a  remarkably  short  time  as  such  things  go.  It  was  evident  that  a  second  Con¬ 
ference  was  both  desirable  end  desired.  The  present  Proceedings  are  the  result  of  this 
second  Conference,  held  In  bu  ’  **ley  on  September  19-21,  1977  and  sponsored  jointly  by 
the  David  Taylor  Naval  Ship  Research  nnd  Development  Center,  the  Office  of  Naval  Research 
and  the  University  of  California  Berkeley  mere  mention  of  the  OMice  ol  Naval  Research  as 
a  sponsor  does  not  do  justice  to  the  continuous,  effective  and  informed  support  that  it  has 
given  to  the  development  of  numerical  methods  in  ship  hydrodynamics  In  recent  years. 
Without  this,  neither  Conference  would  have  taken  place,  and  much  of  the  reported 
research  would  not  have  been  done.  The  -ctual  organization  of  the  meeting,  aside  from 
selection  of  papers,  was  carried  out  by  the  Extension  Division  of  the  University  through  the 
capable  hands  of  Linda  Reid.  Since  authors  provided  manuscripts  In  final  form  for  repro¬ 
duction,  only  minor  editorial  changes  were  possible  and  no  attempt  wes  made  to  achieve 
consistency  In  format  or  reference  style. 

Finally,  It  seems  appropriate  to  call  attention  to  the  remarkable  diversity  of  the  papers 
Even  when  the  same  problem  is  being  treated,  the  methods  are  different.  It  waa  one  of  the 
purposes  of  the  Conference  to  encourage  this  diversity  and  to  bring  the  results  into  Juxta 
position.  Diversity  extended  beyond  sublect  matter.  Over  a  dozen  countries  were  represented 
among  the  participants.  Such  juxtaposition  Is  also  important. 
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SHIP  HYDRODYNAMICS-THEN  AND  NOW 


L.  Landwebor 
The  University  of  Icwa 
Institute  of  Hydraulic  Research 
Icwa  City,  Iowa  52242 


"Then"  in  the  title  refers  to  the  year  1932 
when,  without  previous  knowledge  of  the  f^eld  of 
ship  hydrodynamics,  or  preparation  for  it,  I 
joined  the  staff  of  the  U.S.  Experimental  Model 
Basin,  located  in  the  Washington,  D.C.  Navy  Yard. 
My  immediate  supervisor  was  Xarl  Schoenherr,  and 
Captain  Eggert  wan  the  Director.  Two  of  the. 
young  Naval  Officers  on  the  staff  at  the  time, 

A1  Mumma  and  Harold  Saunders,  eventually  be¬ 
came  Directors  of  the  David  Taylor  Model  Basin. 

The  activity  at  the  Laboratory  was  then 
primarily  of  an  experimental  nature.  The  cowing 
tank  was  mainly  occupied  with  conducting  resis¬ 
tance,  propulsion,  and  maneuvering  tests  of  ship 
models  for  the  Preliminary  Design  Section  of 
the  Bureau  of  Ships.  PropePers  were  tested  in  a 
variable-pressure  water  tunnel.  3,  my  first 

assignment  was  to  fair  the  characteristic  curves 
of  thrust  and  torque  coefficients,  and  efficiency 
of  a  large  family  of  propellers,  with  systemat¬ 
ically  varied  parameters.  Since  the  three  char¬ 
acteristic  curves  are  mathematically  related,  a 
shift  in  one  in  the  course  of  the  curve  fairing, 
affected  the  other  two.  Consequently,  after 
weeks  of  annoying  drawing  and  redrawing,  I  de¬ 
signed  and  had  the  shop  construct  a  simple  mech¬ 
anism  which  drew  the  efficiency  curve  corres¬ 
ponding  to  selected  curves  of  the  thru«t  and 
torque  coefficients.  This  nearly  terminated  my 
association  with  the  ship  problems,  since  Schoen* 
herr  felt  that,  in  the  time  spent  designing  the 
machine,  1  could  have  finished  the  project. 

Schoenherr  was  one  of  two  staff  members 
knowledgeable  in  Ship  Hydrodynamics.  A  well- 
worn  copy  of  Hydro-  and  Aeromechanics,  by  prandtl 
and  Tietjens,  in  German,  lying  on  his  table,  was 
the  main  reference  source  for  his  Ph.D.  thesin 
on  the  frictional  resistance  of  flat  plat*'*, 
which  culminated  in  the  well-known  IcArmAu- 
Schoenherr  formula.  Schoenh«rr  was  unique  among 
the  Naval  Architects  of  that  period  in  that, 
having  studied  in  Germany,  ha  was  aware  of  de¬ 
velopments  in  fluid  mechanics  and  was  success 
fully  applying  this  knowledge  to  propeller  and 
rudder  design,  as  well  as  to  the  flat-plato 
resistance  problem.  Ono  could  cos**«re  his  Impact 
on  Naval  Architecture  with  that  of  Hunter  touaa 
on  the  sister  field  of  Hydraulics.  Rouse  com¬ 
pleted  hie  Pn.w.  atudies  at  Karlsruhe,  Germany, 
and  returned  to  the  U.S.  Imbued  with  the  idea 
that  Hydraulics  could  be  taught  au  a  science, 
rather  than  an  art.  Schoenherr  nude  ira}«or Lent 
I>eraonal  contributions,  but  did  not  attempt  to 


develop  a  group  of  ship  hydrodynamicists.  Rouse 
was  essentially  an  educator  who,  through  his 
books  and  classes, and  Directorship  of  the  Iowa 
Institute  of  Hydraulic  Research,  effectively 
spread  the  new  gospel. 

After  about  a  year,  I  was  assigned  to 
work  under  J.G.  Thews,  the  other  staff  member 
knowledgeable  in  Ship  Hydrodynamics.  Like  my¬ 
self,  Tnews  was  classified  as  a  Physicist.  We 
operated  a  small  towing  tank  of  dimensions 
80  ft  by  7  ft  by  4  ft,  equipped  with  a  gravity- 
type  dynamometer ,  in  which  we  studied  planing 
phenomena,  ship  rolling,  ship  resistance  in 
restricted  waters,  and  the  vibration  of  cylin¬ 
ders  due  to  their  KArmAn  streets.  The  results 
of  this  work  appeared  as  EMB  Reports.  Journal 
outlets  for  work  of  tins  nature  were  nonexistent 
at  the  time. 

Thews  and  I  were  more  fortunate  than  most 
of  the  staff  members  in  that  Capt.  Eggert  had 
selected  us  to  conduct  research  in  the  afore¬ 
mentioned  areas  while  other  staff  members  were 
mainly  occupied  with  routine  tasks.  In  those 
days,  the  undergraduate  engineering  curriculum 
included  a  year  of  calculus,  and  a  year  of 
Freshman  Physics,  and  trie  Calculus  was  quickly 
forgotten  if  the  job  didn't  require  its  appli¬ 
cation,  as  was  usually  the  case.  Of  a  profes¬ 
sional  staff  of  .about  30,  only  two,  an  Aero¬ 
nautical  Engineer  and  myself,  were  enrolled  tor 
graduate  study.  This  required  great  motivation, 
since  t.he  laboratory  made  no  concessions  or 
allowances  for  this  purpose. 

In  some  respects,  Captain  Eggert  was  ahead 
his  time.  He  instigated  not  only  the  researches 
by  Thews  and  myself,  which  he  followed  with 
keen  interest,  but  also  experiments!  studies 
of  the  pressure  distribution  and  the  boundary 
layer  on  both  a  ship  model  and  ths  full  scale 
ship,  an  experimental  model  study  of  form  re¬ 
sistance,  model  and  full  scale  studies  of 
maneuverability,  and  the  roui me  measurement ,  In 
the  cuurse  of  resistance  teats,  of  the  wave  pro¬ 
file  alongside  the  hull,  ar.d  the  linos  of  flow 
along  the  bilges  for  determining  the  optimum 
alignment  of  bilge  k«el».  Numerical  analysis 
of  these  problems  we*  perforated  with  slide  rules, 
Issued  by  the  laboratory  in  a  20- inch  variety, 

If.  the  decade  fro*  1930  to  1940,  to  which 
the  foregoing  remarks  apply,  several  books  ap¬ 
peared  which  contributed  isjportantly  to  the 
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dissemination  of  knowledge  and  the  encouragement 
of  research  in  Ship  Hydrodynamics.  Thene  were 
the  English  translation  of  Prandtl  and  Tietjens, 
the  publication  of  Hydrodynamics,  by  Dryden, 
Murnaghan,  and  Bateman,  by  the  National  Re¬ 
search  Council,  and  the  six  volumes  of  Aerody¬ 
namic  Theory,  edited  by  Durand.  Methods  of 
confuting  the  potential  flow  about  two  dimen¬ 
sional  and  axisymmetric  forms  had  been  published 
by  von  KirmAn,  and  in  NACA  Reports  by  Theordor- 
sen  and  JCiplan.  A  method  of  computing  the  tur¬ 
bulent  boundary  layer  for  axisymmetric  flow 
about  a  body  of  revolution  was  the  subject  of 
Clark  Millikan's  Ph.D.  thesis.  The  computa¬ 
tional  labor  of  applying  these  methods  was, 
however,  discouraging.  Wave  theory  of  ships 
was  also  being  developed  in  England,  Germany 
and  Sweden,  but  only  the  most  dedicated  workers 
were  willing  to  undertake  the  tedious  numerical 
evaluations  of  theoretically-derived  results. 
Analysis  had  outstripped  computational  capabil¬ 
ity,  and  there  was  little  incentive  to  extend 
the  theory  beyond  its  linearized  form  for  a 
thin  ship. 

In  retrospect,  the  war  years,  1940-1945, 
were  not  a  period  in  which  research  in  ship 
hydrodynamics  flourished.  The  emphasis  was  on 
constructing  many  ships  rapidly,  and  overcoming 
engineering  problems  with  heuristic  solutions. 
Countermeasures,  many  of  a  hydrodynamic  nature, 
had  to  be  developed  in  response  to  sophisticated 
mines  which  detected  the  presence  of  a  sMp  by 
its  acoustic,  magnetic,  or  pressure  fields.  An 
infrortant  consequence,  however,  was  that  tal¬ 
ented  engineers,  physicists  and  mathematicians 
who  would  normally  have  pursued  earners  in 
Universities  or  industry,  joined  Naval  labor¬ 
atories.  Others  acted  as  consultants  or  under¬ 
took  Naval  projects  in  their  University  labor¬ 
atories.  Thus  a  much  wider  group  became  aware 
of  the  interesting  and  challenging  problems  of 
ship  hydrodynamics,  and  several  Universities 
subsequently  acquired  ahip  research  facilities, 
such  as  towing  tanks  and  water  tunnels. 

This  influx  strongly  affected  the  nature 
of  Naval  labora cories.  Where  previously  a 
project  enqineer  »i>ent  most  of  his  time  at  a 
drawing  board  deeignlnq  equipment  for  a  test, 
the  new  breed  sought  solutions  by  physical  rea¬ 
soning,  formulation  of  equations,  and  mathe¬ 
matical  analysis.  While  most  of  the  original 
professional  staff  had  only  the  bachelor's 
degree,  most  of  the  newcomers,  and  of  course  the 
p< of ess Iona 1  consultants,  had  graduate  degrees. 
Among  these  were  the  renewned  aerodynamic  1st , 

Max  Munk,  the  applied  mathematician,  Alex  Wein¬ 
stein,  and  the  physicist  E.H.  Kcrnard.  who  also 
affiliated  with  Universities  i'i  the  Washington, 
O.C.  area.  Tills  strengthening  of  the  local 
universities  in  areas  related  to  fluid  mechan¬ 
ics  was  an  important  factor  i  n  encouraging  the 
staff  of  Naval  laboratory es  t)  undertake  grad¬ 
uate  study. 

Four  factors  contributed  greatly  to  the 
advancement  of  ship  hydrodynamics  in  the  post¬ 
war  yean.  First  was  the  reaction  to  the  years 
of  seeking  inaedlate  practical  solid  ions  to 
military  problems.  it  was  felt  that  basic  ie- 
search  on  ship  problems  was  sorely  needed.  At 
t •  Tayloi  Model  Basin,  the  organization  was 


restructured  in  accordance  with  the  new  goal. 

More  importantly,  the  staff  selected  for  assign¬ 
ment  * c  the  blocks  in  the  organization  chart 
gre-  in  stature  as  they  mastered  their  assigned 
fie.di,  made  fundamental  contributions  and  be¬ 
came  recognized  as  authorities  in  their  various 
subjects.  I  hesitate  to  mention  names,  for  fear 
of  omitting  some,  but  1  will  mention  a  few. 
Wehausen  and  Pond  on  ship-wave  theory;  Cumins 
on  the  unsteady  Lagally  theorem;  Eisenberg  on 
cavitation;  Tulin  for  many  brilliant  contribu¬ 
tions,  including  the  theory  of  supercavitating 
hydrofoils  and  the  determination  of  the  viscous 
drag  of  ships  by  means  of  wake  surveys,  Granville 
on  viscous  resistance  of  bodies  of  revolution, 
Abkowitz  on  dynamic  stability  and  maneuverabil¬ 
ity  of  ships,  St.  Denis,  Szebeheiy  and  the  Ochis 
on  ship  motions  and  slamming  in  waves,  and 
Breslin  on  propeller- induced  ship  vibration. 

Nor  was  the  momentum  of  University  contri¬ 
butions  to  ship  hydrodynamics  lost  after  the 
war,  through  the  activity  of  a  new  organization, 
The  Office  of  Naval  Research.  By  sponsoring 
research  at  other  institutions,  participating 
in  the  organizing  of  symposia,  such  as  the 
present  one,  contributing  to  the  publication  of 
major  works  and  journals  such  as  the  Collected 
Papers  of  Havelock  and  the  Applied  Mechanics 
Reviews,  and  establishing  international  rela¬ 
tionships  between  researchers,  the  Office  of 
Naval  Research  has  been  an  important  factor  in 
promoting  interest  and  productivity  in  ship 
hydrodynamics.  Subsequently,  the  Taylor  Mode1 
Basin,  under  its  GHR  program,  also  undertook 
the  sponsorship  of  ship-hydrodynamic  research. 

Before  the  War,  there  were  practically 
no  outlets  for  publication  of  research  in 
applied  mathematics  or  ship  hydrodynamics.  The 
Transactions  of  tne  Society  of  Naval  Architects 
could  hardly  serve  this  purpose  since  it  accepts 
few  papers  each  year,  And  these  were  rarely 
of  a  ship- hydrodynamic  nature.  This  has  been 
called  the  "integral  gap"  in  the  Transactions. 
The  appearance  of  several  new  journals,  such 
as  the  Quarterly  of  Applied  Mathematics,  the 
Journal  of  Rational  Mechanics,  the  Journal  of 
Ship  Research ,  and  the  Journal  of  Hydronautics , 
has  eased  the  publication  problem.  Indeed, 
with  the  recent  announcement  of  several  new 
publications,  there  ih  danqm  that,  we  may  be 
overwhelmed  by  too  much  literature,  and  over¬ 
burdened  referees  may  lower  their  reviewing 
standards . 

The  second  factor  contributing  to  the 
advancement  o  ship  hydrodynamics  was  a  new 
policy  of  the  Naval  lalxir  ator  les  to  encourage 
and  promote  graduate  study  by  its  professional 
in. iff.  Shortly  after  the  Wax,  arrangements  were 
made  with  the  University  of  Maryland  to  offer 
some  classes  in  Mathematics  and  Physics  (in¬ 
cluding  Hydrodynamics)  at  the  Taylor  Model 
Basin.  In  addition,  the  laboratory  granted 
tires  for  students  to  attend  late  if ter noon 
cLasseu  at  the  Drivers lty  of  Maryland  campus. 
Under  this  program,  many  statf  members  elected 
tv;  initiate  or  continue  their  graduate  atixlles. 

A  l«-w  selected  students  were  fully  supported 
while  they  pursued  then  graduate  studies  at 
Berkeley.  In  ary  opinion,  this  was  a  wise  and 
far-sighted  policy  which  soon  paid  valuable 
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dividends  in  the  ability  of  the  staff  to  keep 
abreast  of  theoretical  developments  and  to  em¬ 
ploy  more  sophisticated  analytical  techniques 
in  the  solution  of  its  problems.  One  need  only 
con*) are  he  nature  of  the  TMB  {or  USEMB,  U.S. 
Experimental  Model  Basin)  reports  before  1940 
and  after  1950  to  verify  the  foregoing  state¬ 
ment.  A  quantum  jump  .in  the  scientific  level 
of  these  reports  had  occurred  over  that  decade. 

The  third  factor  was  the  influence  of  two 
outstanding  German  scientists,  Herman  Lerbs 
and  Georg  Weinblum,  who  joined  the  staff  of 
the  Taylor  Model  Basin  after  the  War.  Lerbs 
was  an  authority  on  propeller  theory.  Wein¬ 
blum  stimulated  his  colleagues  to  learn  and 
extend  the  Lagally  theorem,  to  learn  and  apply 
ship-wave  theory,  to  study  ship  motions,  and  to 
plan  for  the  acquisition  of  facilities  for 
testing  ship  models  in  waves.  After  Weinblum 
and  Lerbs  returned  to  Germany, the  former  as 
the  first  Director  of  the  Institut  ftlr  Schiffbau, 
the  latter  as  the  Director  c  f  the  Hamburg  Model 
Basin,  their  former  U.S.  colleagues,  with  wn--m 
they  h°d  formed  clo^e  friendships,  were  freq¬ 
uently  welcomed  in  Hamburg  where  they  met  the 
staff  of  these  Institutions  and  discussed  their 
researches.  V  inblum  himself  was  not  a  strong 
analyst;  but  his  sense  of  the  direction  of  s'nip- 
hydrodynamic  research,  his  physical  perceptions 
of  the  approach  to  a  solution,  and  his  ability 
to  encourage  others  to  undertake  important 
problems,  make  hi3  contributions  to  the  field 
of  immeasurable  value. 

Tne  last  of  the  four  factors  contributing 
to  the  advancement  of  ship-hydrodynamics  in  the 
port- war  years  was  the  advent  of  the  high-speed 
computer.  Eliminated  was  the  drudgery  of  long 
calculations  with  a  slide  rule  or  desk  calculator, 
and  algorithm'-  for  obtaining  a  numerical  result, 
which  were  previously  unpractical,  could  be 
routinely  performed  with  the  con*) u ter .  Where, 
previously,  as  in  ship-wave  theory,  mathematics 
had  outstripped  eomputat ional  capacity,  after 
the  computer  become  available,  the  situation  was 
reversed.  Now  the  researcher  wan  challenged  to 
solve  ii.;  problems  more  accurately,  with  fewer 
assumpt ions,  or  even  without  any  simplifying 
assumptions.  0:  *he  experi mental  side,  the 
analog  d  gitai  computer,  designed  to  interface 
with  an  expe r iment ,  control  the  sequence  of 
measurements  and  store  and  operate  upon  the 
data  in  digital  form,  was  equally  important  in 
freeing  the  experimenter  from  tha  drudgery  of 
reading  data  against  scales,  tapes,  or  film,  ami 
enabling  previously  unthinkable  types  of  exper¬ 
iments  to  bo  undertaken. 

For  free- surface  problem*,  we  may  take  the 
"now**  of  the  title  to  be  the  papers  to  be  pre¬ 
sented  at  this  Conference.  These  illustrate 
wiry  well  how  broadly- based  and  world-wide  is 
the  research  effort  in  ship  hydrodynamics,  with 
d  papero  from  tlw  David  Taylor  Center,  11  t  •* 
others  in  the  USA,  and  9  from  abroad.  ‘ITir 
speed  and  capacity  of  computers  have  increase. t 
'.o  a  level  where,  at  least  for  two-dimensional 
problems,  the  Navler -Stokes  equations  and  the 
exact  boundary  conditions  are  treated  in  two 
of  the  papers,  by  the  method  of  finite  differ¬ 
ences.  six  other  papers  also  en*>loy  finite- 
difference  methods,  but  for  the  Irrotat tonal 


flow  of  an  inviscid  fluid,  most  employing  the 
exact  free-surface  boundary  condition.  Three 
of  these  papers  require  a  preliminary  mapping 
of  the  boundaries  of  the  body  and  the  free 
surface  into  coordinate  planes  of  a  rectangular 
grid,  a  major  task  even  in  two  dimensions 
where  methods  of  conformal  mapping  could  be 
used. 

The  most  popular  method,  used  in  twelve 
of  the  papers,  is  that  of  singularity  distri¬ 
butions,  determined  by  integral  equations.  I 
must  correct  the  statement  in  one  of  the  papers 
that  this  method  is  twenty  years  old.  Actually, 
the  basis  <  f  the  method  lies  in  the  theory  of 
syninetrizable  kernels  and  the  fact  that  the 
kernels  of  potential  theory  are  symmetrizable, 
established  by  Poincar£  and  Marty  at  about  the 
turn  of  the  century.  The  first  numerical  appli¬ 
cation  of  integral  equations  to  a  flow  problem 
is  that  of  von  Kirmin,  in  the  1920's,  for  a 
body  of  revolution,  followed  by  other  methods 
by  Kaplan,  Vandrey  and  myself,  also  for  bodies 
of  '"evolution.  It  is  true,  however,  that 
A.M.O.  Smith  was  the  first  to  succeed,  about 
20  years  ago,  in  applying  the  integral  equation 
for  the  Neumann  problem  of  potential  theory 
to  arbitrary  three-dimensional  forms. 

My  own  feeling  is  that,  because  of  the 
intimate  connection  between  potential  theory 
and  integral  equations,  it  is  most  natural  to 
enploy  them  to  obtain  numerical  solutions. 

There  is  a  tendency  for  computer  virtuosos 
to  ignore  possible  mathematical  reduction  of  a 
problem  to  a  simpler  form,  and  to  operate  dir¬ 
ectly  on  the  equations  and  boundary  conditions 
in  f ini te -difference  form.  This  is  undoubtedly 
an  inefficient  use  of  computer  time,  since  the 
nodal  points  of  the  calculation  lie  in  the 
problem  space,  ratner  than  on  it?  boundaries. 
Furthermore,  integrals  can  be  represented  by 
quadrature  formulas  more  accurately  than  dif¬ 
ferential  equations  by  differences.  Lastly, 
when  the  domain  is  of  infinite  extent,  the 
method  of  finite  differences  must  accept  an 
error  due  to  the  upstream  and  downstream  trun¬ 
cations  of  *  he  region. 

All  but  two  of  the  papers  have  assumed 
irrotational  flow,  and  none  considered  the 
effects  of  the  turbulent  boundary  layer  and.  wake. 
The  remarkable  agreement  with  "measurement ?*w 
of  the  calculations  of  Baba  and  Mara,  using  a 
higher-order  irrotational  flow  th«'"*v,  suggests 
that  the  boundary  layer  and  wake  o'  i  ship  have 
no  influence  on  the  wave  resistance.  Here 
"measurement*"  are  in  quotes  because  wave  re¬ 
st  stance  cannot  be  measured  directly,  and  its 
exper  imentally  derived  values  ace  subject  t.o 
assumptions  ami  corresponding  uncei taint i mm 
Our  own  studies  at  Iowa  of  tl>e  effect  of  wake 
on  wave  resistance,  in  which  the  wave  resistance 
was  determined  by  the  longitudinal-cut  technique, 
showed  large  effects  of  the  lx>»  ndary  lay*”,  and 
wake,  in  disagreement  with  the  results  of  Halva 
and  itara.  Tims,  although  we  have  made  great 
progress  In  obtaluitu?  more  exact  solutions  of 
ship  hydrodynamic  problems,  a;;  <  s  evidenced  by 
the  unusual  collection  of  papers  at  this  Confer- 
•nee,  we  at  111  have  a  long  way  to  go.  Until 
we  have  learned  how  to  compute  the  three- 
dimensional  boundary  layer  on  a  ship  form, 
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including  free-surface  effects  and  vortex  for¬ 
mation,  and  the  wavemaking  of  the  ship  in  the 
presence  of  the  boundary  layer  aid  wake,  the 
problem  will  continue  to  confront  us. 
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Abstract 

Recent  methods  for  numerical  solution  of 
free -surface  problems  in  ship  hydrodynamics  are 
reviewed.  Quasi -analytic  methods  which  model 
a  linearized  free  surface  outside  a  body  of 
irbitrary  shape  c.e  discussed  in  detail  for 
body  motion  problems.  Also  reviewed  are  methoJs 
for  the  wave-making  of  translating  three- 
dimensional  bodies  and  two-dimensional  methods 
for  nonlinear  'low. 

Introduction 

Interest  in  nunerical  methods  for  solving 
free- surface  problems  in  ship  hydrodynamics  has 
grown  rapidly.  These  methods  can  eliminate 
man:  of  the  approvi  mat  ions  necessary  for  analy¬ 
tic  solution.  Capabilities  such  as  a-bitrary 
hull  form  obviously  extend  the  practical  value 
of  any  method.  The  most  useful  mtt.-ods  may  not 
be  the  Piost  general  ones  or  those  with  the 
fewest  assertions,  however,  rtore  limited 
techniques  such  as  the  quasi -analytic  methods 
discussed  In  this  paper  can  be  better  design 
tools  for  large  numbers  of  problems,  while  more 
general  methods  can  check  the  validity  of  approx¬ 
imations.  The  purpose  of  this  paper  is  to 
describe  briefly  some  recent  advances  In  nu.T,_ 
leal  ship  hydrodynamics  and  to  suggest  likely 
areas  for  the  r.cir  future.  Three  general  areas 
which  will  be  reviewed  are:  (1)  quasi-analyttc 
methods  for  body  motion^  (2)  numerical  simula¬ 
tion  of  the  wave-making  of  translating  fhree- 
dimensional  ship  hulls;  and  (3)  two-dimensicna! 
methods  for  highly  nonlinear  flows. 

Quasi -Analytic  Methods 

The  gap  between  numerical  and  analytic  free- 
surface  methods  1*»  ship  hydrodynamics  Is  bridged 
by  a  class  of  methods  which  combine  analytic 
Unearthed  free-surface  solutions  with  numer- 
cally  general  representations  of  the  body. 

Quasi -analytic  methods  will  be  defined  by  these 
two  char#*teristics : 

U)  Analytic  linearized  free-surfact 

representations  eliminate  the  need  to 
solve  the  flou  over  a  large  volume 
surrounding  the  body. 

(2)  The  body  boundary  1»  satisfied  exactly 
or,  an  arbitrary  hull. 


Thus,  quasi-analytic  methods  are  not  confined 
to  simple  geometric  shapes  and  are  easily 
applied  to  practical  hull  forms.  The  usual 
formulation  is  that  of  a  surface  integral  with 
singularities  distributed  over  the  body  and. 

In  some  cases,  the  free  surface.  Other  formu¬ 
lations  have  also  been  developed,  such  as  the 
localized  finita  element  method  of  Bai  [1], 
which  combines  a  finite  element  representation 
near  the  body  with  an  analytic  solution  outside 
this  restricted  reg1on. 

The  efficiency  of  using  available  analytic 
solutions  for  problems  w<th  a  linearized  free 
surface  cannot  be  disputed.  Unless  nonlinear 
free-sur*ace  effects  are  to  be  Included,  there 
is  no  reason  not  to  take  advantage  of  analytic 
representations.  The  validity  of  this  appro<-rh 
depends  on  the  validity  of  the  linearized  free 
surface  approximation.  Two  classes  of  commonly 
solved  problems  are  those  in  which  the  free 
surface  disturbance  Is  caused  by  motion  of  the 
body  about  a  mean  position,  the  body  motion 
problem,  and  those  In  which  the  disturbance  is 
caused  by  steady  translation  of  the  body,  the 
wave-making  problem.  In  the  former  case  the 
linearized  free  surface  Is  valid  for  small 
amplitude  motion.  For  a  translating  body,  the 
linearised  free  surface  is  valid  for  a  deeply 
subrerged  body  or  a  thin  or  slender  body,  but 
not  for  a  surface-piercing  hull  of  finite 
thickness.  The  physical  validity  of  the  prob¬ 
lem  of  a  finite  s  face-piercing  hull  moving 
through  a  linearized  free  surface  hull,  i.e. 
the  Neumann-Kelvin  problem  investigated  by 
Brard  [2],  can  only  be  established  by  comparing 
computed  results  with  experiment.  Quasi- 
analytic  methods  fur  body  motion  will  be 
discussed  first. 

Body  Notion  Problems 

The  generalized  geometry  for  body  motion 
problems  Is  shown  In  Figure  [1].  For  simpli¬ 
city,  methods  will  be  described  In  three 
dimensions  with  all  fundamental  concepts  easily 
generalized  to  three  dimensions.  Flow  is 
defined  In  a  Cartesian  coordinate  system 
(x,y)  ■  x,  with  y  upward.  The  static  free- 
surface  Sp  corresponds  to  y  ■  0.  It  Is  divided 
Into  a  portion  outside  the  body  Sf®  and  a  por¬ 
tion  inside  the  body  Spi  which  vanishes  w‘-,en  the 
body  is  submergte.  The  submerged  portion  of  the 
body  surface  Is  Sg.  The  fluid  boundary  is  Sy, 
which  is  assumed  infinite  and  represented  by 
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8®  unless  otherwise  specified.  The  lower  half¬ 
plane  is  divided  ir  ;o  two  regions--!)  Inside  the 
body  bounded  by  Sg  and  Sfi,  and  R  outside  the 
bod)'  bounded  by  $s.  Sw.  and  Spe* 


A  free-surface  disturbance  is  created  by 
body  motion,  and,  for  some  problems,  by  the 
scattering  of  an  incident  wave  field  defined  by 
♦] (x.y.t) .  8ody  motion  is  defined  by  velocity 
Vg( x.y.t)  on  SB  with  a  normal  component 


where  n  is  the  unit  vector  normal  to  Sg,  posi¬ 
tive  outward. 

The  flow  in  region  R  is  defined  by  a  velocity 
potential  4e(x,y,t).  A  velocity  potential 
$1 (x.y.t)  is  also  defined  in  region  Q.  This 
inner  potential  Is  non-unique  and  depends  on  the 
formulation.  Over  region  R,  the  potential 
satisfies  Laplace's  equation 


V  *  (x.y.t) 


the  body  boundary  condition, 


(x.y.t)  ■  v  (x.y.t)  x  i  bn  (3) 


the  linearized  tree-surface  condition, 


-^7  ♦,,(*. y.O  *  g  (x.y.t)  *  0  (4) 

'  1  Ve 


and  appropriate  boundary  and  Initial  conditions. 

It  H  useful  to  divide  the  potential  Into  a 
free-surface  component  and  a  body  co<rponent 
which  vanishes  on  the  free  surface. 


•  ♦ftx.y.t)  *  *BeU.y.t)  *  (x.y.t) 


>, (x.y.t)  •  af(x.y.t)  ♦  ♦i^x.y.t)  ♦  Vj(x.y.t)  »t()(6) 


where  <J>j(x,y,t)  .c  the  scattering  wave,  present 
only  in  certain  problems.  The  free-surface  and 
Incident  potentials,  4>f(x,y,t)  and  (x.y.t) 
are  analytic  over  the  entire  lower  half-plane 
while  the  body  potentials,  4>0e(x,y,t)  and 
4>B}U»y»t)  both  vanish  on  the  free  surface, 


iB(.(*.y.t)  *  o 

(x.y)  c  SFe 

(7) 

$B1 (x.y.t)  *  0 

(x.y)  e  SFi 

(8) 

The  incident  wave,  if  present,  satisfies  the 
linearized  free  surface  condition  identically. 
Thus,  the  free-surface  component  satisfies  the 
linearized  free-surface  condition, 


»*♦,  Ht 

— r  (x.y.t)  *  fl  —  (x.y.t)  ■  -l*(x.t) 
ni  u 

(■•»)  •  V  -  *».  »  !f. 

where  h{x,t)  represents  the 
ence  of  the  body  potential , 

(9) 

fi ae-surface  Inf 1 u- 

h(x.t)  «  g  5f  (x.O.t) 

( x .0 )  c  Sf1  (10) 

■  3  if  (xAt). 

(x.0)  t-  SFe  (11) 

Note  th*-t  -£f(x,y,t)  is  equivalent  to  the  classi¬ 
cal  proMem  of  a  time-dependent  disturbance 
acting  on  a  linearized  free  surface  and  can  be 
solved  analytically  In  terms  of  h(x,t).  If 
♦fU.y.t)  and  Its  time  derivative  are  Initially 
zero  for  example. 


,  f 1  7  r  • 

;  / « i  J  <«,  J  **  — 1  •♦<*((»•*: 


For  the  body  source  and  the  body  dipole  meniod, 
$f(x,y,t)  Is  represented  by  the  Integral  of  the 
free-surface  portion  of  a  Green's  function  over 
the  body  surface. 


1  he  body  competent  of  the  velocity  potential 
vanishes  on  the  tree  surface  and  satisfies  che 
body  boundary  condition 


T?<-M) 


Hi 

<«.».«! 


(13) 


over  region  R.  The  bo<Jy  boundary  condition  for 
*Bt(x,y,t)  Is  arbitrary. 


Quasi -analytic  methods  are  usually  applied 
in  the  form  of  a  surface  integral  derived  from 
Green's  theorem.  Let 


where  A  is  the  amplitude  and  to  is  the  frequency 
of  the  oscillation.  The  nondimenslonal  normal 
velocity  v*(x)  depends  on  the  mode  of  motion. 
The  free  surface  condition  reduces  to 


G{x,Xj)  =  G(x,y,^,n)  (14) 


be  the  Green's  function  vanishing  on  the  free 
surface.  In  two  dimensions. 


^  jy  -  j  t*((«-c)2  *  (/»»)*]  J  . 

(15) 

Assume  for  now  that  the  fluid  is  unbounded. 

Then  from  Green's  theorem  the  body  potential 


<j>B(x,t)  =  $Be(x,t)  *  c  R 

s  4>Bi(x,t)  xcQ 


(16) 


2  _  3(t>f  _  __ 

W  *f(x)  +  9  (x)  *  -g  -g~  (x),  (21) 

where  <Mx)  is  represented  by  a  source  distribu¬ 
tion  over  Sg, 

♦B(7,t)  -  ciwt  /  D(x, )  6(7,7,)  dS  .  (22) 

SB 

It  can  be  shown  analytically  that  $f(x,t)  satis¬ 
fying  the  free  surface  condition  (21)  may  be 
written  as 

*f(x.t)  =  f  D(7, )  Gz(7,7,  )  dS  (23) 
SB 


where  the  free-surface  portion  of  the  Green's 
can  be  represented  over  the  lower  half-plane  by  function. 


-  -Ikfx-x,}  ♦  k(y*y,) 

[2  P.V.  J  ? - j - dk] 

0  “  /?  -  k 

-  (24) 


satisfies 


This  is  equivalent  to  a  source  distribution 
over  Sg  and  a  c’ipole  distribution  over  Sg.  The 
body  boundary  condition  for  is  arbitrary. 

The  most  common  assumption  is  that  the  potential 
is  continuous  across  the  body 


*Be<*.t)  “  "  0  •  ’x_eSB  (18) 

In  this  case,  the  normal  velocity  Is  discontin¬ 
uous  across  the  body  surface  and  the  body 
component  of  the  potential  is  of  the  form, 

*g(*.t)  ■  /o<v,  0(7,7,)  dS  (19) 

SB 

which  Is  equivalent  to  a  source  distribution  of 
strength  D(x,t)  over  the  body  surface. 

Body  Source  Method 

The  body  source  method  was  applied  by  Frank 
[3J  to  the  problem  of  harmonic  oscillation  jf  a 
two-dimensional  ship  section.  In  this  case, 
the  body  boundary  condition  (13)  may  be  repre¬ 
sented  as 


-jj*  <M)  -  AW  »/{»)  «,#,t  -  (JT.o  IT  C  Sj  (20) 


(wc  ♦  9  •  -9  ^  G^x.x. )  .  T  c  tf  (25) 


and  the  radiation  condition  at  Infinity. 

Thus,  the  body  boundary  condition  (20) 
becomes  an  integral  equation  of  the  form, 

r3n  *  5S  n  is  ■  .  (26) 

This  integral  equation  can  be  approximated  num¬ 
erically  by  dividing  Sg  Into  Ng  finite  segments 
of  constant  source  density.  Equation  (26 ) 
applied  at  the  center  of  each  segment  produces 
a  set  of  linear  equations  for  the  Nr  source 
densities.  From  this  density  distribution, 
forces  and  velocities  can  be  computed  from 
equations  (22)  and  (23). 

This  well-known  method  has  been  successfully 
applied  to  a  variety  of  problems.  One  undesir¬ 
able  feature  is  a  set  of  anomalous  elgenfre- 
quencles  corresponding  t^  nontrivial  solutions 
of  the  Inner  potential  ^(x)  satisfying 
Laplace's  equation  over  region  Q  and  boundary 
conditions 

* 

“n  ♦*<*>  '  9  -57  (7)  -  0  *  L  SF1  <27> 
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♦;<*)  *  0  x  e  S0  (28) 

The  inner  potential  and  therefore  the  source 
density  is  non-unique  at  these  frequencies. 

The  problem  is  not  fundamental,  however,  since 
the  external  potential  and  therefore  the  pres¬ 
sure  remains  unchanged.  The  linear  equations 
for  the  density  distribution  are  singular  at 
these  frequencies.  This  singularity  can  be 
removed  by  several  methods,  Including  placing  a 
lid  on  the  body  and  submerging  it  a  small  dis¬ 
tance.  These  internal  modes  can  also  be  exci¬ 
ted  for  Initial  value  problems  solved  by  the 
body  source  method  but  they  only  influence  the 
source  distribution  and  have  no  ef.'ect  on  the 
pressure  [4]. 

The  utility  of  the  body  source  method  for 
practical  three-dimensional  ship  hulls  is  well 
Illustrated  by  van  Oortmerssen* s  [5]  study  of 
the  motions  of  a  tanker  hull  lr.  shallow  water. 
Hydrodynamic  coefficients  and  wave  exciting 
forces  were  calculated  as  functions  of  frequency 
and  ;ompared  with  experimental  data.  The  method 
Is  <»  three-dimensional  generalization  of  the 
Frank  [3]  method  with  a  Green’s  function  for  the 
body  component  of  potential  defined  by 

GOT.*,)  ■  (29) 


a  source  distribution.  Later,  the  method  was 
extended  to  wave  excited  forces  and  moments  [7]. 
Recent  work  of  Chang  shews  good  results  for  the 
hydrodynamic  coefficients  of  a  three-dimensional 
ship  hull . 


The  same  formulation  developed  for  the  source 
method  can  be  applied  to  the  oipole  method  for  a 
submerged  body.  A  ^urface-plercing  body  can 
also  be  represented  as  the  limiting  case  of  a 
submerged  body  with  a  flat  top  an  infinitesimal 
distance  below  the  free  surface,  although  this 
involves  a  line  Integral  (point  sources  and 
dipoles  in  two  dimensions)  except  for  special 
cases  including  steady  harmonic  oscillations. 


For  a  submerged  body  with  the  velocity  normal 
to  the  body  continuous  across  the  body  surface, 
equation  (17)  reduces  to 


4>B(x,t)  * 


/0i 


JD<V>55TG(3r**l>  dS  (30) 

•>D  I 


where  D(x)  is  the  stiength  of  the  surface  dipole 
distribution.  This  body  potential  4>e(x,t)  is 
discontinuous  across  <.he  body  surface  but  has  a 
continuous  normal  velocity.  As  in  the  source 
distribution  method,  the  free-surface  potential 
Is  continuous  over  the  lower  half-plane  and 
satisfies  equation  (21)  on  the  undeflected  free 
surface. 


where^  Is  the  distance  between_points  x  and 
and_r  is  the  distance  between  x  and  the  image 
of  X]  across  the  undeflected  free  surface.  The 
free-surface  portion  cf  the  Green's  function 
G2(x,x^)  corresponds  to  the  disturbance  created 
by  an  oscillating  source  below  a  linearized 
free  surface  in  a  fluid  of  constant  depth.  In 
some  calculations  the  effect  of  a  nearby  wall 
is  represented  by  image  terms  in  the  Green's 
function. 

The  tanker  was  represented  by  160  triangular 
and  quadralateral  panels  no  larger  than  one- 
fifth  of  the  smallest  wave  length.  Wave  Induced 
forces  were  in  good  agreement  with  experiment 
except  for  surge  and  pitch  in  beam  seas  which 
only  result  from  the  small  longitudinal  asynme- 
t.ry.  Added  mass  and  damping  coefficients  al:.o 
showed  good  general  agreement  with  experiment 
except  for  viscous  effects  in  roll  damping  and 
some  differences  in  roll  and  pitch  added  mass. 

In  general,  van  Oortmerssen' $  work  is  strong 
evidence  of  the  practical  utility  of  the  simple 
source  distribution  for  ship  motion  problems. 

No  forward  speed  effects  were  included,  but  the 
results  should  remain  valid  for  slowly  moving 
ships. 

Body  Pi pole  Method 

Another  quisl-analytic  method  closely  related 
to  the  body  source  method  is  the  body  dipole 
method  developed  by  Chang  and  Pien  [6].  This 
method  was  developed  for  a  three-dimensional 
submerged  body  translating  at  a  steady  speed. 
Chang  and  Pien  [6]  demonstrated  that  a  more 
accurate  solution  could  be  obtained  with  fewer 
body  panels  with  a  dipole  distribution  than  with 


The  greatest  difference  between  the  source 
and  dipole  methods  Is  the  technique  for  deter¬ 
mining  the  strength  distribution  D(x\t).  For 
the  source  method,  the  body  boundary  condition 
is  applied  directly.  For  the  dipole  method,  it 
is  applied  indirectly  by  a  known  internal  poten¬ 
tial  (x'.t)  satisfying 

TrT  (x't)  '  vn(7>t)  *f'sB  ■  !31) 


If  the  body  translates  in  the  x  direction  with 
speed  U(t),  for  example,  the  inner  potential  is 
simply 


♦jtx.t)  *  x  U(t)  .  (32) 

The  dipole  density  is  determined  from  an  Inte¬ 
gral  equation  representation  of  equations  (6) 
and  (3) 

♦|(M)  •  )  «  ft>(ivD  jjj-  as 

H  1 

(33) 

where  +Hx,t)  is  the  known  Internal  potential 
end  df(x,t i  1 5  the  solution  of  equations  (10) 
and  (11). 

The  wave- Induced  forces  acting  on  a  three- 
dimensional  deeply  submerged  Body  moving  through 
a  wave  field  at  constant  speed  were  calculated 
by  Chang  and  Pien  [/]  under  the  simplifying 
'ssumptton  that  the  free-surface  potential 


a 


generated  by  the  body  $f(x»t)  can  be  neglected. 
Equation  (33)  then  becomes 

f  _  3G(x,Xi) 

Ux  =  +  J  0(x,t)  — 5^ —  dS  (34) 


which  can  be  converted  into  a  set  of  Ng  linear 
equations  for  the  dipole  density  distribution 
D(xj»t)  over  Np  finite  panels.  The  resulting 
induced  forces  agree  with  an  analytic  result  of 
Havelock  for  a  test  case  of  a  sphere. 

With  the  same  theory,  Chang  and  Pien  [7] 
simulated  the  free  motion  of  a  submerged  body 
in  waves.  One  interesting  phenomenon  is  wave 
coupling  in  bidirectional  seas.  The  motion 
induced  by  one  set  of  waves  alters  the  forces 
induced  by  the  other  depending  on  initial  con¬ 
ditions,  relative  direction,  and  phasing.  The 
result  can  be  a  steady  drift  in  yaw,  for  example, 
until  In  some  cases  a  stable  relative  angle  is 
reached. 


Figure  [2].  This  bounding  surface  includes  the 
submerged  portion  of  the  body  Sb,  the  free  sur¬ 
face  Sf»  the  bottom  Sy,  and  the  left  and  right 
radiation  boundaries  5l  and  Sr.  The  bottom 
surface  Sy  can  be  irregular  If  the  depth  is 
constant  in  regions  II  and  III.  The  body  boun¬ 
dary  condition  is 

!£<x)  •  vn(x)  it  SB  (36) 

where  vn(x)  is  ?  specified  function  and  <f>(x)  is 
a  complex  potential  defined  by 

=  Re{$(x)  e"iwt)  .  (37) 


The  free-surface  and  body  boundary  conditions 
are 

U>VW)  -  !£  (i)  '  0  ieSF  (38) 


As  mentioned  above,  the  dipole  method  can  be 
applied  to  a  surface-piercing  body  by  applying 
the  present  formulation  to  a  closed  body  with  a 
flat  top  an  infinitesimal  distance  below  the 
free  surface.  No  line  integral  is  involved  for 
steady  harmonic  oscillation  of  a  three-dimen¬ 
sional  ship  hull.  Chang  has  in  fact,  success¬ 
fully  applied  the  dipole  method  to  a  practical 
ship  hull  [8].  These  results  and  those  of 
Frank  [3]  and  van  Oortmerssen  [5]  demonstrate 
the  practical  utility  of  quasi-analytic  methods 
for  seakeeping  prediction.  A  realistic  simu¬ 
lation  could  be  achieved  by  Including  the 
effects  of  forward  speed,  nonlinear  hydrostatic 
terms,  and  viscous  effects. 

Hybr id  Method 

For  the  body  source  and  body  dipole  methods, 
singularities  are  distributed  over  the  body 
surface,  with  the  free-surface  potential  repre¬ 
sented  by  the  free-surface  portion  of  the 
Green’s  function  which  is  also  integrated  over 
the  body  surface.  Another  method  for  linear 
harmonic  oscillations  of  a  body  Immersed  in  a 
fluid  is  the  hybrid  method  described  by  Ba 1  and 
Yeung  [9],  which  matches  a  numerical  solution 
in  a  small  region  surrounding  the  body  with 
analytic  solutions  outside  this  region.  Ba i  and 
Yeung  [9]  give  two  alternate  techniques  for 
implementing  the  method;  a  finite  element  varia¬ 
tional  method  and  a  surface  Integral  method. 

The  surface  inteqral  method  will  be  briefly 
described  in  the  form  developed  and  applied  by 
Yeung  [lol- 

This  method  is  characterized  by  a  Green's 
function  in  the  form  of  a  simple  source 

G(x.M.n)  -  ^  log[(*-6)2  +  (>-n)2]V2  (35) 


distributed  over  the  surface  S  bounding  region 
I,  the  region  surrounding  the  body  as  shown  in 


and 

(X)  -  0  5  t  Sw  .  (39) 


The  potentials  in  regions  II  ard  III  are  finite 
summations  of  the  form, 

NR 

♦  (x)  =  £  C*  fjj  (x)  (x)  r.  II  (40) 

k30 


and 

nl 

<*>(x»  *  t,  ct  (x)  (x)  t  in  (ail 

k-0  K  k 

with  the  potential  and  its  normal  derivative 
continuous  across  the  radiation  boundaries. 

When  the  boundary  conditions  ( 36 ) - ( 41 )  are 
applied  to  Green's  theorem, 


■  -  C(« 

-  •*♦(*1 ) 

J  jn f 

■  *  j  1  )  ■is  i  t  i 

(42) 

HCX] 

all  terms  involving 
giving 

can  he  el Ininated, 

i 

.(D  •  /  4S  ♦<;,)£. 

J 

-J/s  /".s  ♦<«,)  sU.<,  1 

V 

•  I'll" 

t  )G 

i'  TK7 

V 

1 

•  /«  i 

•  «r ‘ 

_ 

*•*!>  • 

•  /as  *<«",) 


9 


This  integral  equation  can  be  reduced  to  a  set 
of  simultaneous  linear  equations  for  the  poten¬ 
tial  $(x)  on  surfaces  Sg,  Sp,  and  Sy  and  the 
coefficients  of  the  two  expansions  by  dividing 
the  boundary  surface  of  region  I  into  small 
seqments  of  constant  potential  including  Nr 
segments  on  Sr  and  Nl  segments  on  N^ .  Equation 
(43)  then  gives  the  potential  at  any  point  in  I. 
An  incident  wave  can  be  easily  included  by  add¬ 
ing  it  to  the  representation  at  the  radiation 
boundaries  (40)-{41).  The  method  can  also  be 
applied  to  body  oscillations  ip  deep  water. 


FIGURE  7..  GEOMETRY  FOR  HYBRID  METHOD 


FIGURE  3.  G:  MITRY  FOR  BODY  MOTION  PROBLEM 


Initial  Value  Methods 

Although  steady  harmor.ic  oscillations  are 
the  most  coimton  form  for  frec-surface  body 
motion  problems,  initial  value  problems  with 
arbitrary  body  motion  are  of  Interest  as  well. 
Two  alternatives  to  the  time -dependent  Green's 
function  for  Initial  value  problems  will  he 


described  -  the  TDIET  (Time-dependent  Dlfferentio- 
Integral  Equation  Technique)  method  described  by 
Marten  [11],  and  spectral  representation  of  the 
free-surface  potential  for  the  body  source 
method. 

Like  the  hybrid  method,  the  TDIET  method 
distributes  simple  source  and  dipole  singular¬ 
ities  over  the  surface  which  bounds  the  region 
of  computation  and  uses  the  boundary  conditions 
to  remove  the  normal  velocity  from  the  Green's 
Integral  representation  for  the  velocity  poten¬ 
tial.  As  an  initial  value  problem.  It  can  be 
formulated  in  a  closed  basin.  Radiation  boun¬ 
daries  may  be  included  but  they  complicate  the 
foniHjldtion.  Consider  a  two-dimensional  closed 
region  I  shown  In  Figure  [3]  bounded  by  a  body 
surface  Sg,  the  basin  surface  Sy,  and  a  free 
surface  Sp.  The  body  boundary  condition  may  be 
written  as 


to  <x.t>  ■  3  £  bj(x-) 


V‘> 


(44) 


X  E  S„ 


where  V j ( t )  is  the  velocity  of  the  j—  mode  of 
body  "lotion.  The  boundary  conditions  on  the 
basin  surface  ?nd  the  free  surface  are 


(x.t)  “0  X  c  SH.  t  >  0  (45) 


^4  (x.n  *  g  $  (x.t)  =  0  (46) 

in  ’ 

«  t  Sp,  t  '  0 

where  4>( x , t )  and  i(x,f.)  *  g"*  ||-  (x.t)  are  both 

specifir'1  ,1S  Initial  conditions  for  t  *  D. 

When  these  boundary  conditions  are  applied  j 
Green's  theorem  (4?'.  'he  result  is  an  integral 
equation  of  the  form 


•(Ml  -  /  as  «(i 

s,  a  \ 


*(«.«, I 

!•*> 


i  Ja  ♦»«<*•* 


•  j/as  «„(«', ,t)  «(?.;,! 

■  £  v1  vr> 


(4/) 


where  G(x,xj  )  is  (  '  simple  source  defined  for 
two  dimensions  by  (J5). 


Fquatlon  (4/)  is  »  duced  to  numerical  form 
hy  dividing  the  boundary  surface  into  finite 
segments  with  the  potential  specified  at 
N  •  Nr+  Np  points.  The  first  Nr  pi  fits  are  on 
the  free  surface,  let  ♦rUj.O  1  <_  1  <  N 
denote  the  potential  on  the  body  and  basin,  and 
let  *p(x,t)  Nr+1  <  1  <  H  denote  the  potential 
at  Np  points  on  tTw  free  surface.  Htrten  [11] 
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shows  that  a  spline  fit  reduces  the  Integral 
equation  (47)  to  a  set  of  linear  equations  of 
the  form 


^  ^ki  =  ^  V - ( t )6. 
i=l  k1  1  j*l  J  k 


where  m-j { t )  Is  a  vector  with  N+Nr  elements 
defined  as  1 


s  *R<VtJ  1  i1  iNR 


*  “^T^r(x.-*t)  Np+1  <  i  <  N 

n  r  —  — 


°n  =  (y  kn)  '  Is  the  frequency.  This  finite 
summation  is,  in  fact,  an  approximation  to  an 
infinite  integral  with  an  error  which  vanishes 
as  the  wave  spacing  Akn  -  kn+-j  -  kn  approaches 
zero  and  the  maximum  wave  number  kn  ,  which 

corresponds  to  the  shortest  wave  length, 
approaches  infinity. 

The  free  surface  elevation, 


n(x,t)  =  -  g  (x.o.t) 


is  also  represented  by  a  summation, 

NW  i|(  y 

n(x,t)  =  T  A  ( t)  e  n 


^F^i-N  N+l  <_  1  £  N+Np 


The  matrix  E|fj  has  N  by  N+Np  elements  which  are 
independent  of  time  and  depend  only  on  the 
geometry.  Harten  [I’]  shows  that  by  Gaussian 
elimination,  the  body  and  busln  potentials  can 
be  removed  frem  the  last  Np  equations  which 
then  assume  the  form 


where  An ( t )  is  a  complex  vector.  The  free  sur¬ 
face  is  thus  represented  by  a  pair  of  complex 
vectors,  An(t)  and  Bn(t).  The  linearized  free 
surface  equation  (9)  and  the  dynamic  condition 
(52)  can  then  be  expressed  by  Nu  pairs  of 
simple  differential  equations  of  the  form 


3t  An(t)  *  °n  Bn(t) 


^  ~~r  (*!•*)  *  (50) 


iff  Rn(t) 


Aft)  = 


which  is  a  system  of  Np  linear  differential 
equations  for  the  surface  potertial  <t>p(x^,t). 

The  potentials  on  the  free  surface  can  then  be 
integrated  from  their  initial  vilues  without 
considering  the  potentials  on  tie  body  or  the 
basin.  These  potentials  can  be  calculated  from 
the  first  NR  equations  of  (49)  o.ice  the  free- 
sui  face  potentials  have  been  dettrmlned. 

Another  method  well  suited  for  initial  value 
problems  Is  the  body  source  method  described  in 
a  previous  section  with  the  free  strface  poten¬ 
tial  <Mx,t)  and  the  incident  wave,  if  present, 
described  by  their  spectral  components. 

Spectral  representations  of  the  fr?e  surface 
have  been  applies  ft  both  linear  and  nonlinear 
problems  b-  Tausshng  and  Van  Eseltlne  [12], 
[13].  The  combined  body  source  and  free  surface 
spectral  method  described  here  was  applied  by 
Chapman  [4]  to  the  problem  of  large  amplitude 
motion  of  floating  bodies  with  a  linearized 
free  surface.  The  free  surface  potential 
$f(x,y,t.)  defined  by  equations  (5),  (6)  «..1  (9) 
Is  analytic  over  the  lower  half-plane  and  can 
be  approximated  in  deep  water  by  a  finite  summa¬ 
tion  of  harmonics. 


*f(*.y.t)  ■  g  E  Bn(t)  o 
ml 


-1  kn(,x'y) 

„*  <51> 


where  n:i(t)  1$  the  complex  amplitude  of  the 
harmo.  ’c.  kr  is  the  wave  mimK»r.  and 


where  Cg(t)  represents  the  body  source  potential 
in  the  form  of  the  harmonics  of  h(x,t)  defined 
in  (9), 


"W  ikx 

h(x,t)  =  j  j  C  (t)  e 
n*l  n 


These  equations  can  be  integrated  analyti¬ 
cally  for  a  series  of  small  time  steps  over 
which  the  body  source  distribution,  and  there¬ 
fore  C«(t),  are  assumed  to  be  constant.  Since 
the  body  potential  is  expressed  numerically  as 
a  collection  of  finite  sources,  Cn(t)  is  easily 
computed  by  adding  the  analytl'  result  for  the 
free-surface  harmonics  generated  by  an  Impul¬ 
sive  submerged  source  [4J.  The  free  surface 

velocity  ~  (x,y,t)  which  appears  in  the  body 

boundary  condition  (13)  determining  the  body 
source  distribution  can  be  evaluated  by  analytic 
differentiation  of  the  harmonic  components  in 
pi).  In  this  way  an  Initial  value  '•nblem 
can  be  advanced  in  small  time  steps.  ‘  the 
body  is  free,  forces  acting  on  the  body  are 
computed  each  time  step  and  the  accelerations 
determined  from  the  equations  of  motion. 

One  advantage  of  the  spectral  rather  than  a 
physical  representation  of  the  free  surface  is 
that  wave  spacing  can  be  non-un  jrm  with 
smaller  spacing  at  the  low  wa.r  numbers  which 
correspond  to  the  long  wave  length' 
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This  increases  the  time  interval  over  which  the 
long  wave  lengths  and  therefore  the  solution 
remains  valid.  In  a  physical  representation 
these  long  wave  lengths  are  the  first  reflected 
from  the  boundary  of  the  calculation  since  they 
propagate  the  fastest. 

Small  body  motion  is  a  sufficient  but  not  a 
necessary  condition  for  a  valid  linearized  free 
surface.  The  linear  approximation  can  remain 
valid,  if  the  body  moves  slowly,  over  large 
changes  In  the  geometry  of  the  submerged  por¬ 
tion  of  the  body  which  induce  hydrostatic  and 
hydrodynamic  nonlinearities.  The  body  source 
method  with  a  spectral  free- surface  represen¬ 
tation  has  been  applied  to  this  type  of  large 
amplitude  motion  and  tested  for  a  few  cases  [4], 
including  water  entry  ar.d  large  amplitude  free 
oscillation  of  floating  rectangular  cylinders. 


Wave-Making  Problems 

The  problem  of  a  body  translating  with  steady 
speed  through  an  inviscid  fluid  with  a  free- 
surface  is  usually  solved  for  the  purpose  of 
estimating  the  resistance  due  to  wave-making. 

Also  of  interest  are  sinkage  and  trim  forces 
and  the  streamlines  over  the  hull,  including 
the  wave  profile.  If  the  body  is  well  sub¬ 
merged,  the  linear  free  surface  is  valid  and 
quasi-analytic  methods  are  applicable.  With 
modification,  basic  quasi-analytic  techniques 
discussed  for  body  motion  problems  can  be 
applied  to  a  translating  submerged  body. 

The  body  source  method,  for  example,  was 
applied  to  steady  flow  past  submerged  two- 
dimensional  hydrofoils  by  Geising  and  Smith 
[14]  with  a  Green's  function  in  the  form  of  a 
Kelvin  source,  i.e.  a  source  translating  with 
steady  speed  under  a  linearized  free  surface. 
Later,  Chang  and  Pien  [61  demonstrated  the 
advantages  of  the  surf  .ice  dipole  method  for 
translating,  submerged  three-dimensional  bodies. 
Both  Bai  [ll  and  Chen  and  Mei  [15]  have  solved 
two-dimensional  flows  past  submerged  bodies 
with  localized  finite  element,  or  hybrid, 
methods  based  on  variational  principles  for  a 
linearized  free  surface. 

When  the  body  is  near  or  intersects  the  free 
surface,  linearization  is  valid  only  in  limiting 
cases  such  as  thin  or  flat  ships  or  at  zero 
Froude  number  where  the  free-surface  acts  as  a 
rigid  boundary  and  the  flow  is  identical  to  flow 
over  a  double  model--the  hull  and  its  reflection 
in  an  unbounded  fluid.  It  is  not  unreasonable 
though,  to  attempt  an  improvement  of  the  thin 
ship  approximation  for  the  wave-making  of  finite 
thickness  hulls  piercing  a  free  surface  by 
placing  sources  on  thf  hull  surface  rather  than 
the  centerplane  while  retaining  the  simplicity 
inherent  in  a  free-surface  potential  linearized 
about  the  free  stream  flow.  The  validity  of  this 
method  can  only  be  established  empirically  by 
comparing  predicted  and  experimental  wave-making 
resistance. 

An  early  investigation  of  this  type  was  that 
of  Breslin  and  Eng  [16]  who  computed  the  wave 


resistance  induced  by  the  surface  source  distri¬ 
bution  calculated  for  the  flow  past  a  5eries-60 
hull  in  the  zero  Froude  number  (double  hull) 
limit  by  Hess  and  Smith  [17].  Although  this 
method  neglects  the  effect  of  the  free-surface 
disturbance  on  the  body  boundary  condition  and 
therefore  on  the  source  distribution,  it  should 
give  a  strong  indication  of  the  effect  of  satis¬ 
fying  the  exact  body  boundary  condition  for  low 
Froude  numbers.  The  experimental  residuary 
resistance  was  compared  with  predictions  from 
thin  ship  theory  and  the  surface  source  distri¬ 
bution  over  a  range  or  Froude  numbers.  No 
improvement  was  obtained  by  placing  the  sources 
on  the  actual  surface.  Breslin  and  Eng  point 
out  that  part  of  the  disagreement  between  theory 
and  experiment  may  be  due  to  interaction  between 
viscous  and  wave-making  components  of  resistance. 

Adee  [18],  [19]  applied  the  body  source 
method  to  a  Series-60  hull.  The  free-surface 
potential,  calculated  for  a  Kelvin  source,  was 
included  in  the  body  boundary  condition  so  that 
an  exact  numerical  solution  of  the  Neumann- 
Kelvin  problem  was  obtained.  Adee  did  not 
calculate  wave-making  resistance  since  he  did 
not  expect  any  fundamental  improvement  over 
thin  ship  theory.  Instead,  he  sought  an 
estimate  of  the  effects  of  a  linearized  free 
surface  on  the  double  hull  streamlines  over  the 
hull  surface. 

The  dipole  method  was  applied  to  a  surface¬ 
piercing  ellipse  by  Chang  and  Pien  [6]  with  a 
formulaticn  equivalent  to  a  submerged  body  with 
a  flat  too  an  infinitesimal  distance  below  a 
linearized  free  surface.  This  formulation 
contained  the  two-dimensional  equivalent  of  the 
line  integral  for  three-dimensional  surface¬ 
piercing  buoies. 

Two  analytic  papers  concerning  a  three- 
dimensional  surface-piercing  body  of  finite 
thickness  translating  through  a  linearized  free 
surface,  the  Neumann-Kelvin  problem,  should  be 
mentioned.  Brard  [2]  and  Bessho  [20]  both 
discuss  a  line  integral  about  the  intersection 
of  the  body  and  the  linearized  free  surface. 

This  line  integral  may  be  obtained  analytically 
from  Green's  theorem  for  a  Kelvin  source  by 
integrating  by  parts  over  the  linearized  free 
surface  exterior  to  the  body.  Some  numerical 
formulations,  such  as  the  body  source  method, 
do  not  explicitly  contain  line  integrals  while 
others  such  as  the  dipole  method  do  All 
methods  provide  solutions  of  the  Neumann-Kelvin 
problem  within  the  limitations  of  numerical 
approximations  such  as  element  size. 

The  uniqueness  and  even  the  existence  of  a 
solution  to  the  Neumann-Kelvin  problem  has  not 
been  established  for  surface-piercing  bodies, 
although  Bessho  [20]  has  demonstrated  that  the 
flow  can  be  unique  if  the  surface-piercing 
body  is  regarded  as  a  submerged  body  with  a 
flat  top  an  infinitesimal  distance  below  a 
linearized  surface  with  zero  water  depth  above 
the  hull.  Perhaps  more  importantly,  the  physi¬ 
cal  significance  of  the  Neumann-Kelvin  problem 
for  surface-piercing  bodies  is  questionable. 
There  is  a  net  flux  into  the  body,  for  example. 
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which  Bessho  [20]  shows  can  only  be  cancelled 
by  removing  one  term  In  the  line  integral. 

Thus,  while  quasi-analytic  methods  have  been 
proven  valuable  for  body  motion  problems  and 
wave-making  of  well  submerged  bodies,  the  impor¬ 
tant  problem  of  the  wave-making  resistance  of  a 
surface-piercing  body  seems  to  require  a  more 
realistic  representation  of  the  free  surface 
than  is  provided  by  the  classical  linearized 
theory. 

Nonlinear  Free  Surface  Solutions 
for  Ship  Hull  Wave-Making _ 

Before  more  numerical  methods  are  discussed, 
some  mention  should  be  made  of  what  is  essen¬ 
tially  an  analytic  approach  to  nonlinear  flow 
past  a  finite  ship  hull— second  order  perturba¬ 
tion  about  a  thin  ship  representation.  Formu¬ 
lations  of  this  type  have  been  invented  or 
developed  by  Wehausen  [21],  Yim  [22],  Eggers 
and  Choi  [23],  Gullloton,  Noblesse  [24],  and 
Dagan  [25].  Comparisons  between  wave  resistance 
computed  by  these  methods  and  experimental  data 
huve  been  published  b.y  Gadd  [26]  and  by  Hong 
[27].  These  methods  are  shown  t.o  improve  the 
theoretical  prediction  for  some  Froude  numbers 
but  not  consistently. 

Another  approach,  easily  applied  to  numerical 
methods,  is  to  perturb  the  flow  about  the  double 
hull  or  zero  Froude  number  flow  rather  than 
about  the  free  stream.  Thus,  the  velocity 
potential  $(x)  Is  written  as 


*(x)  ■  *r(*)  + 


where  $r(x)  satisfies  the  exact  body  boundary 
condition  ard  the  condition  of  zero  vertical 
velocity  on  the  static  free  surface  plane.  In 
this  way,  the  free  surface  disturbance  is  per¬ 
turbed  about  a  flow  which  goes  around  a  finite 
hull  rather  than  through  it.  An  analytic 
perturbation  of  this  type  is  valid  in  the 
limiting  case  of  a  slowly  moving  ship  [28]. 

This  perturbation  has  been  applied  numerically 
by  Baba  [29]  to  low  speed  flow  past  blunt  ship 
bows  with  good  agreement  with  experimental 
coefficients  of  wave  resistance  over  a  range  of 
low  Froude  numbers. 

Other  authors  have  also  had  success  with 
perturbation  about  the  double  hull  streamlines. 
Dawson  [30]  has  solved  the  flow  about  a  Wtgley 
hull  in  this  manner  and  has  obtained  good 
agreement  with  experimental  wave  profiles  for 
Frcude  numbers  as  high  as  0.50.  Chan  [31]  uses 
the  double  hull  flow  as  a  starting  estimate  for 
an  exact  nonlinear  solution.  Chan  and  5tuh- 
miller  [32]  have  also  applied  perturbation 
about  the  double  hull  flow  to  unsteady  motion 
of  a  semi  submerged  sphere.  Double  hull  pertur¬ 
bation  has  limited  application  however,  for 
body  motion  problems  which  are  usually  linear¬ 
ized  on  the  basis  of  small  amplitude  motion 
rather  than  body  thickness.  Terms  associated 
with  flow  about  the  body,  whether  linearized 
about  the  double  hull  or  the  free  stream,  a-e 


significant  only  for  cases  of  large  amplitude 
motion.  In  these  cases,  perturbing  the  double 
hull  flow  should  provide  a  correction,  valid  at 
low  frequencies  (Froude  numbers),  to  the  non¬ 
linear  portion  of  the  damping  coefficient--an 
effect  closely  related  to  wave-making. 

The  limited  results  now  available  indicate 
improved  wave-making  resistance  predictions  by 
perturbing  about  the  double  hull  flow,  even  at 
moderate  Froude  numbers.  This  suggests  that 
horizontal  transport  terms  in  the  free-surface 
conditions  are  important  factors  in  the  wave¬ 
making  resistance  of  realistic  ship  hulls. 

It  should  be  expected  however,  that  in  the 
moderate  to  high  range  of  Froude  numbers  the 
horizontal  velocities  on  the  free  surface  will 
cease  to  be  modeled  by  the  double  hull  flow. 

A  more  general  method  was  developed  by  Gadd 
[33],  who  formulated  a  free  surface  represen¬ 
tation,  nonlinear  in  the  horizontal  plane  and 
second  order  in  the  vertical  direction. 

Surface  panels  are  distributed  over  the  body 
and  the  undeflected  free  surface  near  the  body. 
The  source  densities  on  the  panels  are  computed 
by  alternately  applying  the  kinematic  condition 
and  correcting  for  the  error  in  the  dynamic 
condition.  Although  the  method  for  terminating 
the  free-surface  panels  and  the  use  of  smoothing 
are  perhaps  undesirable,  Gadd  obtained  excellent 
results  as  evidenced  by  comparisons  with  experi¬ 
mental  wave  profiles  and  resistance  for  a  hull 
over  c  limited  range  of  Troude  numbers  tested, 
and  particularly  by  comparisons  with  free- 
surface  contours  and  induced  pressure;  fur  flow 
over  a  blunt  bow. 

Perhaps  because  investigators  have  been 
deterred  by  the  possibility  of  large  computation 
times,  there  have  been  few  attempts  to  solve 
the  exact  nonlinear  problem  of  flow  past  a  ship 
hull  numerically.  Nichols  and  HI rt  [341 
calculated  the  nonlinear  free-surface  distur¬ 
bance  generated  by  a  blunt  three-dimensional 
body  impulsively  started  in  a  basin  with  a 
variation  of  the  Marker-and-Cel 1  method,  but 
this  calculation  has  no  direct  connection  to 
the  wave- making  of  a  ship  hull.  Recently,  Chan 
[31]  has  developed  a  numerical  method  for  ship 
hulls  based  on  double  hull  flow  without 
linearization  so  that  the  solution  is  exact 
within  the  limitations  of  inviscid  flow. 

Two-Dimensional  Nonlinear 
Free-Surface  Problems 

Fundamental  aspects  of  nonlinear  free 
surface  flow  are  most  easily  studied  in  >.  ■> 
dimensions.  A  few  nonlinear  solutions  of 
interest  for  ship  hydrodynamics  will  be  men¬ 
tioned  in  this  section.  One  class  of  problems 
is  steady  nonlinear  flow  past  a  two-dimensional 
disturbance.  Problems  of  this  type,  including 
flows  past  submerged  vortices,  flows  past  foils, 
and  shallow  water  effects  have  been  studied 
extensively  by  Salvesen  and  von  Kerczek  [ 3b J . 
[36],  [37].  Of  particular  interest  are 
comparisons  with  perturbation  theory  and  with 
experiments  with  a  foil.  Nonlinear  effects 
contained  in  seconu  and  third  order  perturbation 
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expansions  are  evident  In  the  numerical  non¬ 
linear  free-surface  elevations  for  flow  past  a 
submerged  vortex.  For  positive  circulation, 
third  order  theory  provides  an  excellent  approx¬ 
imation  to  the  nonlinear  wave-making  resistance. 
The  basic  method  is  to  repeatedly  solve  Laplace's 
equation  and  correct  the  free  surface  elevations 
for  the  error  in  the  dynamic  condition  until  the 
solution  converges.  In  this  mannt*,  Salvesen 
and  von  Kerczek  could  generate  waves  near  the 
maximum  experimental  steepness.  Other  investi¬ 
gators  have  generated  steady  nonlinear  flows 
with  unsteady  methods  using  small  time  steps. 
Haussling  and  Van  Eseitine  [12],  [38],  for 
example,  have  applied  both  spectral  and  finite 
difference  methods  to  steady  flow  past  a  pres¬ 
sure  patch. 

Unsteady  nonlinear  methods  in  two  dimensions 
are  of  direct  interest  for  ship  motion  problems, 
including  seakeeping  and  free-surface  effects 
on  maneuvering.  One  reason  for  this  is  that 
unlike  wave-making  resistance,  which  is  essen¬ 
tially  three-dimensional  for  practical  ship 
hulls,  body  motion  problems  can  be  reduced  to 
a  set  of  two 'dimensional  problems  by  the  strip 
Lheoiy  approximation,  or  at  high  Froude  numbers 
by  the  slender  body  approximation.  Quasi- 
analytic  and  two-dimensional  nonlinear  methods 
complement  each  other  in  this  regard,  with  the 
former  providing  three-dimensional  effects  and 
the  latter  inviscid  nonlineu.  effects.  Another 
reason  for  the  relative  importance  of  two- 
dimensional  methods  is  that  the  simp! location 
is  usefuTT  Relative  to  wave-making  problems,  a 
large  number  of  calculations  are  required  at 
various  wave  lengths  and  headings  to  character¬ 
ize  the  response  of  a  I:  h^ee- dimensional  body  in 
waves;  and  the  problem  is  compounded  if  it  is 
nonlinear. 

An  example  of  a  two-dimensional  nonlinear 
solution  related  to  maneuvering  characteristics 
is  the  steady  force  acting  on  a  vawed  vertical 
plate  piercing  a  nonlinear  free  surface  as 
calculated  by  Chapman  [39].  In  this  case, 
slender  body  theory  reduced  the  nonlinear  three- 
dimensional  problem  to  an  unsteady  nonlinear 
two-dimensional  problem. 

The  nonlinear  force  acting  on  a  heaving 
re;,  ingular  cylinder  was  computed  by  Nichols 
and  HI rt  [34]  with  the  SOLA-SURF  code,  a  varia¬ 
tion  of  the  Karker-and-Cell  method.  Added 
mass  and  damping  coefficients  were  compared  with 
linear  theory  and  with  experiment.  Chan  and 
Hlrt  [40]  solved  the  nonlinear  problem  of  the 
free-surface  disturbance  and  forces  generated 
by  the  motion  of  a  semi  submerged  cylinder. 

Both  a  second-order  finite  difference  and  a 
Lagranglan  (GALE)  method  were  applied.  Lagran- 
g<an  methods  such  as  GALE  or  the  triangular 
mesh  method  developed  by  Boris,  ei.al.  [41] 
could  potentially  simulate  extreme  nonlinear 
flows,  which  with  strip  or  slender  body  theory 
could  be  applied  to  capsizing  or  ship  slairmlng. 

Another  class  of  problems  with  application 
to  ship  i\ydrodynamics  concerns  free-surface 
effects  for  liquid  cargoes  or  anti -roll  tanks. 
These  effects  can  influence  the  roll  charac¬ 


teristics  of  ships.  A  review  of  numerical 
methods.  Including  Marker-and-Cell ,  applicable 
to  the  general  problem  of  sloshing  in  containers 
is  contained  in  a  review  paper  of  von  Kerczek 
[42].  None  of  these  methods  have  been  specifi¬ 
cally  applied  to  liquid  cargo  sloshing,  however. 
Fa  It insen  [43]  has  modeled  nonlinear  sloshing 
in  rectangular  containers  with  a  perturbation 
method  and  has  more  recently  developed  a  numer¬ 
ical  method  applicable  to  the  problem. 


A  review  of  recent  progress  in  numerical 
solutions  of  free-surface  problems  in  ship 
hydrodynamics  suggests  some  problems  which  are 
likely  to  be  solved  in  the  near  future.  These 
are  briefly  discussed  in  this  section. 

Quasi-analytic.  methods,  which  combine  a 
linearized  free  surface  with  an  exact  body 
boundary  condition,  have  already  shown  their 
practical  value  for  problems  involving  three- 
dimensional  ship  motion.  Future  work  should 
soon  expand  these  methods  to  include  the  effects 
of  forward  speed.  It  would  be  useful  to  com¬ 
bine  a  three-dimensional  quasi-analytic  repre¬ 
sentation  for  ship  motion  with  an  empirical 
representation  for  viscous  damping  and  nonlinear 
hydrostatic  terms  in  a  six  degree-of-freedom 
simulation. 

Realistic  modeling  of  the  wave-making  of  a 
translating  three-dimensional  hull  appears  to 
require  at  least  a  partial  representation  of 
nonlinear  free-surface  effects.  Perturbing 
about  the  double  hull  flow  rather  than  about  the 
cree  stream  appears  promising  for  the  wave¬ 
making  problem  for  low  and  moderate  Froude 
numbers.  Also,  an  exact  inviscid  solution  of  a 
nonlinear  three-dimensional  wave-making  problem 
has  been  obtained  numerically.  Further  compar¬ 
isons  should  be  made  with  experimental  wave 
profiler  jnd  wave-making  resistance  coefficients. 
Complete  agreement  between  theoretical  and 
experimental  resistance  depends,  In  part,  on 
resolving  the  interaction  between  wave-making 
and  viscous  components  of  resistance.  One 
simple  example  Is  the  wetted  surface  area 
covered  by  a  bow  wave,  or  at  high  speeds  by  a 
spray  sheet. 

Two-dimensional  nonlinear  methods  are  valu¬ 
able  for  simulating  nonlinear  hydrodynamic 
effects  for  large  amplitude  body  motion.  Strip 
theory  and  slender  body  theory  can  extend  these 
methods  to  practical  ship  hulls.  Thus,  while 
quasi-analytic  methods  yield  three-dimensional 
effects,  nonlinear  two-dimensional  methods 
yield  nonlinear  hydrodynamic  effects  for  extreme 
motions  Including  possibly  capsizing  and  slanmlng. 

Finally,  It  should  be  emphasized  that  all 
numerical  methods  should,  if  possible,  be  com¬ 
pared  with  experimental  data  over  os  wide  a 
range  as  possible.  In  this  way  the  limitations 
of  the  various  explicit  or  Implicit  assumptions 
can  be  evaluated  and  the  simplest  valid  methods 
developed. 
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NUMERICAL  EVALUATION  OF  A  WAVE-RESISTANCE  THEORY 
FOR  SLOW  SHIPS 
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Mitsubishi  Heavy  industries,  Lid. 
1-1  Akuncura-machi 
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Abstract 

A  procedure  is  presented  for  -the 
numerical  calculation  of  wave  resistance 
of  conventional  ship  forms,  tfave-resist- 
ance  theory  used  in  the  present 
calculation  takes  account  of  the  non¬ 
linear  effect  on  the  free-surface 
condition.  Because  of  this  a  remarkable 
attenuation  of  the  humps  and  hollows  of 
wave  resistance  curve  is  attained  in  the 
practical  speed  range  of  conventional 
commercial  ships.  Taking  a  semisubmerged 
sphere  as  an  example,  each  stage  of 
numerical  calculations  is  examined  by 
comparing  with  the  analytical  values. 
Finally  wave  resistance  of  conventional 
ship  forms  is  calculated  and  compared 
with  experimental  values.  Within  a 
practically  acceptable  order  of 
magnitude  wave  resistance  can  be 
estimated  by  the  present  theory. 


1  _ Introduction 

A  wave  resistance  theory  which  takes 
account  of  the  nonlinear  effect  on  the 
.'ree- surface  condition  in  low  speeds 
has  been  developed  by  Raba  and  Takekumu 
1 1,2).  In  this  paper  a  procedure  is 
presented  for  the  numerical  calculation 
of  convent io.al  ship  forms  based  on  this 
theory . 

The  theory  is  an  extension  of 
Ogilvie's  two-dimensional  low-speed  wave 
resistance  theory{5|  to  the  three- 
dimensional  bodies  piercing  the  free 
surface.  It  is  a  characteristic  of  the 
theory  that  the  double-body  velocity 
potential  is  used  as  the  zero-order 
solution.  As  the  next-  rder  solution  a 
surface  - 1 aye r  velocity  potential  which 
represents  a  wave  motion  is  determined 
in  such  a  way  that  the  sum  of  both 
velocity  potentials  satisfies  a  free- 
surface  condition.  The  free-surface 
condition  used  in  the  present  paper  is 
a  Linear  equation  for  the  surface  - laye r 
potential.  However,  products  of 
derivatives  of  zero  order  potential  are 
included.  Therefore  the  coefficients 
for  the  equation  arc  dependent  on  space 
variables 


In  section  ?  an  outline  of  the  present 
theory  is  given.  It  is  then  shown  that 
wave  resistance  derived  from  the  present 
theory  consists  of  th.ee  parts.  One  is 
due  to  the  singularity  distributions  over 
the  body  surface,  the  second  is  due  to 
the  singularity  distributions  around  the 
intersection  between  the  body  and  the 
still-water  surface  (  the  so  called  line- 
integral  term  ),  and  the  third  is  due  to 
the  free-surface  disturbance  expressed 
in  terms  of  products  of  derivatives  of 
double-h"dv  potential.  The  last  one  is 
considered  .  ;  the  nonlinear  effect  on 
the  free-surt.t  '■*  conuitif**1. 

In  section  3  a  quantitative  discuss ■  ’ 

on  the  characteristics  of  the  present 
theory  is  given  by  applying  the  theory 
to  a  vertical  circular  cylinder  piercing 
the  free  surface.  It  is  then  shown  that 
the  contribution  from  the  singularity 
distributions  on  t he  body  surface  is 
cancelled  out  by  the  lower-order  terms 
of  the  contribution  from  the  line- 
integral  term.  The  remaining  higher- 
order  terms  are  the  same  order  of 
magnitude  as  that  of  the  third  part  of 
the  free-surface  disturbance.  It  is 
further  shown  that  this  third  part 
contributes  especially  to  the  i eduction 

of  transverse-wave  components.  An  n 
result,  humps  and  hollows  of  the  wave 
resistance  coefficient  curve  are 
a t  tenua ted  roma rhab 1 y . 

In  section  4  a  procedure  to  calculate 
wave  resi  'ante  of  conventional  ship 
forms  is  explained.  In  the  computation 
an  asymptotic  expression  of  the  amplitude 
function  hi  low-speed  limit  is  used. 
Necessa.v  quantities  for  the  computation 
are  double  body  velocity  components 
around  the  load  waterline.  They  can  he 
obtained  by  finite -element  method  sn,h 
as  the  one  developed  by  Hess  and.  Smith 
for  nonlifting  bodies  ( 4 ) .  Details  of 
numerical  calculation  of  wave  resistance 
ure  described.  In  the  procedure  validity 
of  the  numerical  calculation  In  examined 
by  applying  the  computer  program  to  a 
semisubmerged  sphere  whose  wave 
resistance  Is  obtained  analytically  by 
the  present  theory. 
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In  section  5  se  cal  examples  of  wave  resis¬ 
tance  calculations  fur  conventional  ship  forms 
are  shown  and  compared  with  wave  resistance  de- 
termined  by  towing  tests. 


2.  Outline  of  t.hc  theory 
Tor  slow  ships 


Taking  a  rectangular  coordinate 
svstem  fixed  in  the  body  with  the  origin 
on  the  still  water  surface,  we  set  x-axis 
directed  to  the  uniform  flow  U  andjs- 
axis  directed  upwards  as  shown  in  Fl*.l* 

The  total  velocity  potential  is  dctinev.: 

$  (x,v,z)  +  4>(x,y,z)  , 

where  tr  th®  double -body  potential 
obtained  from  the  rigid-wall  problem.  * 
is  the  surface  -  layer  velocity  potential 
which  represents  a  wave  motion. 


c/x.y)  *  j-  I  u’  ‘  trx(x’y,n) 

-  4yJ(x,y.o)  ) 


In  equations  (1)  and  f2),  z  *  0 
corresponds  to  the  free-surfnee  elevation 
expressed  by  the  term  Crix.yl-  Besiues 
the  equations  11)  and  (2),  tile  radiation 
condition  should  be  satisfied  bv  *(x,y,z). 
It  should  he  noted  further  that  in  the 
present  theory  the  surface- layer 
potential  ♦(x,y,i)  does  no;  satisfy  the 
body  boundary  condition.  The  pro-order 
notential  ftrCxty,*)  alone  satisfies  the 
condition.  Recently  Newman|S)  derived 
independently  the  same  boundary-value 
problem  for  slow  ships  as  the  equations 
(1)  and  (2).  The  details  of  the 
derivation  of  the  above  boundary-value 
prob'em  and  the  following  results  are 
found  in  the  reference | 6 ] . 

An  asymptotic  solution  ij>(x,y,z)  in  the 
low-speed  limit  ,s  obtained  as 


ponatial 


Pig.l.  Coordinate  system. 


The  boundary-value  problem  presented 
by  Baba  and  Takekuma  1 1 )  for  the 
surface-layer  velocity  potential  *(x,y,.'l 
is  written  as 


(x,y,z)  ■  fj  dx’dy'  D(x’,y') 

("/i  .  (  „  ckzcos(Ui) 

‘1  d0 


-d—  dx’dy’ 
2a  J  J 


Dtx’.y'l 


r/fde  k0(x,y,8)  e£k,(x’>',(,)sin(k0(x,y,0)il 
-  n/j 

(5) 


0 .  ^(x.y.O 

*  ♦yyl**.*)  4  • 

z  <  0  ,  (l) 

1 1  *„<*•*•< 

♦  ♦jlx.y.i) 

«  D(x,y)  ,  on  z  -  0  ,  (2) 

whare  g  is  the  acceleration  of  gravity, 
*rxU.y.°>.  ♦rv(x.v.O)  are  the  volocity 
components  at  Hie  still-water  surface. 

D(x.y)  •  £  1 

♦rx cr(x,)')  1 

[  erylx.y.0)  trix,y)  ]  .  U) 

kt(x,y,0)  -  g/I  *TS(x.y.O)cosO 

♦  *ry(x.y.0)*‘n!,l1  • 

(h) 

■  li  •  (x  -  x’lcosB  .  (y  -  y’lslnO  .  (') 

Wave  resistance  derived  from  the  valcrity 
potential  ♦(x.y.i)  is  expressed  as 

•  «pU’{  "'I  A(0)  I’cos’O  do,  («) 

where  p  Is  the  density  of  water,  A(0)  Is 
the  amplitude  function: 


■»  rjcpl  i  v$cc*8  (xcosO  ♦  ysinO) j,  (ri 


where  v»g/UJ. 

It  is  a  characteristic  of  the  present 
*.ave- resistance  formula  that  the  amplitude 
function  is  expressed  as  an  integral  of 
disturbance  P(x,v)  over  the  free  surface. 
Recently  Maruo  has  derived  independently 
the  same  wave- resistance  formula  ar  (9) 
and  (8)  | T J . 

The  disturbance  D(x.v)  is  rewritten 
as  the  sum  of  two  p.irts: 

l»(x,v)  *  •  9  in, yt0)  ♦  N(r,y,tM  .  (10) 

where  0  is  the  perturbation  velocity 
potential  of  the  double  body,  i.e. 


0(x,y,-.)  *  :  lx,y,:)  -11a  , 

N(x,y,0)  ■  -  4^  4-  l  0  ’  ♦ 

-S  ax  x  > 


V 

%  .  _L 

2-  (  a  1  * 
5x  '  ’x 

?y',i 

»>•! 

“0  .  >- 

R  *>'  -*R 

i-  (  e  1  ♦ 

9y  x 

*/,i 

l 

7T 

0..I  -'ll  t>  ' 

—  Z.  X 

*  0  ’  ♦  0  •' 
x  y 

1  .  z 

It  should  he  noted  that  N(x,y,0)  is 
expressed  in  terms  of  products  of 
derivatives  of  the  perturbation 
potential.  Within  the  framework  of  the 
linearized  theory,  this  term  is  usually 
neglected  as  higher  order  quantities, 
as  done  by  Oucvel  ct  a  1.(8],  In  the 
present  theory,  however,  it  is  shown  that 
the  contribution  from  N(x,y,0)  plays  an 
important  role  In  the  wave  resistance  at 
low  speeds.  The  present  authors  consider 
that  this  term  represents  a  nonlinear 
effect  on  the  free-sur face  condition. 

Substituting  (10)  into  (9),  we  have 

A(9)  *  lir  sec’°  || Jxd)'  0x*(x,y,O) 

»  exp|  i  vsec‘'6  Ucose  »  ysine)  ] 

•  sffe’e  |j  dxdy  N(x,y,0) 

*  exp(  i  vscc70  (xcose  ♦  ysinO)  )  . 


(12) 

Excluding  the  cross  section  between  the 
body  and  the  still  water  surface  from 


the  integral  range,  and  integrating  by 
parts,  the  first  term  of  (12)  is  written: 


- ~  see  *0 

nil 

|  Jy  0x(x.y,o) 

*  expl  i 

vscc?0  (xcosO  ♦  ysinO)) 

+  —  scc’o 
nil 

(i  vsocO)  j  dy  0(x,y,O) 

*  cxpl  i 

vscc70  ( xcos 6  ♦  ysinO)] 

*  ITT 

(i  vsccO)?Jj  dydx  0(x,y,O) 

*  cxpl  i 

vsec2fi  (xcos0  ♦  ysinO)]  , 

where  c  is  the  cu.-ve  of  intersection 
between  the  body  and  the  still  water 
surface . 

When  a  body  is  expressed  by  surface 
source  distribution  o(x,y,z)  and  normal 
doublet  distribution  u(x,y,:)  so  as  to 
give  zero-value  of  perturbation  potential 
inside  the  body,  wo  have  the  following 
rc l at  ions : 


0x(x,y,O)  =  4  it  (  o(x,y,0)  cos  (ox,  n) 

+  sin (ox, n)  )  on  c  , 

0(x,v,n)  *  -  4-n  u(x,y,0)  on  r  , 


*  -  ||  °(x,,y,.z,)l  7  ♦  pi  JS 

•  |U’tVV')£l  W’l  JS* 

(H, 


where  n  is  the  outward  normal  to  the 
surface  at  the  intersection  c,  and  1  is 
the  tangent.  S  is  t he  surface  of  the 
submerged  part  of  the  body.  Here,  a 
body  is  considered  which  has  a  vertical 
hull  surface  at  the  intersection  c.  Also, 

r*  (  (x-x’)?  ♦  (y- v* ) 2  +  (z~ z ' ) ?  1 1  /  J  , 

t'.  |  (x-x')!  *  (y-y')!  *  (z*z')M,/j  . 


Further,  we  have  a  relation 

JJ.txdy  I  f  *  p  lj.0 
*  cxpl  i  vsec’O  (xcosO  +  ysinO)] 

‘  V*T>(  vz'scc’n 

♦  i  v»cc'0(x'cos0  ♦  y'sinfl)] 


1» 


Thus  we  have 


The  double-body  potential  0(x,y,z)  for 
a  circular  cylinder  is  written  as 


A(6)  -  Ag(0)  ♦  A^(0)  ♦  Ap(0)  ,  (15) 

where 

AgCQ)  "  sec*0  ||  dS  o(x,y,z) 

*  exp(vsec28{  z  +  i(xcos9  ♦  ysin8)}] 

*  T  360 i0  Hg^  M(x.y.z) 

*  exp[vsec20(  z  ♦  i(xcos0  ♦  ysinODJ  , 

^(0)  *  -  jj  sec]6  j  dy  [  o(x,y,0)cos(ox,n) 

*  i  vsec0  u(x,y,0)  +  sin(ox,n)  ] 

«  cxp[  i  vsec20  (xcose  +  ysinS)]  , 


0(x,y,z)  -  ,  x2  ♦  y2  >  a2  .  (18) 

Substituting  (17)  into  Ac(9)  and  A.  (0) 
of  (16) ,  we  have  '  L 

Ag(0)  ■  -  2ia  J i  sec*9) 

*  seca0  l  J°  sec20) 

•  dj  (  scc20)  ]  ,  (19) 

A^(fl)  »  2ia  Jj  sec20) 

*  sec’0  1  Jo(-^rsec20) 

^  sec*0)l 


ApC0)  "  *  -JQ-  sec30  ||  dxdy  N(x,y,0) 

«  exp[  j  vrec20  (xcos0  *  ysin8)j  . 

(16) 


It  is  understood  that  the  amplitude 
function  consists  of  three  parts.  One  is 
due  to  the  surface  singularity  distri¬ 
butions  over  the  body  surface.  This  term 
gives  the  conventional  wave-resistance 
formula  which  was  derived  by  Havelock 
for  submerged  bodies (91.  The  second  is 
due  to  the  singularity  distributions 
around  ‘he  intersection  between  the  body 
and  the  still-water  surface.  This  term 
is  the  so  called  line-integral  term.  The 
third  is  due  to  the  free-surface 
disturbance  expressed  in  terms  of 
products  of  derivatives  of  double-body 
potential . 


3.  Have. resistance  of 


In  order  to  evaluate  numerically  the 
characteristics  of  the  present  theory, 
the  above  mentioned  three  parts  of  the 
amplitude  function  are  calculated  fo>  a 
vertical  circular  cylinder  piercing  the 
free  surface. 

The  density  of  source  and  doublet 
distributions  for  a  vertical  circular 
cylinder  of  radius  r  are  given  as 
follows: 


♦  8ia  Fn2  sec8  cos38  J  a  t~-sp-pr  sec28) 


-  32ia  Fn"  cos8  cos3e  Ji(  sec’0)  , 

"  f‘  (20) 

where  Fn  ■  U//!ga  ,  and  J>,  Ji,  are 

the  Bessel  functions  of  the  first  kind. 
The  first  term  of  (19)  is  the 
contribution  from  the  surface  source 
distribution,  and  the  second  is  from 
doublet  distribution. 

It  is  observed  that  the  amplitude 
function  due  to  the  surface 
singularities  Agfa)  is  cancelled  out  by 
the  first  two  terms  of  the  amplitude 
function  due  to  the  line  integral  term 
Al(0).  This  fact  was  first  pointed  out 
by  Brard  within  the  framework  of  the 
linearized  theory(10J. 

The  asymptotic  expression  of  the  sum 
of  Ag(0)  and  Al(6)  Is  written  in  the  low 
speed  limit: 


AjtB)  *  A^e)  -  i  -jiy-  Fn’  cos 36 

»  cos(-jjrjj-  see’e  -  J  )  ♦  0(Fns)  . 

(21) 


Nr-.t,  substituting  ()»)  into  (11), 
we  have  N(x,y,0)  as  follows: 


o(*.y.i) 


u(x.y.t)  - 


(IT) 


N(x.y.O)  -  4U  Fn’  (  ^  ^  ) 


for  r  *  J  x»+  y*  >  a. 

From  Ap(8)  of  (16)  we  then  have 
2a**  a5 

Aj.(8)  «  -  4i  sec1 8  |  (  -jr  -  fr  ) 

*  Ji  (  vr  sec!3)  dr 


v0(?„!).  (22) 

It  is  thus  shown  that  in  the  low-speed 
limit  As (8)  ♦  Al(8)  is  of  same  order  of 
magnitude  as  that  of  Ap(8).  Fig. 2  shows 
a  comparison  of  the  asymptotic  values  of 
AS (8)  +  Al(8)  and  Af(8)  at  Fn  *  0.20, 
where 

SS(8)  w  AS ( 8 ) / 2 a ,  AL(8)  -  AL(8)/2a, 

Af(8)  -  Af (8)/2a . 

•  a 
■  10 


Fig. 2.  Comparison  of  amplitude 
functions  of  vertical  circular 
cylinder  in  low  speeds. 


From  the  figure  it  is  found  that  Ap(8) 
contributes  especially  to  the  reduction 
of  transverse  wave  component(small  8- 
values) .  As  the  result,  humps  and  hollows 
of  the  wave-resistance  curve  are 
attenuated  remarkably. 

In  the  low  speed  limit  wave  resistance 
due  to  the  sum  of  As(8)  and  C © )  is 

obtained  by  means  of  stationary  phase  in 

(8): 


Cw  »  - — - 

4oU!(2a)’ 

-  Fn‘  ♦  52/if  F„7  sint-^  *  j  ) 

♦  OfFn").  (23) 


On  the  other  hand,  the  wave  resistance 
due  to  the  sum  of  three  parts  As(8),Al(8J 
and  Ap(e)  is  obtained  as 

Cw-  ^Fns*0(F„').  (24) 

Fig. 3  shows  a  comparison  of  the  wave 
resistance  curves  for  both  cases.  From 
this  figure  it  is  found  that  Ap(8), 
which  represents  the  nonlinear  effect  on 
the  free-surface  condition,  plays  an 
important  role  on  the  attenuation  of 
humps  and  hollows  of  wave-resistance 
curve  in  low-speed  r8nge. 


An  additional  example  of  calculation 
Is  shown  in  Mg. 4,  where  the  weve 
resistance  curves  of  a  semisubmerged 
sphere  ere  compared.  The  w eve  resistarce 
coefficient  obtained  from  the  sum  of 
two  parts  Ag(6)  and  Al(8)  is  given  as 
follows  I 
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Cw  *  ™  Fn‘  ♦  72/?  Fn’sin(  ^  ♦  \  ) 

♦  0(Fn9)  .  (25) 

On  the  other  hand,  the  wave-resistance 
coefficient  obtained  from  the  sum  of 
three  parts  As(9),  Al(0)  and  Af(0)  for 
the  semisubmerged  sphere  is  given  by 

Cw  a  ^  Fn6  ♦  Fn7  sin(  +  J  ^ 

♦  O(Fn')  .  (26) 


4.  Numerical  method  to 
calculate  wave  resistance 

In  the  previous  sections  analytical 
studies  are  given  on  the  contribution  of 
each  term  of  amplitude  functions  to  the 
wave  resistance.  In  the  present  section 
a  procedure  is  explained  to  calculate 
numerically  the  wave  resistance  of 
arbitrary  forms.  For  convenience  of 
computation,  the  expression  of  amplitude 
function(9)  is  used  directly  instead  of 
the  expression  (15). 

By  the  partial  integration  with 
respect  to  x  in  (9),  an  asymptotic 
expression  of  the  amplitude  function  in 
low-speed  limit  1  obtained  as  a  line 
integral  abound  the  intersection  of  the 
body  and  the  still-water  surface: 


A(fl)  *  •  i  j  dy  D(x,y) 

»  exp[  i  osec!0  (xcosB  ♦  ysinfi)]  . 

(27) 


In  this  calculation  the  cross  section 
between  the  body  and  the  still-water 
surface  is  excluded  from  the  integral 
range  in  (9) . 

When  the  equation  of  the  intersection 
is  expressed  by  the  following  relations: 

X  1  v  01 

J-  -  J  cosB  ,  £  *  2  Bn  sin(nB)  , 

where  l  is  the  length  of  a  body  and  Bn 
are  the  Fourier  coefficients,  the 
amplitude  function  is  rewritten: 


«  exp[  l?-$0  *(6.6))  ,  (28) 


Fig. 4,  Comparison  of  Cw-values 
of  semisubmerged  sphere. 


In  this  case,  not  only  an  attenuation  of 
humps  and  hollows  but  also  a  large 
reduction  of  the  basic  term  which  is  of 
order  Fp‘  is  attained  by  the  addition  of 
the  amplitude  function  Ap(8).  The  details 
of  the  derivation  of  (25)  and  (26)  are 
explained  in  Appendix  A. 


where  Fn  •  II / /gT7  , 

*(M)  ■  cosBcosB  ♦  (2E  Bp  slnnB)sinB  , 

Ft6) ' v  a|  '  p  wt  c|r  > 

p(B)  -  1  -  u‘  -  v1  . 
u  ■  0x(x.y,D)/U  ,  v  -  (ly(x,y,0)/U  , 

«x  ■  0jj(x,y.O)  L/U  . 
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The  amplitude  function  can  be  calculated 
by  use  of  the  velocity  components  around 
the  load  waterline.  The  wave  resistance 
is  then  calculated  by  (8). 

Taking  a  semisubmerged  sphere  as  an 
example,  the  validity  of  each  stage  of 
numerical  calculations  ic  examine!  as 
follows.  First,  the  integration  with 
respect  to  8  is  carried  out  in  (28)  by 
use  of  the  exact  expression  of  ?(8)  for 
a  semisubmerged  sphere [2,6] : 

F(B)  -  |  cos!S(  J  Sir’s  ♦  1  ).  (29) 

For  this  numerical  calculation  Simpson's 
rule  is  applied  with  the  interval  AB  x 
■n Fn 2 / 4 7 .  At  8  »  75°,  this  interval 
provides  more  than  IS  ordinates  in  a 
range  from  one  peak  to  the  next  peak  of 
the  highly  oscillating  integrand.  Next, 
the  integration  with  respect  to  0  is 
carried  out  in  the  wave  resistance 
integral  (8).  In  this  computation  zero- 
points  of  A(0)  with  respect  to  0  are 
searched  first  and  then  each  interval 
from  one  zero-point  to  the  next  zero- 
point  is  numerically  integrated  by 
Simpson's  rule  in  such  a  way  that  the 
number  of  ordinates  in  one  interval  is 
not  less  than  10.  It  is  confirmed  that 
the  value  of  wave  resistance  usually 
converges  to  a  certain  value  when  the 
upper  limit  of  the  integral  range  is 
close  to  fl  ■*  75°  as  shown  in  Fig.  5;  an 
example  of  calculation  on  the  semisub¬ 
merged  sphere. 

«iO 


Fig . 5. Variation  of  Cw-values  with 
respect  tc  the  upper  limit  of  the 
integral  range. 

In  Table  1  the  computed  wave-resis¬ 
tance  values  are  shown  compared  with 
the  analytical  values  which  are  obtained 
by  the  method  of  stationary  phase  with 
respect  to  8  in  (28)  and  0  in  (8)  for  a 
semisubmerged  sphere  as  expressed  by 
f26)  in  the  previous  section. 


Table  1.  Evaluation  of  numerical 
integration  with  respect  to  B  and  6. 


Froude 

number 

Cw  i 

Numerical 

Cw2 

Analytical 

Cw , /Cw2 

0.15 

0.116163-3 

0.115927-3 

1.005 

0.20 

0.635963-3 

0.640767-3 

0.993 

0.25 

0.189480-2 

0.177887-2 

1 .065 

This  result  shows  the  validity  of  the 
numerical  integration  for  practical 
use. 

In  the  above  mentioned  examination  of 
the  numerical  integration,  the  exact 
expression  of  F(B)  is  used.  In  practice, 
however,  F(8)  for  an  arbitrary  body  has 
to  be  obtained  numerically. 

Representing  the  body  by  finite 
number  of  surface  elements  on  the  body, 
velocity  components  at  the  null  point  of 
each  surface  element  can  be  obtained. 
Taking  again  the  semisubmerged  sphere  as 
an  example,  computed  values  of  v(8), 
p(B),  dp/dB,  wz(B),  dy/dB  and  P(8)  are 
compared  with  the  exact  values  at  the 
load  waterline: 


v(8)  - 

-  |  cosBsinB, 

wz(B)  ■  -  3  cosB, 

p(B)  = 

9 

1  -  sin?B, 

i^r  =  ?cosS> 

0 

“  -  y  sinBcosS. 

In  this  computation,  half  of  the  surface 
of  submerged  part  of  the  sphere  is 
approximated  by  18*18  surface  elements. 
The  source  density  is  assumed  constant 
over  each  of  the  elements.  Table  2  shows 
the  comparison  of  analytical  and 
numerical  values. 

iV .  the  calculation  of  dp/d0,  p(B)  is 
approximated  first  by  a  set  of  parabolic 
curves  determined  hy  p(B)  at  the  null 
points  of  surface  elements  at  the  load 
waterline.  Then  dp/dB  is  obtained  by  a 
curve  fitting  through  the  derivatives  of 
p(8)  which  is  approximated  hy  the 
parabolic  curves.  For  the  calculation  of 
wz(8)  in  the  present  paper,  w(fl)  is 
obtained  first  at  the  point  which  is  a 
little  apart  from  the  surface  element 
closest  to  the  load  waterline.  The 
distance  from  the  load  waterline  which 
is  suitable  for  calculation  was  investi¬ 
gated  in  the  trial  and  error  process.  As 
the  result,  the  most  reliable  values  for 
wz  were  found  in  this  case  for  the  point 
which  is  31  of  the  half  breadth  of  the 
body  in  y-direction  from  the  upper  edge 
F.  and  31  of  the  draft  of  the  body  In 
negative  z-direction  (»6)  from  the  z  •  0 
level  as  shown  in  Fig, 6.  wz(8)  is  then 
determined  by  dividing  the  value  of  w(B) 
by  4 . 

In  practice,  a  rather  small  number,  say 


Table  2.  Comparison  of  numerical  and  analytical  values 
of  v(8),  p(8),  dp/dB ,  KZCB),  dy/dB,  and  F(B). 


6 

v  (8) 

Pt8) 

dp/dB 

Numerical 

Analytical 

Numerical 

Analytical 

Numerical 

Inalytical 

0.14245 

-0.19096 

-0.21080 

0.96319 

0.95465 

-0.5876S 

-0.63239 

0.27564 

-0.40290 

-0.39283 

0.82567 

0.83333 

-1.2215 

-1.1785 

0.44442 

-0.58736 

-0.58226 

0.57906 

0.58410 

-1.6852 

-1.7468 

0.61628 

-0.70839 

-0.70751 

0.25C25 

0.24830 

-2.0385 

-2.1225 

0.7S920 

-0.74859 

-0.74998 

-0.12401 

-0.13355 

-2.1624 

■2.2499 

0.96259 

-0.70103 

-0.70340 

-0.49861 

-0.51539 

-2.0299 

-2.1102 

1.1362 

-0.57045 

-0.57286 

-0.82839 

-0.85112 

-1.6548 

-1.7186 

1.3100 

-0.37198 

-0.37370 

-1.0735 

-1.1004 

-1.0807 

-1.1211 

1.4839 

-0.12913 

-0.12969 

-1.2040 

-1.2331 

-0.37549 

-0.38907 

B 

wz(8) 

dy/d8 

F(B) 

Numerical 

Analytical 

Numerical 

Analytical 

Numerical 

Analytical 

0.1424S 

-2.8776 

-2.9696 

0.49269 

0.49494 

1.4778 

1 .5364 

0.27564 

-2.8769 

-2.8868 

0.47999 

0.48113 

1.6323 

1.6204 

0.44442 

-2.714S 

-2.7086 

0.45056 

0.45143 

1.6980 

1.7313 

0.61628 

-2.4527 

-2.4481 

0.40732 

0.40802 

1.6941 

1.7497 

0.78920 

-2.1115 

-2.1132 

0.35165 

0.35221 

1.5267 

1.5879 

0.96259 

-1.7031 

-1.7142 

0.28527 

0.28570 

1.1808 

1.2319 

1.1362 

-1.2500 

-1.2631 

0.21021 

0.21052 

0.72631 

0.75816 

1.3100 

-0.76229 

0.77355 

0.12874 

0.1289s 

0.29665 

0.30920 

1.4839 

-0.25609 

-0.26036 

0.43357 

1 

0.43394-1 

0.35119-1 

0.36527-1 

Fig. 6.  Calculation  of  wj-values. 


JSO,  -re  used  from  the  economical  view 
point.  Therefore,  the  present  authors 
consider  that  such  a  method  mentioned 
above  is  necessary  in  determining  the 
values  of  wz(B)  efficiently.  It  is 
needless  to  say  that  the  suitable 
distance  of  the  point  where  w(8)  is 
calculated  should  be  searched  in 
accordance  with  the  numbers,  the  size 
and  the  shape  of  the  surface  elements. 


Finally,  Table  3  shows  a  comparison 
of  wave  resistance  obtained  by  analytical 
method  with  the  wave  resistance  obtained 
numerically  in  all  the  steps  of 
calculations . 


Table  3.  Comparison  of  wave  resistance 
numerical  and  analytical. 


Froude 

Cw, 

Cw, 

Cw,/Cw2 

number 

Numerical 

Analytical 

0.15 

0.111583-3 

0.115927-3 

0.963 

0.16 

0.164280-3 

0.169636-3 

0.968 

0.17 

0.188316-3 

0.194107-3 

0.970 

0.18 

0.300873-3 

0.318895-3 

0.940 

0.19 

0.406422-3 

0.410392-3 

0.990 

0.20 

0.605154-3 

0.640767-3 

0.944 

0.21 

0.613495-3 

0,632632-a 

0.970 

0.22 

0.114399-2 

0.112825-2 

1.014 

0.23 

0.146388-2 

0.154081-2 

0.950 

0.24 

0.135996-2 

0.149167-2 

0.912 

0.25 

0.178262-2 

0.177887-2 

1.002 

.,(  ,  * 
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Fig. 7.  Comparison  of  numerical  and 
analytical  Cw-values  of  semisubmerged 
sphere . 


Fig. 7  shows  a  wave-resistance  curve 
obtained  analytically  compared  with  the 
values  obtained  numerically.  From  this 
study  it  is  claimed  that  the  present 
procedure  for  numerical  calculation  of 
wave  resistance  in  low  speeds  has 
sufficient  accuracy  for  practical  use. 


5.  Calculation  of  wave  resistance 
of  conventional  ship  forms 

In  this  section  results  of  numerical 
calculation  of  wave  resistance  of  five 
different  ship  forms  are  shown.  Table  4 
shows  the  particulars  of  the  ship  form'. 


Table  4.  Particulars  of  ship  forms 
and  numbers  of  surface  elements. 


M.No. 

Cb 

L/B 

B/d 

Surface 

elements 

1719,20 

0.4444 

10.000 

1.600 

30  x  10 

1955 

0.5576 

6.720 

2.581 

27  x  18 

2  350C 

0.7391 

6.770 

2.38) 

27  x  19 

1360 

0.7764 

0.966 

2.510 

23  x  12 

1914B 

0.8624 

6.358 

2.581 

23  x  14 

The  first  example  of  the  calculations 
is  for  Wlgloy's  parabolic  forms  M.1719, 
and  M.1720  which  are  geometrically 
similar  and  defined  by 

y  2B  1(1  )>  -  (*)*)[  1-  (|)M  . 

L/B  •  10,  d/L  *  0.0625  . 

Ill  this  computation  50x10  surface  elements 
are  used.  Near  the  fore  and  aft  ends 
smaller  elements  are  used,  because 
velocity  components  vary  rapidly  with 
position  In  those  regions.  The  breadth 
of  the  elements  at  fore  and  aft  ends  is 
0.5  I  L  as  shown  in  Fig. 8.  In  addtlon  to 
this  case,  two  other  cases, i.e.  the 
breadth  of  the  elements  being  0.25  1  L  and 
0.05  t  L  are  also  studied  so  as  to  know 
a  change  of  wave  resistance  with  respect 
to  the  breadth  of  the  surface  elements. 


Surtoea  eWnwffll 

S4  *  10 


Surface  ileniente 
M  ■  10 
aMras.io'1 


Fig. 8.  Arrangements  of  surface 
elements  near  the  fore  and  aft  ends 
of  Wigley's  form. 


IFF) 


Fig. 9.  p(B)-values  near  the  fore  and 
aft  ends. 


In  Fig. 9  the  calculated  values  of  p(B) 
are  shown  compared  with  the  values  for  a 
semisubmerged  sphere.  It  is  understood 
that  near  the  fore  and  aft  ends  p(B)  of 
Wigley's  form  varies  rapidly.  It  is  also 
•nen  that  p(B)  of  Wigley's  form  is 
almost  unchanged  for  a  large  difference 
of  the  breadth  of  the  surface  elements. 
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Wiglcy's  parabolic  form 
or  Fn»0.20 


O*  10  20*  30*  40*  SO*  60*  70* 


—  9 

cig.lO.  Comparison  of  wave  spectra 
with  differer  readth  of  surface 
element  at  for*,  ^nd  aft  ends. 


Fig. 11.  Change  of  Cw  with 
respect  to  the  breadth  of 
surface  element. 


Fig. 10  shows  a  comparison  of  wave 
spectra  at  Fn  *  0.20.  With  a  decrease  of 
the  breadth  of  the  surface  element,  wave 
spectrum  decreases.  However,  its  change 
is  small.  Fig. 11  shows  the  result  of 
integration  of  wave  spectra  with  respect 
to  0.  From  this  figure  it  is  found  that 
wave  resistance  is  not  so  sensitive  to 
the  difference  of  the  breadth  of  the 
surface  element  used  in  the  present 
study . 
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Fig. 12.  Comparison  of  calculated  and  measured 
wave  resistance  of  Wigley's  form. 


Fig. 12  shows  the  computed  wave 
resistance  for  a  wide  range  of  Froude 
number  compared  with  the  wave  resistance 
obtained  by  Michell's  linearized  theory. 
In  this  figure  wave  resistance 
determined  from  the  towing  tests  of 
geometrically  similar  models  of  S  meters 
and  5  meters  are  also  shown.  A  remarkable 
attenuation  of  the  numps  and  hollows  in 
the  range  Fn  <  9.20  is  attained  by  the 
present  theory.  A  quantitative  agreement 
is  also  observed  between  the  present 
theory  and  the  experiment.  It  should  be 
noted,  however,  that  in  higher  speed 
range  the  present  theory  gives  poorer 
estimate  than  Michell's  theory. 

Fig. 13  shows  a  comparison  of  wave 
spectra  at  Fn  ■  0.20.  When  compared 
with  Michell's  theory,  it  is  a 
characteristic  of  the  present  theory 
that  the  wave  spectrum  corresponding  to 
the  transverse  waves  (small  e-values)  is 
considerably  reduced  as  observed  for 
vertical  circular  cylinder.  This  is  the 
reason  for  the  attenuation  of  humps  and 
hollows  in  wave-resistance  curve. 


Fig. 13.  Comparison  of  calculated 
wave  spectra  of  Wigley's  form. 


Fig. Id.  Comparison  of  calculated  and  measured  wave  resistance 
of  conventional  ship  forms. 


Fig. 14  shows  computed  wave  resistance 
of  four  conventional  ship  forms(I./B>6.4- 
7.0,  Cb  ■  0.56  -  0.86).  For  those  ship 
forms,  the  number  of  surface  elements  in 
the  longitudinal  direction  corresponds  to 
the  number  of  square  stations  which  are 
used  for  the  drawing  of  lii  in  routine. 


It  is  observed  that  in  a  wide  range  of 
block  coefficient  the  calculated  values 
of  wave  resistance  are  in  the  same  order 
of  magnitude  as  those  of  experimental 
values  which  are  determined  by  Hughes 
method,  where  the  form  factor  is 
determined  by  assuming  that  the  total 
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resistance  is  the  viscous  resistance  in 
very  low  speed  range  (  Fn  s,  0.06  ). 


8.  References 


When  comparing  carefully  the  computed 
wave  resistance  with  experiment,  it  is 
noted  that  theoretical  curves  are  shifted 
a  little  toward  lower  speed  range.  This 
tendency  is  also  observed  in  the  case  of 
Wigley's  form  in  the  range  Fn  >  0.20. 


6,  Concluding  remarks 

In  the  present  paper  a  procedure  is 
explained  for  the  calculation  of  wave 
resistance  of  ships  in  low  speeds.  The 
surface-layer  velocity  notential  used  in 
the  present  study  is  an  asymptotic 
elution  in  low-speed  limit.  In  accordance 
with  this  fact,  an  asymptotic  wave- 
resistance  formula  in  low-speed  limit  is 
used  for  the  calculation  of  wave 
resistance. 

From  a  number  of  computations  based  on 
the  present  theory  it  is  found  that  in  the 
practical  speed  range  the  wave  resistance 
of  conventional  ship  forms  can  be 
estimated  w-'thin  a  practically  acceptable 
order  of  magnitude.  The  wave  resistance 
of  those  ship  forms  has  no:  been 
tractable  by  the  thin-ship  theory.  It  is 
the  breakthrough  which  has  been  achieved 
by  taking  into  account  the  nonlinear 
effect  of  the  free-surface  condition  in 
the  present  theory. 

From  the  practical  view  point,  it  is 
expected  that  the  present  theory  can  be  used 
to  find  a  ship  form  of  small  wave 
resistance  in  an  early  stage  of 
development  of  ship  forms.  It  is  also 
expected  that  the  present  theory  can  be 
U3ed  for  the  determination  of  the  level 
of  viscous  resistance  in  low-speed  range. 
Then  a  reliable  value  of  form  factor  is 
determined.  This  contributes  to  the 
increase  of  accuracy  of  power  prediction 
of  ships  from  the  model  tests. 

There  is,  however,  room  for  an 
improvement  of  the  present  asymptotic 
theory.  In  the  future  a  correction 
should  be  added  to  the  surface- layer 
otential  so  as  to  satisfy  the  body 
oundary  condition.  By  doing  this  it  is 
expected  that  a  better  estimate  of  wave 
resistance  may  be  possible.  Further, 
trim  and  sinkage  of  a  ship  should  be 
considered. 
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the  low-speed  limit: 


Appendix  A.  Wavo  resistance  of 
semi submerged  sphere 

The  perturbation  velocity  potential 
of  a  semisubmerged  sphere  in  the  rigid- 
wall  problem  is  given  as 

•(*.».*)  ‘  -2(xUV&)VT  ■  »■» 

where  a  is  the  radius  of  the  sphere. The 
first  term  of  D(x,y)  defined  by  (10)  in 
the  text  is  obtained  as 

v  *xxl  ’  '  Tff  1  r*  r*  1 
*  AU  Fn  ((  4§r  '  {far  )cos8  -  -^p  cos3g], 
for  s  >  1  ,  (A- 2) 

where  Fn  *  UyVJga  ,  r  -  /x4  +  y!  ,  s  •  r/a, 
cosB  *  x/a,  sinB  -  y/a. 


On  the  other  hand,  N(x,y,0),  the  second 
term  of  D(x,y)  is  obtained  as 

N(x,y,0)  -  4U  Fn1  ((-^  -  -JJJ  *  -  Eg|n  ) 

*  cosB  ♦  (-  ftp.  *  -jip  ■  eetj  )cos36l 
for  s  >  1  .  (A- 3) 


The  amplitude  function  due  to  the  surface 
singularity  distributions  and  the  line 
singularity  distributions  around  the 
load  waterline  is  expressed  by  the  first 
term  of  (12) : 

Agio)  ♦  Aj^e)  -  -  sec*ojjdxdy(-  j^tx.y.O)) 

*  exp[  1  vsec40  (xcosO  +  ysinO)  ). 

(A-4) 


The  amplitude  function  due  to  the  free- 
surface  disturbance  N(x,y,0)  is  expressed 
by  the  second  term  of  (12): 

W 

Apt0)  *  -  -j0-  sec’ejjdxdy  N(x.y.O) 

-M 

«  exp(  i  vsec'8  (xcosO  ♦  yslnS  )  J. 

(A-S) 


SU>stitutlng  (A-2)  into  (A-4),  we  have  in 


V9)  *  AjM  *  i  ^  Fn3  [  -^-  cose 

*  tIf  i  005 1  sec*8  -  ^  )  +  O(V)  * 

(A- 6) 


Substituting  (A- 3)  into  (A-5),  we  have 
in  the  low-speed  limit: 

Ap(8)  “  -i  ^  Fn  l  JJf  “S0  ♦  cos 38  ] 

X  cos^  2)^3  sec49  -  j  )  +  0(lyi5  ).  (A- 7) 

The  sum  of  three  parts  A_(6),  A,(6)  and 
Ap(9'  is  thus  written: 

As(9)  +  AL(6)  ♦  Ap(6) 

-  -i  ^  Fn  (  OT  cos«  -  $g  c°s38  ) 

K  cos^  sec40  -  )  +  O(Fn)  .  (A-8) 

Substituting  (A- 6 )  into  (8)  in  the  text 
and  using  the  stationary  phase  method, 
we  have  a  wave-resistance  formula  of  a 
semisubmerged  sphere  when  the  free 
surface  condition  is  linearized: 


Cw  -  — & - 

ypU2 (2a) 4 

*  Fn*  +  72 /n  Fn7  sin(  +  j  ) 

♦  0(Fn*).  (A- 10) 


When  the  contribution  from  the  free- 
surface  disturbance  N(x,y,0)  is  included, 
the  wave  resistance  is  obtained  by  the 
use  of  the  expression  (A-8): 

On  *  fV>*  ♦  y  Fn7  sin(  -jrjj  ♦  ^  ) 

*  O(Fn’) .  (A-U) 
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Abstract 

A  computer  method  Is  described  for 
computing  the  three-dimensional ,  steady  state, 
potential  flow  about  a  ship-like  body  In  or 
near  the  free  surface.  The  two-dimensional 
work  which  formed  the  foundation  for  the  three- 
dimensional  program  Is  also  described.  The 
method  uses  a  simple  source  density  distribu¬ 
tion  over  both  the  body  surface  and  a  local 
portion  of  the  undisturbed  free  surface.  The 
free  surface  condition  Is  linearized  In 
terms  of  the  double-model  ve’oclty.  Upstream 
waves  are  prevented  by  the  use  of  a  one-sided, 
upstream,  finite  difference  operator  for  the 
free  surface  condition.  Results  are  given  tor 
Wlgley  Model  1805A  and  for  a  Series  60,  Block 
60  ship.  The  results  were  obtained  at 
reasonable  cost  and  show  that  the  method  Is 
practical  for  the  evaluation  cf  ship  designs. 

1.  Introduction 

This  paper  describes  a  computer  method  for 
computing  the  three-dimensional,  steady  state, 
potential  flow  past  an  arbitrarily  shaped  body 
In  or  near  the  free  surface.  A  FORTRAN 
program  (XYZFS)  has  bain  developed  using  the 
method.  The  output  of  XYZFS  Includes  the 
velocity  field,  pressure  distribution,  and 
streamlines  over  the  body  surface  plus  the 
wave  resistance  and  elevation  of  the  free 
sui  face.  A  Texas  Instruments  “Advanced  Scien¬ 
tific  Computer"  was  used  to  solve  test  problems. 

The  method  of  solution  Is  a  modification 
of  the  surface  source  method  developed  by  Hess 
and  Smith  [1,2].  A  method  similar  to  the 
method  described  here  has  been  developed  by 
Gadd  [3].  The  body  and  a  local  portion  of  the 
undisturbed  free  surface  are  geometrically 
represented  by  quadrilateral  panels.  The 
source  dunslty  Is  determined  so  that  the 
boundary  conditions  on  the  panels  are  approxi¬ 
mately  satisfied. 

The  Series  60,  Block  60  ship,  used  as  a 
test  problem,  was  run  with  206  (8x26)  panels 
on  the  body  surface  and  360  (10x36)  panels  on 
the  undisturbed  free  surface.  Because  of  center 
plane  syimaetry,  only  half  of  the  body  and  free 
surface  were  directly  represented.  This 
problem  took  S  minutes  of  central  processor 
time  and  cost  $87,00  for  the  first  Froude 
number.  Each  additional  Froude  nuafcer  took 


2  minutes  and  cost  $39.00.  For  many  problems, 
the  time  and  labor  cost  for  preparation  of  the 
Input  will  be  greater  than  the  cost  of  computer 
time  for  running  the  problems. 

The  method  was  first  developed  for  two- 
dimensional  problems  and  then  extended  to  three 
dimensions.  The  two-dimensional  work  will  be 
described  first  as  It  Is  the  foundation  for  the 
three-dimensional  method. 

11.  Mathematical  Statement  of  the  Problem 
The  velocity  potential  *  must  satisfy  the 


following  conditions: 

v2e  -  0  In  the  fluid  (1) 

■  0  on  the  body  (2) 

9n  ♦  i(4?  ♦  *  A?  -  U2)  ’  0  on  the 

1  x  y  1  free  (3) 

.  „  *  .  .  .  n  surface 

An  -  An  -  A  *  u 
’x  'x  *y  'y  Tz 

Vf  ■  (U_,0,0)  at  -  (except  where  (4) 
there  are  waves  and  waves  must  be 


present  only  downstream  from  the  body) 

where  n  refers  to  the  direction  normal  to  the 
body  surface, 

subscripts  n,x,y,z  denote  partial 
differentiation, 

z  Is  the  vertical  coordinate,  and 
n  is  the  value  of  z  at  the  free  surface. 

The  free  surface  condition  Is  replaced  by 
a  linearized  condition  and  approximations  are 
made  to  discretize  the  problem.  However,  It  Is 
the  way  In  which  waves  are  made  to  radiate  only 
In  the  downstream  direction  that  Is  special  to 
the  method  of  solution  described  here. 

111.  Method  for  Two-Dimensional  Problems 

Consider  a  body  beneath  the  free  surface  of 
a  moving  fluid  as  shown  In  Figure  1.  The 
simplest  approximation  to  the  free  surface  Is  a 
line  of  syewtry.  Then  the  problem  It  easily 
solved  by  placing  an  Image  of  the  body  above 
the  line  of  tynaefry.  This  formulation  Is 
called  the  double-model  problem. 
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Figure  1.  Geometry  of  a  Two-Dimensional  Problem 


To  Improve  on  the  double-model  solution, 
a  portion  of  the  free  surface  (FS)  near  the 
body  Is  treated  separately  from  the  outer  part 
of  the  free  surface.  The  free  surface 
condition  Is  Unearned  In  terms  of  the  free 
stream  velocity  and  Is  satisfied  by  the  addition 
of  a  source  density  on  the  line  of  the  un¬ 
disturbed  surface.  The  undisturbed  surface  Is 
used  to  preserve  the  symmetry  condition  for  the 
outer  part  of  the  surface  as  well  as  to  simplify 
the  calculations. 

This  symnetry  condition  Is  a  very  good 
approximation  upstream  from  the  body  where  the 
surface  has  not  been  disturbed.  Downstream  It 
Is  not  correct  but  It  still  represents  the 
average  condition.  That  Is.  some  parts  of  the 
surface  are  moving  up,  others  are  moving  down 
so  that  the  average  vertical  motion  Is  zero. 

The  problem  just  defined  does  not  have  a 
unique  solution.  Upstream  waves  satisfy  the 
free  surface  condition  Just  as  well  as  down¬ 
stream  waves.  Normally  the  solution  Is  made 
unique  by  Imposing  a  radiation  boundary 
condition  upstream  from  the  body.  Since  It 
Is  difficult  to  set  up  a  radiation  condition  In 
three  dimensions,  another  approach  Is  used  here. 

When  a  numerical  procedure  Is  applied  to  a 
problem  that  does  not  have  a  unique  solution, 
the  result  can  still  be  a  reasonable  solution 
of  the  problem;  and  If  the  procedure  Is  set  up 
just  right,  the  solution  will  be  the  desired 
one.  In  this  case  the  desired  solution  Is 
achieved  by  using  a  one-sided,  upstream,  finite 
difference  operator  to  approximate  the  free 
surface  condition.  In  this  way  a  disturbance 
In  the  free  surface  Is  propagated  downstream  by 
the  free  surface  condition  but  will  Influence 
the  flow  upstream  only  through  the  application 
of  Laplace's  equation  to  the  bulk  of  the  fluid. 
This  process  Is  analogous  to  the  natural  process 
In  which  a  disturbance  Is  carried  downstream 
by  momentum  but  Is  felt  upstream  only  at  changes 
In  the  pressure. 

The  solution  Is  generated  (n  terms  of  a 
source  density  distributed  on  the  body 
surfaca  (BS),  on  the  Image  of  the  body,  and  on 
the  local  part  of  the  undisturbed  free  surface 
(FS),  and  Is  represented  as  follows: 


*(x,y)  ■  U  x  +  /  S(x ' ,y ' ) ( In  r  +  In  r)di' 
“  BS 

+  j/s  S(x '  ,y 1  )1nrdt‘ 


(5) 


where  S(x'.y’)  Is  the  source  density. 

U_  Is  the  free  stream  velocity. 

r  is  [(x-x')*  +  (y-y')J]1/!!  , 
r  Is  [(x-x’)t  +  (y+y')2]1/Z  .  (r  applies 
to  the  Image  of  the  body), 

and  x’.y'  Is  a  point  on  BS  or  FS.  Laplace's 
equation,  the  Infinity  condition,  and  the 
syimetry  condition  for  the  outer  part  of  the 
free  surface  are  satisfied  by  a  regardless  of 
the  value:  of  S.  Thus  S  moy  be  found  so  as  to 
satisfy  the  boundary  conditions  on  BS  and  FS. 

Both  BS  and  FS  are  divided  into  straight 
line  segments,  and  the  source  density  Is 
approximated  by  a  constant  v„iue  In  each 
segment.  Integration  Is  thus  replaced  by 
suimatlon.  The  velocity  components  are  given 
by  Equations  (6)  and  (7). 

u(x,y)  •  ♦  •  U  ♦  t  S.CX.(x.y)  (6) 

*  j-1  •>  J 

v(x,y)  •  ♦  ■  i  S.  CY.(x.y)  (7) 

y  J-1  }  J 


where  H  Is  the  number  of  sepaents 

CX,(x.y)  •  /(^  folds' 
3  Bij  r»  r1 

or  [  di' 

fJj  r* 

CV.(x.y)  •  n^+*i*l) d.' 
1  BS,  r1  P 


and 
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The  appropriate  boundary  condition  will  be 
satisfied  at  the  center  of  each  line  segment. 

On  BS  the  boundary  condition  (2)  at  segment  1 
Is 


0  -  ♦„  *  ^NX,  +  v,NY1 
■  U.N*1  +  j!, (°X1 ■ JN"1 +  CVl •JNY1 >SJ 


(8) 


where  (NX^,NY()  Is  the  unit  normal  vector  to 
segment  1.  (Note  that  CX^NX,  rCY^NY,  equals 

it  plus  the  contribution  from  the  Image  of 
segment  1  for  1  In  BS.) 


point  operator  but  still  damps  the  waves  too 
much.  A  four-point  operator  which  eliminates 
errors  from  uxx  and  tixxx  results  In  waves  that 
grow  In  amplitude  downstream  from  a  disturbance. 
A  four-point  operator  which  eliminates  errors 
from  uxx  and  uxxxx  but  not  uxxx  results  In 
reasonable  conservation  of  wave  height  and  was 
therefore  used  In  the  computations.  A  five- 
point  operator  which  eliminates  errors  from 
uxx,  uxxx,  and  uxxxx  conserves  wave  height, 
reasonably  well  but  does  not  work  as  well  as 
the  four-point  operator  with  large  segments  or 
near  large  changes  In  the  slope  of  the  surface. 

The  coefficients  of  the  four-point  operator 

are: 


On  FS  a  four-point,  upstream,  finite 
difference  operator  Is  used  to  obtain  a  so 
that  * 


♦*x-VCAlVCB1u1-ltCC1u1-2+CD1u1-3 

%  j-i  Ccaicxi ,j+cbicxi-i ,j 

+cc,c*1.2ijH01cxt.3ij]sj 


(9) 


where  CA^,  CB^,  CC^,  C0(  are  functions  of  the 

segment  lengths  and  1  Increases  In  the  down¬ 
stream  direction.  When  the  free  surface 
equations  are  linearized  in  terns  of  the  free 
stream  velocity  and  n  Is  eliminated,  the  result 
Is: 


0  ■  U2*  +  gf 

-*xx  s'y 

-  U*  j?iCCA1CX1><j+CB1CX1_KJ  (10) 


CDi  *  ('i-rxi)2('<i-^-xi)2(*i-2 
"X-j  _■]  H*-|  -2+x1-1  ~^x1  ^^1 
CC1  *  -,x1-rx1)2(x1-3‘x1)2(x1-3 

_xi -i  )(xi  -3+xi -r2xi  )/0, 

CB1  ’  (x1-2-x1)2(x1-3-x1>2(x1-3 

_x  1  -2^*1  -3+x1  -2”B*1  )^®1 
CA1  ■  -(CB<  +  Cf^  +  CD() 
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_xt.t  ^x1-2'x1-1  ^xt-3_x1-2)^x1-3 
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on 


+CC1C>'l.2.J+C“lCX,.3.j)SJ-g«S, 

Near  the  upstream  end  of  FS,  a  smaller  number 
of  points  Is  used  In  the  finite  difference 
operator.  For  the  first  point,  S  Is  either  set 
equal  to  zero  or  determined  In  some  other 
manner. 

Thus  a  system  of  M  equations  In  M  unknown 
values  of  S  must  be  solved.  The  matrix  Is  full 
and  Is  not  symmetric  or  diagonally  dominate  but 
does  seem  to  be  well-conditioned.  The  system 
of  equations  Is  solved  by  the  Gaussian 
Elimination  procedure  with  double  precision 
arithmetic. 

IV,  Two-Dimensional  Results 

Experiments  with  simple  two-dimensional 
problems  have  shown  that  the  method  does  work 
Waves  develop  downstream  from  a  disturbance  and 
not  upstream.  The  experiments  have  also  shown 
that: 

(1)  A  two-point  finite  difference 
operator  used  in  the  free  surface  boundary 
condition  results  In  waves  that  are  strongly 
damped  downstream  from  a  disturbance.  A  three- 
point  finite  difference  operator  wh‘th  elimi¬ 
nates  errors  trom  uxx  Is  better  then  the  two- 


where  the  four  points  are  Xj,  x^,  x13,  x(  3- 

(2)  The  wave  length  will  be  too  short  by 
about  5X. 

(3)  A  large  abrupt  change  In  the  lengths 
of  the  segnents  will  cause  a  large  point-to- 
point  oscillation  In  the  free  surface  upstream 
from  the  cnange.  Changes  In  segment  size 

mailer  than  a  factor  of  l.S  do  not  cause 
noticeable  oscillations. 

(«)  The  downstream  boundary  will  also  cause 
oscillations  unlrss  a  damping  region  Is  placed 
next  to  It.  An  adequate  damping  region  Is 
provided  by  the  -se  of  the  two-point  difference 
operator  for  the  last  two  segments. 

(5)  The  effect  of  the  downstream  boundary 
Is  significant  for  only  a  short  distance 
upstream.  Host  of  the  downstream  boundary 
effect  disappears  after  1/4  of  a  wave  length. 
Figure  2  shows  three  solutions  to  the  problem 
of  flow  past  a  point  dipole,  (he  solution 
with  the  shorter  dowistream  region  Is  almost 
the  same  at  the  solution  with  the  longer  region 
except  for  the  last  three  points.  Although 
errors  at  the  upstream  boundary  are  usually 
small,  they  are  serious  at  they  can  affect  the 
entire  solution.  The  solution  in  figure  2  with 
the  short  upstream  region  hat  a  phase  shift 


u 


»  LONG  REGION 


figure  2.  Boundary  Effects  on  Flow  Pest  a  Dipole 


rel-icive  to  the  long  region  solution. 

(6)  Shod  results  csn  be  obtained  with 
only  14  sepnents  per  wave  length  and  useful 
results  with  only  8  segments  per  wave  length. 

In  Figure  1  and  Equation  (10),  the  free 
surface  condition  was  linearized  in  terms  of 
the  free  st>eem  velocity.  Tie  free  surface 
condition  can  also  be  linearized  In  terms  of 
the  double-model  velocity.  A  good  discussion 
of  double-model  linearization  is  provided  by 
Neuman  'n  reference  [4]. 

Two  test  problems  were  run  to  compare 
double-model  linearization  with  free-stream 
linearization.  The  first  problem,  that  of  flow 
past  a  point  vortex,  was  used  by  Salvesen  and 
von  Kerczek  f5l  to  compare  perturbation  methods 
with  a  nonlinear  calculation.  Figure  3  is  a 
comparison  of  wave  profiles.  Double-model 
linearization  producad  a  wave  more  nearly  In 
phase  with  the  nonlinear  wave  than  did  free 
stream  linearization.  Figure  4  is  a  comparison  . 
of  the  drag  on  the  vortex.  For  positive 
vortices  the  double  model  linearization 
produced  very  good  results.  For  negative 
vortices  the  results  were  no.  as  good  but  were 
still  much  better  than  thosa  for  free-stream 
linearization  and  were  comparable  to  the 
perturbation  solutions. 
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Figure  3.  Wave  Elevations  for  a 
Submerged  Vortex 
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Figure  4.  Wave  Resistance  as  a  Function  of 
Vortex  Strength 


The  second  problem  was  that  of  flow  past  a 
submerged  body  represented  by  3  point  sources 
and  8  point  sinks  as  shown  In  Figure  5.  This 


» 


problem  was  used  by  Salvesen  L6]  fora  comparison 
of  perturbation  calculations  with  experimental 
results.  Figure  6  shows  the  wave  profiles  for 
throe  different  depths  of  submergence.  The 
improvement  produced  by  double-model  linear (ra¬ 
tion  was  smell  for  the  deeper  submergence  but 
quite  large  when  the  body  approached  the 
surface. 


ww«  sthxu  gwTtxct 
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••••  OOURLE  MCCS.  UNEAR4RESEMT  METHOO 

Figure  6.  Wave  Elevations  for  Different  Depths 
of  Submergence  of  the  Body 


V.  Method  for  Three-Dimensional  Problems 

For  three-dimensional  problems  the  free 
surface  condition  (3)  1<  always  linearized  In 
terms  of  the  double-model  velocity  potential  e> 
that  Is.  a  •  a  +  S'and  nonlinear  terms  of  a'ere 
dropped.  Also  Equations  (3)  ire  applied  at 
z-0.  not  at  the  fret  surface.  When  n  is 
eliminated,  Equations  (3)  reduce  to: 

Now  for  any  function  F 

*xFx*  »yFy  “t  Fl  (’2) 

where  the  subscript  t  denotes  differentiation 
along  e  streamline  of  a.  Thus  the  free  surfica 
condition  becomes 

r*^ 
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Figure  5.  Singularity  Representation  and  the 
Cross  Settlor  of  the  uody 


*rom  reference  [3]  how  Gadd  prevents  upstream 
waves. 
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VI.  Three-Olmenslonel  Results 
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Two  three-dimensional  problems  have  been 
studied.  The  first  problem  was  that  of  flow 
about  "wlglay  Model  1805A".  This  body  Is 
referred  to  as  Model  2891  by  Shearer  [7]  and 
Wehausen  [8].  Model  1805A  Is  shlp-TIke  with 
the  body  surface  defined  by 

y  -  .7S(1-z*)(1-£)(1-.6£)  (15) 


Now  replace  a* with  a-*  to  get 

t*?M ♦  «z r '  *„  <14> 

Equation  (14)  Is  the  same  as  the  double-model 
linearized  free  surface  condition  for  two 
dimensions  except  tnat  a  has  been  replaced  by  e. 


Numerical  experiments  were  run  with  Mode) 

1805A  using  54  panels  (4x16)  for  the  body 
surface  and  various  numbers  of  panels  for  the 
free  surface.  These  experiments  showed  that: 

(1)  The  paneled  region  of  the  free  surface 
must  be  about  3/8  of  the  body  length  wide. 
Otherwise  waves  reflected  from  the  boundary  will 
alter  the  flow  at  the  stern  of  the  body 


For  three-dimensional  problems,  quadrilat¬ 
eral  panels  are  used  In  place  of  the  line 
segments  of  the  two-dimensional  problems.  The 
body  Is  assumed  to  have  syimautry  about  the 
center  plane  so  that  only  half  of  the  body  and 
free  surface  need  be  directly  represented.  The 
In  r  of  the  two-dimensional  kernel  Is 
replaced  by  1/r.  The  Integrals  over  each  panel 
are  evaluated  by  the  method  used  by  Hess  and 
Smith  [1,2].  Exact  Integration  Is  used  for 
the  shorter  distances,  a  quadruple  source  Is 
used  for  Intermediate  distances,  and  a  monopole 
source  Is  used  for  large  distances. 


(2)  The  paneled  region  of  the  free  surface 
need  be  extended  downstream  only  about  1/4 
wavt  length.  (About  1/4  body  length  for  the 
problems  considered  here.) 

(3)  The  paneled  region  of  the  frre  surface 
must  be  extended  about  1/4  of  the  body  length 
upstreem  from  the  body. 

(4)  Much  smaller  panels  are  required  near 
tha  bow  than  over  the  remainder  of  the  body. 

(5)  The  free  surface  panels  should  be 
swept  beck  at  about  a  45°  angle  so  that  the 
small  panels  near  the  bow  follow  tha  bow  wave. 


The  panels  for  the  free  surface  are 
arranged  in  sets  so  that  each  set  Is  bounded  by 
streamlines  of  the  double-model  problem.  Thus 
Equation  (14)  may  be  applied  to  each  set  end 
approximated  by  the  four-point,  upstream,  finite 
difference  operator  that  was  usad  for  two 
dimensions.  The  result  as  In  two-dimensional 
oroblmn  Is  a  system  of  M  aquations  In  M 
unknowns  that  Is  solved  by  Gsusslsn  Elimination. 

All  the  double-model  streamlines  go  around 
the  body  whereas  same  free  stress  streamlines 
go  through  the  body.  Thus  the  problem  of 
starting  tha  free  surface  condition  et  the  body 
surface  has  been  avoided.  This  was  the 
orlolnsl  retsen  for  using  doublt-modol  lineari¬ 
zation.  The  Increased  accuracy  shown  by  the 
two-dimensional  experiments  Is  e  bonus. 

The  free  surface  panels  adjacent  to  the 
body  are  extended  a  short  dlstanco  Into  tha 
body  Otherwise  there  would  be  e  singularity 
In  the  source  density  where  the  body  pencil 
meet  the  free  surface  panels.  This  Idea  was 
borrowed  from  8edd  [3]. 

th  the  present  smthod  end  Gedd's  method 
use  a  double-model  of  the  body  end  represent 
the  body  end  a  local  portion  of  the  frea  surface 
by  scarce  panels.  The  methods  dlfftr  In  that 
Sadd  uses  artificial  smoothing  to  tllmlnate 
unwonted  oscillation*  and  a  nonllnaar  form  of 
the  free  surface  condition.  It  Is  not  clear 


The  final  panel  arrangement  In  these 
experiments  hid  288  panels  with  64  on  the  body 
and  224  (8x28)  on  tho  free  surface.  Ulgley 
Model  1BQ5A  was  then  run  with  484  panels,  144 
(6x24)  on  the  body  and  340  (10x34)  on  tha  fret 
surface. 

The  wave  profiles  end  dreg  curves  for  Model 
1805A  are  shown  In  Figures  7  end  8.  These 
figures  Include  experimental  data  and  thin  ship 
calculations  from  Shoaror  [7]  (also  available 
In  rof.  [8]).  Tho  wave  profile  was  taken  from 
the  surface  elevation  at  the  panels  next  to 
the  body,  which  resulted  In  some  error  near  the 
bow. 

The  solutions  from  the  288-penel  model  and 
tha  484-panel  model  egret  quite  well  et 
Miller  Froude  numbers.  At  higher  Froude 
numbers  the  two  solutions  dlfftr  by  an 
Increasing  mount,  Indicating  a  need  for  smeller 
panels.  This  result  was  unexpected  since  the 
wives  ire  longer  for  higher  Froude  numbers. 

The  error  In  tho  wave  length  predicted  by 
the  two-dimensional  results  shows  up  ss  s 
Froude  number  shift  in  tho  drag  curvts.  Other- 
wist  th*  rssults  ere  *n  laprovsmtnt  ovtr  th* 
thin  ship  calculations. 

Tho  second  problem  Involved  th*  flow  pest  * 
Series  60  Block  60  ship.  For  this  problem  206 
panels  (8x26)  wtro  used  for  the  ship  end  360 
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Figure  7.  Have  Resistance  for  Wlgley  Model  1805A 


panels  (10x36)  for  the  free  surface.  The 
arrangement  of  the  panels, viewed  from  the  side 
and  below,  is  shown  In  Figure  9. 

The  drag  curves  for  the  Series  60  ship  are 
shown  In  Figure  10.  The  band  for  the  residual 
drag  represents  the  envelope  of  the  experimental 
data  from  Huang  and  von  Kerciek  [9],  Tsai  and 
landweber  (10]  and  Todd  [11].  The  drag  curve 
does  not  show  the  expected  Froude  number  shift. 
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The  wave  profiles  for  the  Series  60  ship 
are  shown  in  Figure  11.  Experimental  data  and 
calculations  by  Gullloton's  method  0]  are  also 
shown.  The  wave  profiles  computed  by  the 
present  method  show  a  dip  In  the  top  of  the  bow 
wave  that  Is  not  shown  by  the  other  curves. 

The  bow  is  slightly  concave  near  the  dip  so 
the  dip  nay  be  real.  Because  the  dip  Is  small 
and  would  be  hidden  by  the  bow  wave  itself,  It 
could  have  been  misted  in  the  experiments. 

For  Froude  number  .35  the  surface  elevation 
at  the  next  set  of  panels  is  also  shown.  The 
center  of  these  panels  Is  .035  L/2  from  the 
ship.  The  dip  In  the  bow  wave  Is  very  small  at 
this  distance  and  cannot  be  detected  further 
out. 

The  experimental  wave  profiles  show 
larger  oscillations  near  the  middle  of  the 
ship  than  do  those  obtained  by  the  present 
method.  The  error  may  be  caused  by  the  non¬ 
linear  terms  that  are  omitted  or  by  Inadequate 
resolution.  This  question  needs  additional 
study. 

Streamlines  on  the  surface  of  the  Series 
60  ship  have  also  been  computed.  Figure  12 


Figure  S.  Wave  Profiles  for  Wlgley  Model  1805A 


shows  the  streamlines  viewed  from  the  side  for 
the  double-model  solution  and  for  Froude 
number  .359.  The  change  In  the  streamlines 
Indicates  the  Importance,  et  higher  Froude 
number',,  of  the  free  surface  to  the  flow  over 
all  parts  of  a  ship. 


With  the  method  presented  here,  It  Is 
practical  to  examine  the  steady  state 
performance  of  ship  designs.  The  cost  Is 
reasonable  and  the  accuracy  of  the  results  Is 
better  than  that  provided  by  thin  ship  theory 
or  by  Sullloton's  method  [9J. 
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Figure  9.  Panel  Arrangement  for  Series  60  Ship 
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Figure  10.  Wave  Resistance  for  Series  60 
Block  60  Ship 
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FINITE  DIFFERENCE  SIMULATION  OF  THE  PLANAR  MOTION  OF  A  SHIP' 
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Abstract 

A  finite  difference  solution  procedure  has 
been  developed  to  study  three-dimensional  po¬ 
tential  flows,  both  transient  and  steady,  about 
a  shlpllke  floating  body.  The  primary  features 
of  this  paper  Include  the  use  of  special  co¬ 
ordinate  transformations  so  that  proper  bound¬ 
ary  conditions  can  be  applied  at  the  exact 
locations  of  the  body  surface  and  free  surface, 
the  application  of  Orlanskl's  numerical  radi¬ 
ation  condition  to  prevent  unwanted  wave  re¬ 
flections,  and  a  new  upwind-centered  finite- 
difference  scheme  for  nunerlcal  Integration  of 
the  time-dependent  free  surface  conditions.  The 
forward  motion  of  a  shlpllke  floating  body  and 
that  of  a  submerged  body  are  studied.  Both 
nonlinear  and  1  inearl  red  free  surface  condi¬ 
tions  were  used  for  comparison  purposes.  The 
nonlinear  results  were  found  to  be  significant¬ 
ly  different  frem  the  linear  solution  for 
finite-amplitude  waves.  Also,  Orlanskl's  nu¬ 
merical  radiation  condition  was  found  to  be 
extremely  effective  In  reducing  spurious  wave 
reflections. 

I ■  Introduction 

This  paper  describes  a  finite-difference, 
numerical  technique  for  simulating  transient, 
three-dimensional  potential  flow  about  a  float¬ 
ing  body.  The  primary  objective  Is  the  devel¬ 
opment  of  a  computational  procedure  which 
allows  arbitrary  planar  motions  for  a  fairly 
large  class  of  shlpllke  floating  bodies.  This 
work  Is  the  continuation  of  the  author's  previ¬ 
ous  numerical  study  of  the  flow  about  an  accel¬ 
erating  floating  sphere.1  In  earlier  studies, 
the  basic  approach  was  the  separation  of  the 
flow  field  Into  a  base  flow  and  the  perturba¬ 
tion  from  It.  As  an  example,  In  studying  the 
forward  motion  of  a  ship,  we  choose  as  the  base 
flow  the  one  that  would  exist  If  the  free  sur¬ 
face  were  replaced  by  a  rigid  plate,  Instead  of 
using  a  uniform  stream  with  the  magnitude  of 
the  velocity  equal  to  the  speed  of  the  ship,  as 
Is  usually  done  In  analyses  to  render  the  math¬ 
ematics  tractable,  The  advantage  of  this 
approach  Is  that  It  is  more  efficient  In  achiev¬ 
ing  a  given  level  of  accuracy  for  the  perturba¬ 
tion  field  because  accumulated  errors  due  to 
computation  of  the  bulk  of  the  flow  pattern, 
l.e. .  the  bate  flow,  can  not  arise.  The  pen¬ 
alty,  however,  is  that  additional  storage  on 


the  computer  Is  required,  and  that  the  result¬ 
ing  equations  are  much  longer  and  harder  to 
program,  especially  when  simulating  finite- 
amplitude  waves.  Consequently,  this  approach 
Is  not  taken  In  the  present  study.  Rather,  the 
full  nonlinear  equations  are  used  directly. 

Several  difficulties  arise  when  calculat¬ 
ing  three-dimensional,  time-dependent  flows 
about  a  ship.  Because  of  limitation  In  com¬ 
puter  storage,  one  Is  allowed  to  use  a  rela¬ 
tively  small  computation  domain,  e.g.,  40  x  20 
x  20  mesh  points.  Besides,  one  almost  must 
employ  a  body-fixed  frame  of  reference,  so  that 
the  precious  mesh  points  can  be  used  to  give 
the  best  resolution  In  the  vicinity  of  the 
ship.  In  this  frame  of  reference,  the  ship 
appears  stationary  in  a  running  stream.  Nu¬ 
merically,  this  situation  creates  two  problems. 
The  first  problem  concerns  boundary  conditions 
at  "open  boundaries,"  where  the  flow  and/or 
waves  leave  the  computation  region.  Improper 
treatment  of  open  boundaries  will  result  In 
spurious  reflections  that  make  the  computations 
meaningless,  fortunately,  with  the  appearance 
of  Orlanskl's*  excellent  technique  for  numeri¬ 
cally  Implementing  the  Some rf eld  radiation 
condition  for  unbounded  hyperbolic  flows,  this 
obstacle  can  now  be  removed.  The  second  prob¬ 
lem  associated  with  streaming  flows  Is  that  the 
advectlon  terms  in  the  governing  equations 
(Eqs.  (18)  and  (19)  In  Sectlr  II)  demand  care¬ 
ful  construction  of  finite  difference  schemes. 
Various  conventional  explicit  schemes,  such 
that  the  first-order,  forward-time,  central - 
space  difference,  have  been  tried  and  found 
unstable.  Other  schemes,  like  the  first-order 
upwind  differencing,  are  so  dissipative  that 
the  waves  are  severely  damped.  Implicit  or 
other  higher-order  methods,  on  the  other  hand, 
greatly  Increase  the  programing  task  and  cost 
of  computation.  In  this  paper  an  upwind- 
centered  finite-difference  scheme,  which  has 
some  attractive  properties,  Is  proposed.  The 
details  are  found  In  Section  III.  Another 
category  of  difficulties  Is  related  to  the 
geometry  of  sam  boundaries.  Proper  boundary 
conditions  mutt  be  applied  at  the  exact,  In¬ 
stantaneous  positions  of  the  hull  surface  and 
the  free  surface,  so  that  large-amplitude 
motions  can  ba  accommodated.  To  this  end,  a 
series  of  coordinate  transformations  It  made 
(Section  II).  Essentially,  a  body-fitted,  but 
otherwise  stationary  coordinate  system  It  used 
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to  describe  tbe  Interior  of  the  flow  field, 
while  a  second  system,  which  conforms  to  both 
the  hull  surface  and  the  Instantaneous  free 
surface.  Is  employed  to  implement  the  free 
surface  conditions. 

The  class  of  body  shapes  considered  here 
Is  limited  to  those  representable  by  a  single- 
valued  function  on  the  ship's  center  plane. 
Thus,  the  technique  here  Is  particularly  useful 
In  calculating  flow  about  a  sharp-edged  ship. 
For  blunt  bodies  other  coordinate  systems  must 
be  used,  but  the  formulation  and  computational 
procedure  remains  the  same.  The  present  method 
can  also  be  applied  to  flows  about  a  submerged 
body,  or  surface  piercing  structures,  such  as  a 
bridge  pier. 


In  this  section  a  series  of  coordinate 
transformations  are  performed  to  obtain  the 
governing  equations  In  forms  convenient  for 
applying  correct  boundary  conditions  at  the 
solid  surface  of  a  ship  and  at  the  Instantane¬ 
ous  position  of  the  free  surface. 

Equations  In  a  Moving  Frame  of  Reference 

As  shown  In  Fig.  1,  let  (X.Y.Z.T)  be  the 
cartesian  coordinates  referred  to  an  absolute. 
Inertial  frame,  and  (x.y.z.t)  be  their  counter¬ 
parts  with  reference  to  a  moving  frame  which  1$ 
fixed  In  the  ship.  Ulthln  the  scope  of  the 
present  study,  let  us  assume  further  that  the 
ship  undergoes  an  arbitrary  planar  motion  such 
that  Its  mast  (l.e.,  the  vertical  axis  of  the 
ship)  always  points  vertically  upward.  The 
choice  of  the  moving  axes  (x.y.z)  will  be  such 
that  the  positive  x-dlrectlon  Is  the  same  as 
the  longitudinal  axis  of  the  ship,  pointing  to 
the  front. 

Employing  a  procedure  similar  to  that 
given  by  Stoker,3  we  obtain  the  following  rela¬ 
tions  between  the  two  coordinate  systems: 


X  *  Xc  +  x  cos  6  -  y  sin  8 
Y  »  Yc  +  x  sin  0  +  y  cos  8 


where  0  Is  the  angle  which  the  ship  makes  with 
the  X-axis,  and  (Xc.Yc)  are  the  coordinates  In 
the  (X.Y.Z)  system  of  the  Instantaneous  posi¬ 
tion  cf  the  ship's  center  of  rotation;  0,  Xc, 
and  Y-  are  generally  functions  of  the  time 
(T  or  t). 

Potential  flow  Is  assumed  in  this  study. 
Using  d  for  the  velocity  potential,  we  have 

*,  -  $  cos  0  -  ♦  sin  0 


dY  -  d„  sin  0  +  *  cos 


df  ■  dt  +  udx  +  »dy 


0  *  -  uQ  +uy 


uo  *  (xc>t  cos  6  +  (Yc't  s1n  6 

vo  *  '  (xc>t  s1n  6  +  <Vt  cos  9 


In  the  equations  above,  subscripts  Imply  par¬ 
tial  differentiation,  e.g. , 


&|y,Z,t 


In  the  (X,Y,Z,T)  system,  two  of  the  gov¬ 
erning  equations  are  the  Laplace  equation 

*XX  +  *YY  +  *11  '  0  1  <3 

and  the  Bernoulli  equation 

♦T  +  r  [<*x>2  +  (*y)Z  +  ez>2] +  **  +  p  *  0  • 


In  Eg.  (4),  p  Is  the  fluid  pressure  and  p  the 
density.  Using  Eqs.  (1),  Eqs.  (3)  and  (4)  can 
be  written  is 


*xx  *  *yy  i  *zz  ' 


Figure  1.  Frames  of  Reference 
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♦t  ♦  a*x  +  v»y  ♦  }[(ax)2  +  (*y)2  +  (»z)2j 


t  gz  +  8-  «  0  .  (6) 

The  boundary  condition  at  the  hull  surface 
is  simply  given  by 

(vB  -  vF)  •  n  •  0  (7) 

where  vg  is  the  velocity  of  a  point  at  the  body 
surface,  the  velocity  of  the  fluid  particle 
which  happens  to  be  at  the  surface  point  under 
consideration,  and  ff  Is  the  unit  normal  vector 
at  that  point.  In  the  (x,y,z,t)  system, 

Eq.  (7)  Is  expressed  explicitly  as 

Vj  +  0^2  +  djhj  *  -  urij  -  vnj  (8) 

where  (nj.n2.n3)  are  the  cartesian  components 
of  the  vector  h.  As  shown  in  fig.  2,  let  the 
single-valued  function  y  *  f(x,z)  describe  the 
distance  of  the  hull  from  the  ship's  center 
plane.  Then  the  components  of  it  can  be  written 
as 

"1  *  -  VA 

Oj  «  1/A 

"3  ■  ‘  V* 


where 


A  ■  |T+"  (fx)r+  (fz)1  . 

Thus,  the  hull -surface  boundary  condition, 

Eq.  (8),  becomes  , 

VB  ♦  ♦„)  +  V2  -  0y  -  »  *  0  .  (9) 

Note  that  generally  f(x,z)  A  0  In  the  projected 
area  of  the  ship  hull  on  the  center  plane,  and 
f(x,z)  s  0  outside  that  area. 


«.Z 


Mx,z)«0 


Figure  2.  Distribution  of  f(x,z)  on  the  Ship's 
Center  Plane 


Body-Fitted  Coordinate  System 

It  Is  convenient  to  use  a  curvilinear  co¬ 
ordinate  system  with  the  property  that  one  of 
its  coordinate  planes  coincides  with  the  hull 
surface.  Consider  a  new  coordinate  system  (x% 
y'.z'.t'J  which  is  related  to  the  (x.y.z.t)  sys¬ 
tem  by 

x'  *  x 


y'  *  y  -  f(x.i) 

(10) 

z'  *  z 


t'  *  t. 

Let  q  be  any  scalar  quantity,  then  by  the  chain 
rule  we  have 


Qx  *  <V  *  fxQy ' 

Qy  -  Qy' 

Qz  ■  Qt-  -  f,Qy- 
Qt  ■  Qt~ 


(11) 


Using  these  relations  in  Eq.  (5),  the  Laplace 
equation  becomes 

Vx-  +  [>  *  ffx>2  +  <V*Ky  *  *z'z' 


‘  2tfxVy-  *  Vy'z'1 
■  <fxx  +  fzz>V  *  0  > 


(12) 


and  the  Bernoulli  equation 
dt-  +  Dex-  +  (»  -  Dfx)dy. 


H(v  -  %V'2  +  (V,2+(V-fzV,z} 

(13) 


♦  gz'  +  E  •  0 


The  hull  surface  boundary  condition,  Eq.  (9), 
now  takes  the  form 

V  [fx(D  +  V>-»tfzV]'H'x>*  +  (fz>2]- 

(H) 

The  location  of  the  free  surface  can  be 
described  by  defining  a  scalar  function 
t(x',y',z',t')  3  z'  -  n(x'.y'.t');  n  is  the 
height  of  the  point  at  which  the  z'  coordinate 
line  pierces  through  the  free  surface  (Figs. 

3(b)  end  (e)).  Using  this  description,  the 
class  of  free  surface  shapes  Is  limited  to  those 
representable  by  a  single-valued  function  of 
(x'.y").  Since  c  *  0  at  the  free  surface  for 
all  tines,  the  particle  derivative  Oc/DT 
vanishes  there,  viz. 
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(a)  Top  view 
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(b)  Sid*  Vl«w 
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(e)  Front  Vlaw 


Flaurt  3.  Coordlnatt  Sys tarns  and  Computation  Nath 
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5f*tT  +  *x^  +  ^y  +  *zcz'°  •  !l5) 

Applying  the  transformations  Eqs.  (1)  and  (11), 
this  leads  to 

V  +  (a  +  *x>V  *  [?  +  *y 

-  <=  +  *x>fx  -  *zfz]ny'  *  *z  (16) 

which  governs  the  displacement  of  the  free 
surface.  In  the  equations  above,  quantities 
like  etc.  are  to  be  evaluated  by 

Eqs.  (!l).y  1 

Coordinate  System  for  Free  Surface  Conditions 

To  Impose  correctly  the  free  surface  con¬ 
ditions  for  finlte-amolltude  waves.  It  Is  Im¬ 
portant  that  Eqs.  (13)  and  (16)  be  applied  at 
the  Instantaneous  position  of  the  free  surface. 
This  Is  cumbersome  to  do  In  the  (x'.y'.z'.t') 
system  because  In  general  none  of  the  coordi¬ 
nate  planes  coincides  with  the  free  surface. 

Consider  the  following  change  of  variables. 

x"  •  x' 


z"  •  z'  -  n(x'.y'.t') 


tx  m  -  tyy"  +  (fyiy"  ‘  V'^z" 

Oy  *  1y,,  ”  (20) 

♦z  *  (1  ♦  ^Zny--)dj—  -  ^z* y". 

Note  that  In  Eqs.  (18)-(20)  all  space  deriva¬ 
tives  can  be  evaluated  on  the  plane  z"  *  0, 
the  only  exception  being  4Z"  which  Involves 
variation  of  *  below  the  free  surface.  Since 
♦z"  *  0z'.  dz"  can  be  easily  computed  by 
using  the  (x'.y'.z'.t')  system  which  describes 
the  interior  flow  field. 

The  hull  surface  condition,  Eq.  (14), 
becomes 


dy" 


fx(D ♦  dx-)  - v  +  ( 1  *  f \ +  f|)y> fz  -  *; 


z 


(21) 


and,  using  Eq.  (9),  Eq.  (19)  reduces  to 

nt~  +  (u  +  dx)nx--  *  dz  (22) 

for  use  at  the  Intersection  of  free  surface  and 
the  solid  body. 


t"  •  t'. 

Equations  (13)  and  (16)  can  be  written,  respec¬ 
tively,  as 

V'  +  “V'  +  <v~  -  Gfx  '  Vx">*y"  +  A 


*  gn  +  |  ■  0 

(18) 

nt--  +  (u  +  *x)nx--  + 

[v  +  4y  -  (U  f  4x)fx 

•  Vz]  V-  '  ♦* 

(19) 

where 

“IK***  l1* 

.  [i  ♦  ♦  i 

(■*'(*  'iK- 

t  8y.(f,  -  fxV'>] d*~}. 


These  equations  are  to  be  used  at  the  free  sur¬ 
face  where  z'  ■  n  (or  z"  ■  0).  Thus,  the 
term  gz'  has  been  replaced  by  gn  In  Eq.  (16). 
Ths  following  relations  are  used  to  evaluate 

*8oV  ,nd  **’  wWch  *ppMr  1n  th* 


Other  Boundary  Conditions 

Temporal  Integration  of  Eqs.  (IB)  and  (19) 
provides  values  of  d  and  n  at  the  free  surface 
at  any  Instant  of  time.  At  the  bottom  of  the 
computational  “tank,”  dz  *  0.  At  large  y",  the 
disturbance  should  vanish,  so  that  d  ■  0-  This 
condition  also  applies  at  a  sufficiently  large 
distance  upstream  of  the  Ship  for  forward  mo¬ 
tion.  At  the  downstream  end  of  the  computa¬ 
tion  domain  proper  radiation  condition  must  be 
Imposed  so  that  waves  can  leave  the  region  of 
Interest  with  minimum  amount  of  nonphysical 
reflections.  This  condition  Is  so  crucial  to 
successful  computation  of  wave  propagation  In  a 
limited  domain,  we  shall  describe  It  In  a 
separate  section  (Section  IV). 

Outline  of  the  Computational  Procedure 

The  basic  computational  mesh  Is  rectangu¬ 
lar  In  the  (x'.y'.z')  space,  as  shown  in  Figs. 
3(a) -(c).  The  only  quantities  to  be  computed 
In  the  (x",y",z")  system  are  n  and  f  at  the 
free  surface.  The  following  Is  a  sketch  of  the 
steps  required  td  advance  the  flow  field  In 
time. 

1.  Apply  radiation  boundary  condition  to  ob¬ 
tain  advanced  values  of  n  and  o  at  the 
downstream  end  of  the  computation  domain. 

Z.  Use  Eqs.  (18)  and  (19)  to  advance  4  and  n 
at  the  Instantaneous  position  of  the  free 
surface. 


i 


i 
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I 
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3. 


Obtain  the  ♦-field  by  solving  Eg.  (12), 
subject  to  appropriate  boundary  conditions, 
e.g.,  Eg.  (14). 


HI.  Finite  Difference  Schemes 


For  Illustrative  purposes,  let  us  assume 
constant  mesh  spaclngs  a*',  ay',  and  6z',  It 
was  found  early  In  this  study  that  the  computa¬ 
tion  Is  unstable  when  the  familiar  scheme  of 
explicit  central  difference  Is  employed.  Since 
In  forward  motion,  the  flow  clearly  has  a  pre¬ 
ferred  direction,  one  Imnedlately  thinks  of  the 
one-sided,  upwind  difference.  Unfortunately, 
the  usual  upwind  difference  schemes  Introduce 
so  much  artificial  damping  that  the  accuracy  Is 
seriously  Impaired.  In  this  study  we  use  a  new 
upwind-centered  scheme  which  Introduces  no 
artificial  viscosity  for  pure  advectlons  at  a 
constant  velocity. 

Let  Q  be  any  quantity,  such  as  ♦  or  q,  de¬ 
fined  at  the  free  surface.  We  use  the  Indices 
(1,j,n)  to  discretize  Q  over  the  free  surface, 
such  that 

Q"j  =  Q(1  «*",  j  «y".  n  6t")  . 

where  5x"  and  6y"  are  the  spatial  mesh  spac¬ 
lngs  and  6t"  Is  the  time  Increment.  Equations 
(18)  and  (19)  can  be  cast  In  the  general  form 

Q,~  +  u*Q  - .  +  v*Q  ..  +  C  -  0  (23) 

i.  a  y 

where  u*  *  u,  v*  *  9  -  0fx  -  fx0x-,  for  Eq. 

(18)  and  u*  -  fl  +  ♦„,  v*  •  9  +  py  -  (0  +  fx)fx 
-  pzf2  for  Eq.  (19).  Since  In  forward  motion 
(1 .0. ,  the  ship  moving  toward  the  negative 
x'-dlrectlon)  u*  l  0,  we  may  develop  our  finite 
difference  schemes  about  an  upstream  point  0  as 
shown  In  Figs.  4(a)  and  (b),  using  the  follow¬ 
ing  rules: 

[v]S  -  «*  -  v/«" 

[v]o  ■  K.j  -  Qi-1>*" 

Mo  -  *  Kj  *  *i  J 

[v]o  ■  7  K,j+1  -  j-i  + 

-  «G-l.J-l)'<****> 

where 

«A  £  7  Kj  +  «M.j) 

Ob  !  }  K.J +  Ci.j]- 

Using  these  rules,  Eqs.  (18)  end 
to  explicit,  one-step,  but  three-level  differ¬ 
ence  schemes  for  advancing  n  and  ♦  at  the  free 
surface.  It  can  be  shown  that  Eqs.  (24),  when 
applied  to  the  simple  advectlon  equation 
Qt—  +  UQX—  *  VQy—  •  0  (U  and  V  are  constants), 


j-l.J+1 


(20 

(19)  lead 


(o)  xM-t“  Plone 


Figure  4.  Upwind  Centered  Difference  Scheme 


lead  to  a  finite  difference  algorithm  that  does 
not  contain  any  artificial  viscosity. 

In  solving  Eqs.  (18)  and  (19).  one  has  to 
evaluate  az-,  at  the  free  surface  (see  also 
Eqs.  (20)).  Since  •  dz'.  we  only  have  to 
calculate  4Z'  at  the  free  surface.  In  Fig. 

3(c)  let  pn  be  the  value  of  ♦  at  a  free-surface 
point  0,  then  a  one-sided  difference  gives 

MS  ■  («b  ■  ♦i)/(nj  *  *i)  (25) 

The  bowidary  condition,  Eq.  (21),  for  ♦ 
at  the  free  surface  Is  represented  by  a  one¬ 
sided  difference  In  the  y"-d1rection,  but  by 
central  difference  in  the  other  two 
directions. 
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Because  Interior  values  of  *>  such  as 
In  Eq.  (25),  are  needed  In  solving  Eqs.  (18) 
and  (19),  one  must  solve  Eq.  (12)  to  obtain  the 
Internal  distribution  of  *.  This  Is  done  by 
using  the  following  difference  expressions 

M.,k  *  (4’in,j,k*2*i,j,k  *  *i-i,j, s] 


*1.j-l,kj 


K'z{.jtk  *  (*".j.k+l  ‘  2C,k  +  ♦l.J.k-1, 

■  («iT2 

^x*yi,J,k  *  (C,j+l,k  '  *l-l.J+l.k 


1+l,j-l,k  "l-l.M.k 
(4  fix'  Sy')"1 


M.,k  =  (*i  j+i,kn  '  ♦i,j-i,k+i 

'  *1,j+l,k-l  +  ♦l.j-l.k-l) 

•  (4  4y'  fz')'1 

W.j.k  5  Kjn.k  • 


In  Eq,  (12)  and  solvlnq  the  resulting  system  Of 
difference  equations  by  the  standard  procedure 
of  successive  over-relaxation  (SOR),  subject  to 
appropriate  boundary  conditions.  Note  that 
dx'  -  fix"  and  fy'  ■  dy"  In  Eqs.  (26).  At  the 
hull  surface,  Eq.  (14)  Is  represented  by  a  one¬ 
sided  difference  In  the  y'-dlrectlon,  while 
central  difference  is  used  In  the  other  two 
directions,  In  forward  motion  the  boundary 
condition  at  the  upstream  (or  Inflow)  plane  and 
at  large  y'  Is  simply  y  3  0.  At  the  free  sur¬ 
face,  $  Is  provided  by  Eqs.  (18)  and  (19),  as 
just  Ascribed.  For  an  Internal  mesh  point 
near  the  free  surface,  such  as  point  1  In  Fig, 
3(c).  ♦!  Is  obtained  by  Interpolation  from  «o> 
♦2,  and  *3.  At  the  downstream  (or  outflow) 
plane,  values  of  *  are  provided  by  the  rela¬ 
tion  condition  described  below. 

IV.  Delation  Condition 

Wave  reflections  from  "outflow"  or  open 
boundaries  have  traditionally  presented  a  spe¬ 
cial  difficulty  In  finite-difference  simulation 
of  hyperbolic  systems,  Various  devices,  such 
as  simple  extrapolation  or  artificial  damping 
near  the  outflow  region,  hn«e  bean  proposed  by 


a  number  of  authors  In  the  past.  Experience 
Indicates,  however,  that  none  of  these  methods 
Is  effective  In  reducing  wave  reflections  to  a 
negligible  degree.  Recently,  Orlanskl2  pub¬ 
lished  a  simple,  but  very  effective  treatment 
of  such  boundaries.  His  method  consists  of 
Imposing  a  Socmerfeld  radiation  condition  at 
the  outflow  boundary  and  numerically  evaluating 
the  phase  velocity  In  the  vicinity  of  the 
boundary.  Since  Grlanskl's  original  finite 
difference  representation  of  the  radiation  con¬ 
dition  Is  dissipative,  we  have  replaced  It  with 
a  nondlsstpatlve,  neutrally  stable  scheme  In 
tlm  paper.  The  reader  Is  referred  to  the  ori¬ 
ginal  paper  for  details  on  Orlanskl’s  scheme. 

We  shall  describe  here  the  Improved  version. 

The  Sotmterfeld  radiation  condition  Is 

Qt  "  CQX  =  0  ,  (27) 

where  Q  Is  any  variable,  and  C  Is  the  phase 
velocity  of  the  waves.  Because  the  dispersion 
characteristics  of  a  complicated  hyperbolic 
system  are  not  generally  known,  It  is  desirable 
to  have  a  simple  procedure  for  finding  the 
value  of  C  needed  to  effect  the  condition  (27). 

Using  the  finite  differences  In  Eqs.  (24), 
Eq.  (27)  becomes 

C  ■  Cl  +  0  -  2“)(Qjb  Cl)  (28) 

where  the  mesh  index  i  »  IB  at  the  outflow 
boundary  point  and 

„  -  Cft 

a  zw 

The  time  step  ft  is  chosen  such  that  0  s  a  s  1. 
By  Inserting  a  Fourier  component  solution  In 
Eq.  (28),  It  can  be  shown  that  the  amplitude  of 
wave  components  of  all  lengths  Is  preserved 
under  the  algebraic  operations  In  Eq.  (28). 

Equation  (28)  allows  one  to  advance  0  at 
the  outflow  boundary  If  a  Is  known.  This  Is 
accomplished  by  reducing  the  values  of  both  the 
superscripts  and  subscripts  In  Eq,  (28)  by  one 
unit  and  rearranging  to  give 

*  '  ?{Cl  *  C-2  *  Cl  *  C2HC2 
-  Cl)  ■  <«> 

By  Eq.  (29)  we  now  have  all  the  Information  to 
compute  a  and,  In  tum  by  Eq.  (28),  (flj1. 

Note  that  Eq.  (29)  Is  equivalent  to  find¬ 
ing  C  by  rearranging  Eq.  (27)  Into  the  form 


When  a  wave  crest  or  trough  approaches  the  out¬ 
flow  boundary,  Eq.  (30)  can  result  in  division 
of  zero  by  aero,  a  singular  situation  that  must 
be  treated  separately.  Thus,  when  the  absolute 
value  of  the  denominator  In  Eq.  (29)  becomes 
very  small ,  e.g. , 
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NOMINAL  LENGTH  OF  SHIP 


Kb-2  '  *  10  ‘  %lJ 

where  Qmx  and  (bin  are  the  extieme  values  of 
0  In  the  flow  field,  we  simply  set 

C*»Ib  <31> 

to  replace  Eq.  (28).  This  Is  a  valid  procedure 
because  when  a  wave  crest  or  trough  reaches  the 
boundary,  Oib  changes  very  little  In  one  time 
step.  However,  In  applying  Eq.  (29)  there  Is 
still  the  possibility  of  dividing  a  small  num¬ 
ber  by  another  small  nunber,  leading  to  a  large 
error  in  a.  As  Orlanskl  pointed  out,  the  fol¬ 
lowing  constraints  on  a  are  sufficient  to 
handle  such  singular  cases.  Let  the  right  side 
of  Eq.  (29)  be  a*,  then 


0  , 

If  a*  <  0 

a*  . 

If  0  S  a*  1  1 

(32) 

1  , 

If  a-  >  1  . 

In  the  present  study,  Eqs.  (28) -( 32)  are 
applied  to  p  In  the  Interior  near  the  outflow 
plane  of  the  computation  domain.  Ihe  effective1 
ness  of  this  treatment  will  be  discussed  In  the 
next  section. 


tf.  Discussion  of  Sample  Results 

To  demonstrate  the  present  approach,  con¬ 
sider  a  shlpllke  floating  body  depicted  In 
Figs.  5(a)  and  (b).  Throughout  this  section, 
we  shall  consider  only  the  forward  motion.  For 
comparison  purposes,  calculations  were  per¬ 
formed  using  linearized  equations  as  well  as 
the  full,  nonlinear  equations.  The  linearized 
free  surface  conditions  are  obtained  by  neg¬ 
lecting  higher  order  terms  In  Eqs.  (13)  and 
(16): 

♦t-  ♦  u*V  ♦  gn  +  £  ■  0  (33) 

nt-  ♦  u*n„.  •  (34) 


(ft)  Croat  Section* 

Figure  5.  Shlpllke  Body  Used  In  Sample 
Calculations 

0  ,  t  <  0 

uo-<Xc>t*  •0<t<tmex 

*uo'max  •  1  ~  ^aax 

(35) 


where  u*  *  -Uo  "  -  (»c)t  *"d  9*'  been  re¬ 
placed  by  gn.  Equations  (33)  and  (34)  are  to 
be  applied  at  the  Initial,  undisturbed  position 
of  the  free  surface. 

Dimensionless  variables  will  be  used 
throughout  this  discussion.  Let  L  be  a  char¬ 
acteristic  length  of  the  flow,  such  as  the 
noailnal  length  of  ship  (Fig.  5(e)).  All 
lengths  will  be  noratliied  by  L,  ell  velocities 
by  ^L,  accelerations  by  g,  and  time  by  vC7g. 

In  a  typical  calculation  the  ooeputatlon  domain 
consists  of  40  mesh  points  In  the  x"< direct  Ion, 
20  In  the  y‘-d1rect1on,  end  20  In  the  z'- 
dlrectlor..  Variable  mesh  s pacings  are  employed 
to  meet  resolution  requirements  In  different 
parts  of  the  flow  field.  The  veluei  6x'  •  4y” 

•  4z'  •  0.1  are  used  near  the  ship.  The  motion 
at  the  ship  Is  prescribed  by 


Figures  6(a)  and  (b)  compare  the  free  sur¬ 
face  profiles  along  y'  •  0  (Fig.  3(e))  between 
linear  and  nonlinear  calculations  for 
(>to)nex  *  -  3-0  and  taix  *  figure  6(a) 
corresponds  to  t  *  2.5  whan  the  ship  Is  still 
accelerating,  and  the  flow  Is  unsteady.  At 
t  •  10,0  (Fig.  6(b))  the  flow  In  the  computa¬ 
tion  domain  has  reached  steady  state.  At 
steady  state,  the  Froude  nunber  luol/^gC*  1-0. 
The  nonlinear  result  Is  quite  different  free 
the  linear  one,  something  to  be  expected  be¬ 
cause  In  this  case  ka  •  0.65  for  the  linear 
solution  (k  Is  the  wave  m»ber  and  a  the  ampli¬ 
tude).  The  wave  pattern  at  three  different 
times  for  the  nonlinear  calculation  Is  shown 
In  Figs.  7(m) -(c)  In  terms  of  contour  plots  of  n. 

The  method  of  this  paper  Is  also  applica¬ 
ble  to  a  submerged  body.  As  e  nuamrlca) 


experiment,  both  '.Inear  and  nonlinear  calcula¬ 
tions  wem  made  for  the  forward  motion  of  a 
body  with  nondlwtislonal  length  equal  to  1.0, 
and  a  diameter  of  0.2.  The  depth  of  submer¬ 
gence  Is  0.58.  The  motion  is  again  prescribed 
by  eg.  (35),  with  (uo)max  *  •  1-0  and  t^x  => 
0.0.  The  nonlinear  and  linear  free  surface 
profiles  at  y*  *  O  are  compared  in  Figs.  8(a) 
and  (b).  Dote  that  the  profiles  in  Fig.  8(b) 
are  In  steady  state.  In  this  submerged  case, 
as  opposed  to  the  surface  ship  above,  the 
source  of  disturbance  is  farther  from  the  free 
surface,  and  the  linearized  free  surface  condi¬ 
tions  are  expected  to  be  good  approximations, 
as  is  evident  in  these  comparisons.  In  this 
case,  ka  *0.1.  The  contour  plots  of  the  free 
surface  are  shown  in  Figs.  9(a) -(c)  for  three 
different  times.  The  flow  field  in  the  compu- 
ducr’n  hes  reached  steady  state  in 
Fig.  9(c). 

In  the  examples  above,  the  body  nac  Ini¬ 
tially  at  rest  and  then  accelerated  to  a  final, 
constant  velocity.  In  due  time  the  flow  field 
in  the  computation  domain  should  reach  a  steady 
state.  It  is  interesting  to  see  how  the  steady 
state  is  approached  in  different  perts  of  the 
field.  Furthermore,  it  is  a  nontrivial  ques¬ 
tion  whether  the  sa:.  steady-state  solution  is 
obtained  if  the  s..in  i  elerates  in  different 
manners  before  re^u.  i  fhe  prescribed  final 
velocity,  because  th  -  .w  is  nonlinear  and  it 
is  ot  clea1-  how  the  numerical  rediation  condi¬ 
tion  and  truncation  errors  in  general  affect 
the  wel  1 -posedness  of  the  overall  problem.  To 
answer  this  question,  an  additional  calculation 
was  made  for  the  nonlinear  problem  in  Figs.  6, 
this  time  the  ship  being  Impulsively  set  into 
forward  motion  with  uo  *  -  1.0  in  one  time 
step.  Figure  10(a)  compares  the  steady-state 
free  surface  profile  at  y'  *  0  between  the 
gradually  started  case  ( 1 . e . ,  the  problem  asso¬ 
ciated  with  Figs.  6)  and  the  impulsively  start¬ 
ed  one.  The  agreement  is  excellent  except  for 
minor  discrepancy  at  the  last  few  points.  Note 
that  the  last  point  (point  C)  is  subject  to 
numerical  radiation  condition.  This  kind  of 
agreement  is  otserved  throughout  the  entire 
computation  domain.  The  time  history  of  n  at 
three  selected  points  A,  B,  and  C  (see  Fig. 

10(a)  for  definitions)  is  compared  in  Fig. 

10(b) .  It  is  seen  that.  Independent  of  start¬ 
ing  conditions,  a  unique  steady  state  is  ap¬ 
proached,  except  for  minor  variations  at 
points  very  close  to  the  outflow  boundary. 

To  investigate  the  effectiveness  of  the 
radiation  condition,  two  linear  calculations 
were  made  for  the  problem  associated  with 
Figs.  6,  one  with  a  short  computation  domain 
(-2.36  S  x'  £  2.45)  and  the  other  with  a  long 
domain  (-2.36  5  x'  i  8.45).  These  two  runs  are 
compared  in  Figs.  11(a)  ami  (b)  for  the  tran¬ 
sient  and  steady  states,  respectively,  In  terms 
of  the  weve  profile  at  y'  •  0.  Similarly  good 
agreement  Is  found  throughout  the  flow  field. 
Thus,  we  have  some  concrete  evidence  that 
Orlanski's  radiation  condition  leads  to  practi¬ 
cally  no  spurious  reflection  at  ell. 

Although  velidetions  and  extensive  applica¬ 
tion  of  tha  present  methodology  Is  not  within 
the  scope  of  this  paper,  one  potential 


application  is  worth  mentioning.  Suppose  that 
the  calculation  of  a  particular  flow  situation 
has  been  validated  by  comparing  with  experi¬ 
mental  data  in  terms  of  quantities  that  can  be 
easily  measured,  such  as  the  drag  (with  the 
viscous  contribution  subtracted)  and  the  wave 
height  distribution.  The  wealth  of  information 
contained  in  the  numerical  solution  can  then  be 
processed  to  gain  some  insight  into  various 
simplifications  made  in  analytical  models. 

This  may  help  identify  those  areas  needing  Im¬ 
provements  in  the  simplified  theories.  For  the 
nonlinear  problem  considered  in  Figs.  6,  as  an 
example,  one  can  examine  the  validity  of  the 
linearized  equations  (33)  and  (34)  along 
y'  *  0.1  at  the  free  surface  when  steady  state 
is  reached.  In  Fig.  12(a),  the  terms  u*qx-  and 
-gn  are  compared.  These  two  terms  are  supposed 
to  be  in  balance  by  Eq.  (33).  The  agreement  is 
good  in  general ,  except  near  the  bow  and  the 
stern.  The  curve  for  u*Px,  which  is  used  in 
conventional  linear  analysis,  shows  a  greater 
deviation  from  the  -gn  curve.  Next,  we  compare 
u*nx' with  62'  'h  Fig.  l?(b)  and  find  fairly 
good  agreement.  Again,  the  term  u*nx,  used  In 
conventional  analysis,  differs  considerably 
from  near  the  stern.  Thus  it  appears  that 
Eq  (34)  is  a  good  approximation  for  the  full 
equation,  while  Eq.  (33)  is  not.  This  observa¬ 
tion  Is  also  true  when  the  analysis  above  is 
repeated  for  flow  variations  along  y'  =  0. 

Since  more  extensive  analysis  of  this  type  is 
anticipated  in  the  future,  we  shall  not  draw 
any  conclusions  that  may  be  premature. 
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A  PRACTICAL  COMPUTER  METHOD  FOR  SOLVING  SHIP-WAVE  PROBLEMS 
C.  W.  Dawson 

FINITE  DIFFERENCE  SIMULATION  OF  THE  PLANAR  MOTION  OF  A  SHIP 
Robert  K.  C.  Chan 


Invited  Discussion 
J.N.  Newman 

Massachusetts  Institute  of  Technology 


These  three  papers  represent  remarkable 
progress  In  analysing  the  three-dimensional  ship- 
wave  problem.  In  comparison  with  the  state  of  the 
art  at  Gaithersburg  two  years  ago.  The  paper 
presented  by  Dr.  Baba  is  quasl-analytical  In  its 
approach,  and  uses  extensions  of  Integral  repre¬ 
sentations  that  are  familiar  In  the  classical 
ship-wave  theory.  By  comparison,  Drs.  Dawson 
and  Chan  have  obtained  direct  numerical  solutions 
that  Include  unsteady  and  nonlinear  effects. 

The  work  of  Baba  and  Hara  is  based  on  the 
low  Froude-number  assumption;  and  thus  It  might 
be  judged  less  ambitious  than  the  following 
papers,  but  the  results  are  very  complete  and 
Impressive.  The  slow-shlp  approximation  Is 
appealing  from  the  practical  standpoint,  espe¬ 
cially  for  large  merchant  ships.  This  Is 
essentially  a  short-wavelength  approximation, 
with  all  the  subtleties  thereof.  In  particular, 
the  waves  are  driven  by  a  slowly-varying  double¬ 
body  field.  Since  the  short  waves  are  not 
efficiently  driven  by  this  slowly-varying 
generator,  I  wonder  If  the  result  Is  correct  to 
leading  order  In  a  perturbation  sense,  In  com¬ 
parison  with  other  higher-order  terms  that  have 
been  neglected.  Also,  how  serious  are  the 
singularities  at  the  bow  and  stern,  where  the 
double-body  flow  is  not  slowly  varying  as 
assumed? 

The  paper  by  Dr.  Dawson  Includes  calcula¬ 
tions  of  the  free-surface  elevation  and  of  the 
wave  resistance;  the  crucial  step  of  one-sided 
finite-differencing  appears  to  embrace  the 
radiation  condition  as  a  part  of  the  free-surface 
condition.  From  the  analytic  viewpoint  this  seems 
a  marriage  of  convenience,  but  the  results  are 
Impressive.  One  detailed  comment  Is  that  the 
double-hull  linearized  free-surface  condition 
differs  from  that  derived  by  Dr.  Baba  and  myself; 
Dr.  Dawson  applies  the  free-surface  boundary 
condition  on  z*0,  as  opposed  to  the  "double-body 
free  surface",  with  differences  that  appear  to 
be  of  leading  order,  It  would  seem  no  more  diffi¬ 
cult  to  us*  the  more  complete  free-surface 
condition  equation  (2)  of  Drs.  Baba  and  Hara. 
However  the  comparison  in  wave-resistance  calcu¬ 
lations  between  these  two  papers  Is  striking  and 


suggests  that  the  difference  In  the  free-surface 
condition  Is  not  too  significant. 

The  paper  of  Dr.  Chan  is  doubly  Impressive 
in  treating  the  full  nonlinear  problem,  for 
unsteady  motion.  Much  weight  Is  placed  on  the 
utilization  of  a  numerical  scheme  of  Orlansky 
for  imposing  the  radiation  condition.  The  need 
for  such  a  condition  In  this  Initial-value 
problem  Is  a  bit  surprising.  Moreover,  as  uti¬ 
lized  here  the  scheme  ensures  that  a  single  wave 
moving  parallel  to  the  x-axIs  will  propagate 
downstream.  The  unsteady  ship-wave  radiation 
condition  Is  more  complicated  than  this,  and 
even  In  the  steady-state  the  usual  linear  solu¬ 
tion  includes  two  separate  transverse  and 
diverging  waves,  to  which  the  radiation  condi¬ 
tions  must  be  applied  separately.  It  Is 
difficult  to  assess  the  results  without  extending 
the  domain  further  upstream  and  downstream.  That 
of  course  Is  expensive  and  possibly  Inaccurate. 
Within  the  domain  shown  the  chara. lerlstlc  wave¬ 
length  seems  to  be  much  shorter  than  's 
appropriate  for  steady  motion  where,  with  the 
units  adopted,  x«2».  Perhaps  this  Is  the  result 
of  unsteadiness  as  well  as  the  bounded  domain  on 
which  the  waves  are  being  studied. 

We  should  appreciate  especially  the  compari¬ 
sons  for  the  common  Wlgley  model  that  have  been 
added  by  Drs.  Dawson  and  Chan  following  Dr. 

Baba's  Introduction  of  this  hull  form  In  his 
preliminary  summary.  There  Is  clearly  great 
value  In  the  use  of  common  hull  forms  In  com¬ 
paring  different  numerical  techniques,  as  In  the 
analogous  towlng-tank  tests  fostered  by  the  ITTC. 

In  sumtary,  while  there  are  a  few  details 
that  remain  to  be  refined,  all  three  of  these 
papers  represent  Impressive  progress  toward  our 
Implicit  goal,  of  predicting  ship-wave  Inter¬ 
actions  for  practical  hull  forms.  All  of  the 
authors  are  to  be  c amended  for  their  efforts  In 
that  quest. 
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Discussion 
by  H.  Maruo 

of  piper  by  E.  Baba  and 
M.  Hara 

The  authors  claim  that  the  computation  of 
the  wave  resistance  by  means  of  the  slow  ship 
formulation  gives  good  agreement  with  the 
measured  results.  I  have  carried  out  a  similar 
calculation  and  obtained  some  new  results,  from 
which  I  derive  a  slightly  different  conclusion. 
The  basic  theory  is  based  on  the  expression  for 
the  velocity  potential  derived  by  the  direct  ap¬ 
plication  of  Green's  theorem: 


■^//♦(X'>y')G(P>Q)l^  odx'dy'  0) 

‘•o 


*<*•>>  4Hx- +  “f; +  4  ^  (u2  +  v2 

+  w2)  -  |!?.(2u  +  u2  +  v2  +  w2)]  (2) 

32  Jz»0 


The  first  term  on  the  right-hand  side  of  i 1 ) 
gives  the  singularity  distribution  over  the  im¬ 
mersed  hull  surface  S  and  the  second  term  is 
the  line  Integral.  The  third  term  represents 
a  plane  z-0  or  the  undisturbed  free  Surface 
plane  z-0  or  the  undisturbed  free  surface 
outside  the  null,  with  the  source  density  given 
by  (2).  The  fluid  motion  far  behind  the  ship 
is  characterized  by  the  generalized  Kochin 
function  defined  by 


+  *sHds  *  ikj 


-  kcose-e)i>0exp  |\(xcoss  +  ysinejjdy 


♦(x.y)exp  [  k(xcoso  ♦  ysine)Jdxdy 

(3) 

and  the  wave  resistance  Is  given  by  Havelock's 
'ormula . 

tl 

| H(~0seci9 ,8 ) j  2sec  J8de .  (4) 
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If  the  Froude  number  is  assumed  small,  the  first 
approximation  is  the  double  model  flow.  There¬ 
fore  the  wave  resistance  at  low  Froude  numbers 
is  given  by  substituting  for  t>  the  double-model 
solution  »o  In  the  calculation  of  the  function 
H(k,e)  expressed  by  (3).  For  a  numerical 
example,  i  calculated  the  case  of  Kigley's 
parabolic  model.  Because  of  the  assumption  of 
the  low  Froude  number,  the  double  integral  of  the 
second  term  of  (3)  can  be  further  simplified. 

The  result  of  calculation  is  given  in  Fig.  1 


which  shows  several  stages  of  approximate 
integration.  The  calculation  of  Baba  and  Hara 
corresponds  to  the  result  when  the  integra¬ 
tion  with  respect  to  x  is  approximated.  There 
are  considerable  differences  between  various 
approximations  and  the  exact  integration  of  the 
double  Integral  term.  Numerical  results  deviate 
from  the  measured  values  at  moderate  and 
higher  Froude  numbers.  For  a  trial,  the  solu¬ 
tion  that  satisfies  the  exact  hull-surface 
condition  and  the  linearized  free-surfece  con¬ 
dition  is  calculated  by  assuming  a  source 
distribution.  This  so-called  Neumann-Kelvin 
solution  is  employed  for  the  calculation  of 
(3).  Since  the  numerical  work  is  very  tedious, 
only  results  for  one  Froude  number  were  obtained, 


They  are  shown  in  Flo.  2.  The  result  includ¬ 
ing  the  line-integral  and  the  free  surface 
sources  gives  plausible  agreement  with  the  mea¬ 
sured  wave-pattern  resistance.  In  conclu¬ 
sion,  I  wish  to  point  out  as  a  warning  that  a 
calculation  based  on  the  double  model  solution  Is 
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likely  to  show  a  considerable  deviation  from 
the  measured  results  at  moderate  and  higher 
Froude  numbers,  and  the  effect  of  the  distortion 
of  the  free  surface  must  be  taken  into  account 
to  determine  the  singularity  distribution 
over  the  hull  surface. 


Discussion 
by  C.  M.  Lee 
of  paper  by  E.  Baba  and 
M.  Hara 

This  paper  presents  Information  of  great 
Interest  to  me.  I  would  like  to  sincerely 
congratulate  the  authors  for  their  excellent 
work. 

In  a  practical  sense,  the  question  of 
the  usefulness  and  the  validity  of  the  pertur¬ 
bation  expansion  about  the  zero-speed  limit 
in  the  wave  resistance  theory  seems  to  be  no 
longer  a  bothersome  issue.  However,  I  will  not 
completely  dismiss  this  question  until  I  can 
fully  digest  the  paper  to  be  presented  by 
Professor  Tuck  and  Hr.  Vanden  Broek. 

In  1969  at  the  12th  ITTC  meeting,  Or,  Baba’s 
work  on  the  so-called  wave-breaking  resistance 
was  Introduced.  This  has  led  to  an  Impetus  for 
many  investigators  to  review  the  decomposition  of 
ship  resistance.  Essentially,  Dr.  Baba  decom¬ 
posed  the  total  ship  resistance  into  the 
viscous  resistance  and  the  wave  resistance.  The 
viscous  resistance  was  defined  by  the  pressure 
head  loss  through  the  transverse  control 
plane  behind  a  ship.  This  head  loss  was  divid¬ 
ed  into  one  contributed  by  the  frictional 
wake,  aid  the  other  by  the  wave  breaking  by 
the  bow.  The  wave  resistance  was  defined  as  that 
obtainable  from  the  wave  analysis  behind 
the  ship. 

The  present  paper  appears  to  give  an 
Impression  that  there  is  a  shift  in  the  posi¬ 
tion  for  defining  the  wave  resistance.  That  is, 
the  experimental  results  presented  in  Figures  12 
and  14,  according  to  the  paper,  were  obtained 
by  Hughes'  form-factor  method.  As  we  know,  any 
correlation  of  theoretical  wave  resistance 
with  model  experimental  results  can  be  signifi¬ 
cantly  influenced  by  the  definition  of  wave 
resistance  obtained  by  experiments.  It  would 
be  Interesting  to  know  why  the  authors  did  not 
compare  the  theoretical  results  with  the 
wave-cut  results,  which  can  be  truly  defined 
as  wave  resistance,  consistent  with  the  theoreti¬ 
cal  definition.  Could  it  be  possible  that  the 
results  presented  in  Figures  12  and  14  contained 
the  wave-breaking  resistance,  especially  for 
the  fuller  models? 

I  understand  that  a  numerical  Integration 
of  rapidly  oscillating  function  such  as  the 
amplitude  function  |A(e)|?  can  be  more  effec¬ 
tively  performed  by  Filon's  method.  I  would 
like  to  know  if  the  authors  tried  this  method 
Instead  of  Simpson's  rule  which  could  be 
time-consuming  and  erroneous  when  applied  to 
rapidly  oscillating  functions. 


Author's  Reply 

Fy  E.  Baba  and  M.  Hara 

to  discussion  by  C.M.  Lee 

There  are  three  reasons  why  we  do  not  use 
the  wave-cut  results  for  the  comparison  with 
theoretical  results. 

(1)  The  wave-cut  results  do  not  always  give  the 
wave  resistance.  The  term  "wave  resistance" 
used  here  is  defined  as  the  resistance  com¬ 
ponent  due  to  the  generation  of  gravity  waves. 

For  conventional  ship  forms,  this  component 

is  written  as  the  sum  of  two  components: 

Have  Resistance  »  resistance  component  due 
to  the  generation  of 
propagating  gravity  waves 
+  resistance  component  due 
to  wave  breaking 

(2)  The  measured  wave  heights  are  the  results 
of  wave-wa  interaction,  lhe  wave-cut  results 
contain  interaction  effects  between  the  propagat¬ 
ing  waves  and  the  viscous  wake.  Therefore,  the 
wave-cut  results  do  not  always  represent  the 
resistance  component  due  to  the  propagating 
gravitj  waves  as  was  pointed  out  by  Prof.  Land- 
weber  in  the  keynote  address. 

(3)  The  process  of  analysing  the  measured  wave 
heiyhts  is  not  always  accurate  enough.  The 
theory  used  in  the  analysis  is  the  linearized 
theory  for  an  ideal  flow. 

However,  the  comparison  with  the  wave-cut 
results  is  useful  for  the  investigation  into 
the  detailed  mechanism  of  wave  propagation.  The 
order  of  magnitude  of  wave-cut  results  is  about 
80t  of  the  wave  resistance  defined  by  the  Hughes 
method  for  fine  ship  forms  such  as  a  high  speed 
container  ship.  For  full  forms,  the  wave-cut 
results  are  much  less  than  the  values  given  by 
the  Hughes  method.  There  are  two  reasons  for 
this.  One  is  due  to  wave  breaking  and  the  other 
is  due  to  wave-wake  Interaction. 

The  theoretical  value  of  wave  resistance  is 
originally  defined  as  the  resistance  component 
due  to  wave  generation.  Therefore,  in  the 
present  paper,  we  considered  that,  within  the 
limitation  of  our  present  knowledge  of  the 
resistance  components,  the  calculated  wave 
resistance  should  be  compared  with  the  results 
obtained  from  a  method  such  as  the  one  by 
Hughes  where  the  form  effect  is  considered. 


Author '5  Reply 
by  Robert  K.  C.  Chan 

Professor  Newman's  comments  on  iqy  paper  may 
be  summarized  as  (1)  that  the  need  for  the  radia¬ 
tion  condition  in  an  initial-value  problem  was 
unexpected,  {2)  a  single  radiation  condition  was 
Imposed,  Instead  of  two  separate  ones,  and 
(3)  that  the  calculated  wavelength  seems  much 
shorter  than  expected.  To  answer  Professor 
Newman's  first  question,  I  must  admit  that  there 
is  confusion  of  terminology,  In  the  usual 
analytic  approach  to  initial-value  wave- 
resistance  problems,  an  infinite  domain  is 
assumed  where  the  only  far-fleld  condition  is 
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that  all  disturbances  die  out  at  infinity.  If 
the  ship  is  the  only  source  of  disturbance  in 
the  whole  field,  there  will  be  outgoing  waves 
only.  The  situation  of  a  discrete  numerical 
simulation  in  a  truncated  domain  is  quite  differ¬ 
ent.  If  one  had  the  resources  to  use  a  compu¬ 
tational  mesh  that  is  so  large  that,  throughout 
the  physical  time  of  Interest,  the  disturbances 
generated  by  the  ship  never  reach  the  far-field 
boundaries,  then  the  radiation  condition  would 
not  be  needed  in  initial-value  problems.  In 
practice,  however,  the  flow  field  is  arbitrarily 
truncated  to  fit  the  capacity  of  the  computa¬ 
tional  equipment,  as  well  as  the  budget.  Unlike 
the  case  of  real  infinite  domain,  where  one 
can  simply  specify  ♦  *  n  *  0  at  infinity,  one 
does  not  know  a  priori  what  boundary  conditions 
to  apply  at  those  arbitrarily  defined  boundaries. 
The  basic  assumption  which  allows  one  to  trun¬ 
cate  the  domain  is  that  at  some  distance  from  the 
shl p  the  flow  field  becomes  hyperbolic  so  that 
information  propagates  away  from  the  ship. 

Under  this  assumption  one  can  describe  the  flow 
field  in  the  vicinity  of  the  artificial  boun¬ 
daries  in  a  characteristic  form.  Orlanski's 
method  essentially  makes  use  of  this  character¬ 
istic  form  to  "extrapolate”  the  Interior  informa¬ 
tion  to  the  artificial  boundaries,  such  that 
unwanted  wave  reflection  is  sharply  reduced.  In 
contrast,  the  function  of  radiation  condition 
in  steady-state  analysis  is  to  help  determine  the 
one  solution  that  satisfies  the  physical  re¬ 
quirement  of  outgoing  wave  systems.  Thus,  there 
is  difference,  both  in  purpose  and  technique, 
between  Orlanski's  radiation  condition  and  the 
radiation  condition  in  classical  hydrodynamics. 

I  am  in  favor  of  relabeling  the  former  as 
“open-boundary  condition"  to  avoid  confusion. 

This  would  also  have  answered  Professor  Neman's 
comment  No.  2.  As  for  his  last  comment,  con¬ 
cerning  the  wavelength,  I  am  afraid  I  do  not 
have  any  satisfactory  explanation  at  this  time. 
However,  I  am  positive  that  the  short  wave¬ 
lengths  are  not  the  results  of  unsteadiness  or 
the  bounded  domain,  since  these  calculations 
were  carried  to  steady  state  and  various  boundary 
sizes  were  tasted.  I  plan  to  clarify  it  by 
using  a  point  source  pressure  disturbance  at 
the  free  surface  in  the  near  future.  I  am  glad 
that  Professor  Newman  pointed  this  out,  because 
the  computational  results  were  very  preliminary 
and  •  great  deal  of  additional  work  is  required 
to  understand  the  various  properties  of  the 
numerical  solution  technique. 
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EXISTENCE,  UNIQUENESS  AND  REGULARITY 
OF  THE  SOLUTION  OF  NEUMANN-KELVIN  PROBLEM 
FOR  TWO  OR  THREE  DIMENSIONAL  SUBMERGED  BODIES 

J.C.  Dsrn 

Bissin  d’Essala  dea  Car&nea 

Parts,  France 


Summary 

The  Neumann-Kelvin  problem  associated  with 
a  steady  flow  above  a  horizontal  bottom  presen¬ 
ting  a  bump  of  limited  area  ia  considered.  In 
the  case  of  the  height  of  the  bump  being  small, 
but  not  infinitely  small,  the  existence  and 
uniqueness  of  the  solution  is  demonstrated. 

This  result  ia  valid  for  two  or  three-dimensio¬ 
nal  flows.  The  Method  of  Singularities  is  dis¬ 
cussed  and  it  is  shown  that  the  bump  is  kinema¬ 
tically  equivalent  to  a  distribution  of  sources, 
and/or  dipoles  on  its  surface.  Furthermore,  it 
is  shown  that  the  integral  equation  employed  to 
calculate  the  density  of  these  singularities 
has  a  unique  solution. 
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1.  Introduction 

Frequently,  numerical  methods  in  ship  hydro¬ 
dynamics  are  developed  before  it  has  been 
proved  that  an  exact  solution  to  the  problem 
really  exists.  From  a  practical  point  of  view, 
one  may  maintain  this  procedure  when  good  nume¬ 
rical  evaluations  can  be  made  which  compare 
reasonably  well  with  experimental  results.  For 
example,  the  Method  of  Singularities  has  been 
applied  successfully  to  calculate  the  diffrac¬ 
tion  end  radiation  forces  acting  upon  a  body  in 
heaving  motion  in  wavea.  Never the less,  even  in 
this  case,  difficulties  are  occasionally  mat  : 
for  example,  in  the  two-dimensional  problems, 
the  Method  of  Frank  is  not  applicable  ( 1 3) when 
the  body  section  it  not  vertical  at  flota¬ 
tion  :  this  i«  due  to  Che  fact  Chat  such  a  body 
is  not  kinematically  aquivalant  to  a  distribu¬ 
tion  of  eourcee  on  its  surface.  It  is  known, 


however,  that  even  in  the  case  of  a  body  kine¬ 
matically  equivalent  to  a  distribution  of  sin¬ 
gularities,  the  integral  equation  used  to  cal¬ 
culate  the  density  of  these  singularities  may 
have  a  number  of  solutions  for  some,  so-called, 
irregular  frequencies  (28) . 

These  are,  however,  minor  drawbacks  and  the 
Method  of  Singularities  is  largely  used  in  dif¬ 
fraction  and  radiation  problems. 

Therefore,  to  calculate  the  wave  resistance 
of  a  body  of  any  shape  piercing  or  not  piercing 
a  free  surface,  one  is  tempted  to  use  the  Method 
of  Singularities.  Unfortunately,  the  numerical 
experience  seems  to  prove  that  it  is  rather  a 
delicate  matter  to  use  the  Method  of  Singula¬ 
rities  in  the  Neumann-Kelvin  problem.  This  fact 
induces  one  to  think  it  is  advisable,  even  es¬ 
sential,  to  carry  out  mathematical  studies  con¬ 
currently  with  a  numerical  analysis. 

The  present  paper  is  intended  to  determine 
certain  conditions  under  which  the  Method  of 
Singularities  can  be  used  to  solve  the  wave 
resistance  problem  for  submerged  bodies. 

As  far  as  this  problem  is  concerned,  the 
Method  of  Singularities  may  be  divided  into 
three  parts  : 

(i)  tha  linearisation  of  the  free  surface 
condition  ;  this  leads  to  the  so-calleu 
Neumann-Kelvin  problem  (N-K  problem)  U)  , 

(5) 

(ii)  the  rapresentation  of  the  solution  as  a 
distribution  of  sourcaa,  snd/or  dipoles, 
disposed  jn  the  surface  of  £he  body 

(iii)  tha  expression  of  tha  flow  condition  on 
the  body  by  moans  of  an  integral  equation. 

One  is  then  led  to  ask  tha  following  ques¬ 
tions  on  the  ebove  points  (i)  to  (iii). 

(i)  has  the  Neumann-Kelvin  problem  e  unique 
solution  end  what  is  the  regularity  of 
this  solution  7  Above  all,  is  the  regula¬ 
rity  sufficient  to  provide  a  physically 
accaptabla  solution  ? 
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(ii)  is  the  body  kinematically  equiva¬ 
lent  to  a  distribution  of  sources, 
and/or  dipoles,  on  its  surface  ? 

(iii)  ha*  the  integral  equation  a  unique 
solution  ? 

Few  studies  on  the  existence  and  uniqueness 
of  the  N-K  problem  have  been  published. 

For  2-D  or  3-D  submerged  bodies,  N.E. Kochin 
()7)  has  proved  the  existence  and  uniqueness  of 
the  problem  as  follows  :  the  velocity  potential 
4  (X)  of  the  fluid  at  point  X  is  represented  by 
a  distribution  of  Kelvin  sources  on  the  body 
surface  T  :  if  K(X,Y)  is  the  velocity  potential 
at  point  X  of  a  Kelvin  unit  source  at  point  Y, 
the  potential  #  (X)  is  assumed  to  be  : 

<1.0  *(x)  - 1  k(x,y)  o  m 

The  flow  condition  on  T  is  : 

0.2)  ||  -  v(X)  .  X  e  r 

where  N  is  the  normal  towards  the  outside  rela¬ 
tive  to  thi'  body  end  v(X)  is  a  given  function. 
(1.1)  and  (1.2)  give  : 

(1 .3)-y0(»«j  CJ(Y)  ||  (X.Y)ilyr  -  v(X) 

which  is  an  integral  equation  of  the  second 
kind  for  the  unknown  0  (.). Let  V  be  the  integral 
operator 

0.4)  a  (•)/->  )  °(Y)  ||  (,,Y)  dyr 

the  equation  (1.3)  can  also  be  written  as  : 

(1.5)  (V  -  y)  0  ■  V 

N.E.  Kuchin  uses  the  Fredholm  Alternative 
Theorems  to  show  that,  if  the  Froudc  number  is 
sufficiently  small,  ^  is  not  an  eigenvalue  of 
the  operator  V.  Therefore,  the  operator  (V-^-) 
is  invertible.  This  proof  of  existence  and  1 
uniqueness  assumes,  however,  that  (i)  the  ope¬ 
rator  V  fulfills  the  conditions  of  Fredholm’s 
Theorem*  (e.g.  :  V  must  be  completely  conti¬ 
nuous),  (ii)  || V  ;  L2  (f)||  i*  a  continuous  func¬ 
tion  of  k0  -  A  in  the  vicinity  of  the  critical 
c* 

value  k^  -  0.  Here  g  is  the  acceleration  of 
gravity  ;  c,  the  velocity  of  the  body  ;  L2  ([*) 
the  space  of  square  sumnable  functions  on  T  , 

|| V  ;  L2  (OH  ,  the  norm  of  the  operator  V  con¬ 
sidered  ea  a  continuous  mapping  from  L2  (P) 
into  L2  (P)  i.e.  V*  C  (l2  (r).  L2  (T)l  These 
properties  are  not  explicitly  proven  by  N.E. 
Kochin. 

The  study  of  the  existence  end  uniqueneea, 
for  bodies  piercing  the  free  surface  is  very 
complicated.  Curiously,  it  vas  J.H.  Michell 
(23j  who  first  provad  it  in  the  liiit  case  of 
infinitely  thin  ehips.  However,  hie  argument 
would  not  be  considered  a  rigorous  proof  by 
modern  standards.  The  uniqueness  of  the  solution 
of  ths  N-K  problem  in  the  case  of  e  body  of  any 
given  shape  was  questioned  hy  J.  Kotik  and 
R.  Morgan  (16)  in  the  hypothesis  of  the  sero 
Froude  number.  Their  proof  which  neglected  the 
existence  of  the  water-line  was  improved  by 
X.  Brard  (4)  ,  ())  with  tha  aid  of  the  line 
integral,  end  later  by  P.  Cuevel  at  al.  ( 1 2) who 
used  the  modified  Kochin  function.  However, 


it  is  clear  that  the  non-uniqueness  of  the  solu¬ 
tion  in  the  hypothesis  of  the  zero  Froude  num¬ 
ber  does  not  necessarily  entail  an  analogous 
property  for  the  corresponding  solution  with  an 
exact  Froude  number. 

M.  Bessho(2)has  given  an  interesting  proof  of 
the  non-uniqueness  in  the  case  of  a  2-D  verticil 
plate  partly  immersed  in  water.  For  3-D  surface 
piercing  bodies,  M.  Bessho(3)has  proposed  a  me¬ 
thod  for  proving  the  uniqueness  but  further 
studies  are  needed  to  clarify  the  method. 

The  above  discussion  demonstrates  the  diffi¬ 
culty  presented  by  the  study  of  the  existence 
and  uniqueness  of  the  solution  to  the  N-K 
problem.  When  the  body  pierces  the  free  surface 
the  mathematical  problems  are  enormous.  To  be¬ 
gin  with,  it  seems  to  be  preferable  to  study 
the  simplest  case  of  immersed  bodies  and  espe¬ 
cially  of  bodies  lying  on  the  bottom  of  the  sea 
(2-D  or  3-D  bump)  and  subjected  to  the  effect 
of  a  flow  of  constant  and  uniform  velocity  c. 

The  potential  $(X)  corresponding  to  the  flow 
over  this  bump  is  solution  of  a  N-K  problem, 
which  shall  be  noted  as  NKd  (Fh,  I)  ;  d  is  the 
dimension  of  the  physical  space  (d  -  2  or  3)  ; 

Fh  ■  c//gh  is  rhe  Froude  number  allied  to  the 
depth  h,  E  -E(X’)  is  the  height  of  the  bump 
at  point  X’,  positively  counted  from  the  bottom. 

To  prove  the  existence  and  uniqueness,  the 
NKd  (Fh,  E)  problem  shall  be  considered  as  an 
elliptic  boundary  value  problem  (but  with  a 
non-convent iona)  boundary  condition  at  the  free 
surface)  and  the  perturbation  theory  of  linear 
operators  (l6)  will  be  used  to  prove  the  follo¬ 
wing  chain  :  existence  and  uniqueness  of  the 
flat  bump  =>  N-K  uniqueness  N-K  existence. 

Another  possible  method  would  be  to  consider 
the  NKd  (Fh,  E )  problem  as  the  steady  state 
limit  of  an  initial  value  problem  of  hyperbolic 
type.  But,  this  method,  used  in  water  wave 
theory  (32)  does  not  directly  give  the  unique¬ 
ness,  which  is  the  crux  of  the  problem. 

2.  Notations 

The  system  of  reference  axis,  OXjX^X^  is 
right  handed  orthonormal  and  is  bound  to  Che 
bottom  of  ths  sea.  The  OXjXo  plane  is  that  of 
the  frse  surface  at  rest.  Tne  OX3  axis  is  verti¬ 
cal,  directed  towards  the  bottom.  The  OX)  axis 
is  parallel  to  the  incident  velocity. c,  of  the 
fluid  and  rune  in  the  opposite  direction  to  it. 
The  bottom  of  the  see  has  s  bump  of  limited 
area.  The  pert  B  of  the  bottom  which  is  situa¬ 
ted  without  this  bump  is  horizontal.  The  bump  T 
hae  either  a  two-dimensional  shape  with  a  gene¬ 
ratrix  parallel  to  OX2,  or  has  a  three-dimen¬ 
sional  shape.  The  equation  of  the  bump  ie  : 

(2.1)  r  :  X3  •  h  -  E(X’),  X’  «  K 

X*  ie  a  real  (X*  =  Xi)  if  d-2  and  a  pair  of 
reals  X1  •  (Xj.Xj)  it  d»3.  K  -  supp  l  is  the 

support  of  E  ,  compectum  of  It**  ' .  If  E  is  defi¬ 
ned  outside  K  by  E(X’)  -  0  for  X’g  K,  (2.1)  is 
the  equation  of  the  bottom  TuB.  for  what  fol¬ 
lows  it  is  convenient  to  Introduce  the  follo¬ 
wing  notation*  : 
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(2.2)  t‘  M»  1 E (X* )  | 

X'i  K 

(2.3)  E(I)(X')  4  E_l  E(X') 

(2.4)  4(,,(X')  >  E_l  ♦(X’) 

(2.5)  (({’’(X’)  4  E'1  K,(X') 

It  should  be  remembered  that  :  4(X)  is  the 
velocity  potential  at  point  X,  N  is  the  normal 
from  the  bu«ip  towards  the  outside  relative  to 
the  fluid  domain. 

(2.6)  N  •  (N, ,  N2,  N3)  or  tN,?  N3) 
according  to  tim3  or  2. 

With  these  notations  the  fluid  domain  flG  is 
given  by  : 

(2.7)  nt  4  {X  -  (X'.Xj)  :  X\  IC1"1, 

0  <X3  <h  -  t  E(l)  (X')}. 

The  fluid  domain  is  therefore  in  terms  of  para¬ 
meter  £. 


The  terminology  and  the  notations  are  for  the 
most  part  those  of  L. Schwartz  (3l)  .  Lettobe  an 
open  subset  of  Rn,  n  =  i  ,bdry  u> ,  the  boundary  of 
U)  and  <d  •  wubdry  ui .  A  function  uXX) ,  X  *  u>  ,  be¬ 
longs  to  the  class  Cm  in  o>  (in  w)  iff  u  has  con¬ 
tinuous  partial  derivatives  up  to  the  a-th  order 
in  u>  (in  u).  It  ii  said  that  u  belongs  to  the 
cla^s  C*»u  in  u  iff  u  belongs  to  the  class  Cm 
in  w  and  if  the  partial  derivatives  of  the 

m-th  order,  are  a-holderian  (0 < u 

(2.9)  |3*u(X)  -  3®u(Y)|£M  |X-Y|a  X,Y  «  w 

where  M  is  X,Y  independent  and  where  |.|  is  the 
Euclidian  norm  on 


The  following  nortoed  linear  spaces  are  used  : 
uc3J®  (w)  if  r  is  a  function  of  the  class  Cm  in 
ui  and  all  the  derivatives  of  which  up  to  the 
m-th  order  are  bounded  in  id.  The  norm  : 

||  u  ;&®(u)||  is  the  norm  cf  the  uniform  conver¬ 
gence  onto  of  u  and  of  all  its  derivatives  of 
order  £  m. 

uf3J®(uj)  the  •■me  as  above  with  u> replaced  by  in 

Uf3"*a  (uJ)  iff  u  is  a  function  of  the  class 
C*.a  in  5 


The  norm  is  ||u  ; &"*a(in)||-|^i  ;$“(£>)  ||  ♦ 

£  sup(|3pu(X)  -  3pu(Y)|  X,Y  *  w) , 

where  the  summation  Els  taken  for  all  derivati¬ 
ves  up  to  the  m-th  order. 


All  the  spaces  abuve  are  Banach  spaces. 

u*C®(<d)  iff  u  is  a  function  of  the  class  C*  in  w 
u«C®(w)  iff  u  it  a  function  of  the  class  C®  in  w 
*»*£(w)  iff  n«C®(w)  for  all  a£o 
u«  fi(w)  iff  u«C*(w)  for  all  mio. 


These  four  spaces  are  equipped  with  the  to¬ 
pology  of  uniform  convergence  of  u  and  its  deri¬ 


vatives  up  to  the  m-th  order_(m<«)  on  th^  com¬ 
pact  subsets  of  (D  (of  in)  If  to  is  compact 

c»  (u)=aB(S). 

ug^D®(u)  iff  ut  .»  (tn)  has  compact  support, 

supp  u,  in  u) . 

ug  3) (w)  iff  U€©®((d)  for  all  m  >  0. 

For  the  topologies  of  these  spaces  see  (31 ) 

u>$“CRd  S if f  u^”CRd  J)and  u  vanishes  at  in¬ 
finity 

ut. ,Qt  (Rd  *),  where  K  is  a  compactum  of  Rd  * 
iff  u<B°’a  (Rd  *)  and  supp  ucK.  The  Banach 
spaced®’0  QRd  1 )  is  a  Banach  Algebra,  that  is  : 

u,vc&®’a  QRdH)=»uvca®’a  (Rd*1)  and 

(2.11)  ||  uv  ;  3”*aCRd‘, )  IUII  u ;  (Rd"l)||  . 

•II V  ®<M>II 

u<  ®“,a(Oc)  iff  u  fdP,a«!c)»nd  u  R€®°  (nE) 

where  one  has  set: 

,  d-1 

I  0  +  |X'  r)“T-  ,  if  X  >  0, 

(2.12) R(X)-  ,  d-2 

1  (Ulx'pn-  ,  if  X,<  0. 

,'E^ ’ a  (ftE)  ie  a  Banach  space  with  the  none  : 

|]u  JS^'“(nc)|! -!lt> ;  3a“*“(rie)||  *||tiR;  »°(!ie)|| . 

Iflfc(B*,a  CR^  *).  m*2,  it  shell  be  said  that 

the  function  u(X)  defined  on T belongs  to 
M-a  (D  iff  u(X\h-  I(l’))t3)|l'“  (Rd''>. 

3.  Main  results 

It  should  be  remembered  that  is  the  fluid 
domain  defined  by  (2.7).  N  is  the  normal  to 
the  bottom,  with  (N | ,N2 .^3)  or  (Nj.JU)  compo¬ 
nents  with  respect  to  0X^X3  or  OX1X3,  0(X) 
is  the  potential  at  point  X  allied  to  the  fluid 
movement  of  v'uch  the  velocity  is  : 

(3.1)  0(X)  -  vx  *(X) 
with 

(3.2)  -  (^-.  ^  or  (^.  5^) 
according  to  d  •  3  or  2, 

Let  E(X')  be  the  height  of  the  bump  at 


point  X' . 

.  We  define 

1  E(l)  •  Ell)(X') 

(3.3) 

♦  (l>-  ♦(,><Xie. 

£<'> 

1  N.(l>  -  N(I)(X'  i  E  , 

Eu> 

by  formulae  (2.2)  to  (2.5)* 

In  the  Neumann-Kelvin  formulation  (4) ,  ♦  is 
solution  of  a  boundary  value  problem  NKd(Fh,  I!  ) 
which  takes  the  following  form  when  +0)  |g 
chosen  aa  the  unknown  function. 


» 


(NK,) 

<nk2) 

(NKj) 


3  X 


Mil’ 

3N  " 


(I) 

(X  ; E  ,  E(l 

(1) 

-  k  2*-- 

2 

1 

ko  3X3 

cN 

S'hx'jE  ,£( 

I),  Xe  nt 
,  x3  -  0 

),X3-h-EE(,) 


(X1) 


OT4)  radiation  condition  :  J°  (fl£) 

where  kQ  -  ■&- • 
cz 

Given  : 


K  compactum  of  Bd  *  ,  support  of  the  bump  (a) 

m  integers 2 

a  real  0  <  a  < 1 
We  set  : 

(3.4)  JC -®°,a(nc) (space  of  solutions  8^) 


Theorem  3  :  Under  the  conditions  of  theorem  2, 
tKe~:<nique  solution  of  the  NKd  (Fh,E  )  problem 
can  be  expressed  equally  well  in  any  of  the  three 
following  different  forms  : 

(i)  single  layer  potential  :  $(X)-  So  where 
o  i.:  the  unique  solution  in  L2(T)  of  the 
integral  equation , 

(V  -  y)  O  ■  V,  V  -  C  Nj 

(ii)  double  layer  potential :$(X)  -  D\i  where  u 

is  the  unique  solution  (T)  of  the 

integral  equation t 

(D  -  j)  u-  u,  u  ■  restriction  of  (cXj)  toy 

(iii)  mixed  potential  :$(X)  •  Dp-  Iv  where  p  is 

the  unique  solution  in  3&1  *a(D  of  the 
integral  equation 

(D  -  ^)p  ■  Sv. 


(3.5)  * )  (space  of  data  E^) 

The  two  following  results  are  proven  : 


Theorem  1  :  Let  us  assume  d»2  and  Fh-1.  For 
each  H'U  V  ,  the  NKd (Fh,  E) problem  has  no 
solution  in  ,ie . 


4.  The  Flit-Bump  Approach 
I,  Generalized  Solution 


Before  resolving  the  NKd  ( Fh , £ ,  £  )  problem 

for  any  given  value  of  t  ,  the  problem  is  to  be 
resolved  fore  -  0.  In  this  case,  the  solution 
is  well  known  : 


In  fact,  it  is  shown  that  no  solution  exists 
in  the  space  of  bounded  functions. 

Theorem  2  :  Let  us  assume  whatever  be  Fh  when 
d-3  and  Th^]if  d-2.  For  each  e  >  0 

exists  such  that  fur  all  et[o,  e  [  :  ° 

(i)  the  NKd  (Fh,  Z)  problem  has  a  unique  solu¬ 
tion  *0)eJC 

(ii)  8^  <j>^  ^(x;  e  ,E^*  ^analytically  depends 

on  e  ; 

»(l>(Xic,E<l))-*(l>(X;0,£<l)). „Ile"*n<X;E<i>)  . 

This  series  converges  uniformly  with  res¬ 
pect  to  X  and  can  be  differentiated  with 
respect  to  X  ,  term  by  tem  until  the 
m-th  order . 

HU)  ♦(l)(xiclE(l))  *(I)(X;0.£(I))  and  the 

♦nUilO))  belong  to  C(HJ,JC)  t.e,  they 
are  linear  and  continuous  majiping  from 
*\Jinto  X  . 


the  Method  of  Singularities 


Let  K  (X, Y)  be  the  potential  created  at  X  by 
a  Kelvin  unit  source  placed  et  Y. 


For  d-2,  it  is  possible  to  refer  to  Lamb 
(20  p.409J  who  explains  the  method  followed  by 
Rayleigh  (1883  ;  artificial  frictional  forces) 
and  the  method  used  by  Kelvin  (1886,  Fourier 
Integral  Decomposition)  ; 

For  d-3.  it  is  possible  to  refer  to  Ekman 
(1907)  (ll).  Also,  the  articles  of  Palm  (29) 
and  Harband  (l4)  who  used  the  Initial  Value 
Method  can  be  quoted.  All  these  methods  clearly 
demonstrate  the  existence  of  a  solution  of  the 
NKd  (Fh,0,E'‘))  problem,  by  actually  construc¬ 
ting  it.  In  return  the  uniqueness  of  the  solu¬ 
tion  is  not  rigorously  proven  by  methods  of 
Rayleigh,  Kelvin  and  Ekman,  whereas  the  Initial 
Value  Method  cannot,  in  essence,  prove  it. 

In  fact,  it  is  possible  to  prove  the  exis¬ 
tence  and  the  uniqueness  of  the  solution  by 
using  a  modernised  version  of  the  method  of 
Kelvin  :  The  Method  of  the  Fourier  Transform 
in  the  space  of  l.  Schwarts's  Distributions. 

Using  distributions  the  proof  is  routin*  but 
lengthy.  Therefore,  only  the  essential  stages 
of  the  proof  (which  is  expounded  in  detail  in 
(9)3  will  be  shown. 

Notations 


Ths  operators  "source"  and  "dipole"  are  defi¬ 
ned  as  follows  : 

(3.6)  I  o  •  Jj  K  (X.Y)  0  (Y)  dx  r 

(3./)  D  l*  -  Jr  |{j-  (X,Y)  p  (Y)  dy  r  , 

and  he  restrictions  of  So  and  Dp  to  ths  sur¬ 
face  P  of  the  bump  are  noted  ac  So  and  Dp  .  The 
following  is  also  defined  : 

O.B)  V  a  -  /r  !*-  (X>Y)  a  (Y)  ^  r 


For  th.  »k.  of  br.vitv  th.  following  not*- 
tions  will  be  used  t 

I  -  (Xj  :  0  v  Xj  <  h)  so  that  11q  •  Rd’1  x  I 

I0  -  (X3  t  0  i  Xj  <  h) 

1  *  (Xj  :  0  •  X)  «  h)  so  thst  IT  -  x  T 

f(X,  ,X2,X3)  is  the  mapping  Xj  r\  fUj.Xj.Xj) 

V*>  *  ^(XsO,E^ 1  ^solution  pf  the 


80 


:>'Kd  (Fh,  0,  £^3^)  problem. 

u*  ifi  u  is  a  function  oi  the  class 

C®  with  compact  support 


u »: 

D(Cd'1) 

iff  uf  Bp 

CRd  * )for  any  p  =  0 

d-i 

I 

U  <4 

2)  nCR 

)  iff  (i) 

u  is  a  function  of  the 

class  C00 

(ii) 

u  and  all  its  derivati¬ 

ves  belong  to  LP(Rd-*) 

U  \ 

S  CBd_ ' 

)  iff  (i) 

u  is  a  function  of  the 

class  C" 

(ii) 

u  and  all  its  derivati¬ 

ves  are  rapidly  decrea¬ 

sing  at  infinity 

u  • 

)  iff  (i) 

u  is  a  function  of  the 

fl 

class  v"“ 

(ii' 

0  is  a  function  slculv 

increasing  at  infu.iry. 


onto  S,0Rd”1). 
k’ 

If  3  is  taken  as  the  symbol  of  classical  dif¬ 
ferentiation  (i.e.  -1^) »  the  symbol  of  differen¬ 
tiation  in  the  sense  *  of  2)’  is  noted  by  D 

D$ 

(i.e.  To  the  classicil  Laplacicn  operator 

2  2 

Vi  corresponds  the  operator  PY  *n  t*ie  ,en8e 

of  2)’. 

Definition  4. 1  - 

A  function  of  C  2(l,S'(Rd  1  ))ts  said  tv  be  a 
generalized  solution  of  NKd(Fh,0»  if  it 

is  a  solution  of  NKI ,NK2  and  NK3  in  the  senoe 
of  distributions. 

It  is  not  necessarily  assumed  that  the  NK4 
condition  is  satisfied. 


The  respective  duals  of  the  above  spaces 

r.rc  intti’duwrd  : 

D'PCKU  )  space  of  distributions  c»  order  -  p. 
For  p"0  ve  h»\  .•  the  space  of  Radon  measurer 
which  is  denoted  also  by  ) 

2) ’  CR  3)  spwee  of  L. Schwartz’s  Distributions 

3) ‘  Or'3  3)  witn  p~lrq"l»  1  V4*  dunote  by 

3)\  (Rd  3 )  the  dual  of  2)  (1^  * ) 

L’  l 

S'  0Rd~5  )  space  oi  tempered  distributions 

o;  CR  >  space  of  stributions  rapidly  dacrea- 
Hng  at  in'inity. 

F?r  the  properties  of  these  s,  aces  and  their 
topolcj.J  see  [}l)  .  \I,  8  (Rd‘*))  is  the 

*pace  or  th  <  function?  c(X)  -  f(X* ,X^)  which 
aro  differentiate  with  respect  to  X3  e  I 
up  to  the  k-th  order  end  aru  value'1  in  the  vec¬ 
tor  space  o' (Rd“  1  )i.e.  f(X'pXi)«:  8  OR*3'1 )  see 
(30  p.41))  . 

Fourier  Transform  (FT)  an..  Inverse  Fourier 
Ttanafoin>  (IFT) . 


Let  us  show  that  NKI ,  NK2  and  NK3  has  meaning 
if  $  c  C2  (I,  S'CR1*"1))  :  NKI  can  be  written 


2  ■>  n?fl> 

(4.4)  d;  *  -  D:„  *  +  ii4a  -  0 
X  c  *  0  DX2 

which  is  really  an  equality  in  S'  CRd“‘*) 

The  operators  depending  on  the  parameter 

X,  f.  I  arc  then  defined  by  : 


D4>  t  c,  ^d-l , 

‘0  m?£  S  ®  1 


<4-5>  VX3>*„  ^ 

<••«>  B2(X3)»0  *{j£«  rV) 

$  ssti  ,  ies  NK2  and  NK3  in  the  sense  of  dis¬ 
tributions  if  : 

(4.7)  B,(X3)  4-o 
(4.°)  B2(X?) 

where  it  is  assumed  that  t-  S'  (Rd  *). 


0  in  S'  QRd  3)  when  Xj  -*  0 

c  —  in  S '  (Rd  1  )when  X3 
1  nrC*)  H-l . 


Definition  4 .? 


The  direct  Fourier  Transform  (FT^  of 
f(F'  ,*3)  r  o(Rd-l)  if  : 

(4.1)  f(k',X,)*/’.,  f(r  ,*  )e-iK'X'  uX' 

3  .'*3-1  ■> 

where  k*-(kj ,k2>  if  d"T,  k'-U^Vj  if  d-2  and 
where  V'X*  the  scale;  product  k'X' *k|  Xj+k^ 
or  kXj  0 spending  cn  d“3  or  2. 

It  shall  )C  noted  by  7^  {  f(X*  .X^))  the 

e-tension  to  8,(jftd”*)  of  tho  operator  defined 
by  (4.1). 


A  airirib  .turn  belonging  to  C7(1 ,8*  (Rd  ))i« 
said  to  be  c  generalized  Green  Potential  of  the 
NKd(Fh;0, >'('))  problem  if  it  satisfies  in  the 
sense  of  distributions ,  the  following  equations: 


<01; 

-.2 

X 

Gd(X) 

(G2) 

32Cd 

3V2 

*1 

-k  -*! 
Ko  3; 

(03) 

3Gd 

TC. 

-  <5C 

0 

h 


*7.-«  inverse  Fourier  Transform  (TF.”)  of 

?  (k’.Hy.  fy  V*1)  is 

(4.2)  ftS’.Xj) - 

J  (2»)<1'1  H  J 

r.nd  it  nhv.ll  be  noted  by  C (f  (w*  ,X3) } the 
ext Ana ion  to  8’(Rd“^)  ■'f  the  operator  defined 
by  (U.i). 

It  should  b«  remembered  that  tie  operator  J 
in  a  topological  {sommphUro  from  8* 


6 (X* )  is  the  Dirac  measure  at  ;,ont  X’  •  C. 

The  two  following  lenmae  a’-e  well  known 

Derma  ) .1  -  7‘ic  following  equation  for  the  un- 
Known  y: 

th  y  h  ■  |f" 
o 

.has  no  solution  if  Ph >  1  i.e.  kQh <  . 

.hie  a  uni cue  poailifir  solution  )  if 
Fl.  <  1  i.t.  k  h  >  1  0 

.das  the  double  solution  *  0  if 
Fh  -  I  i  e.  kQh  m  i  . 


When  kQh  increases  from  t  to  ♦  <*>,  y0  increa¬ 
ses  from  0 to  *  *>  and  verifies  : 

koh2  >  To  h2  >  koh2  -  k0h 

Ueima  4 . 2  -  The  positive  solution  y  •  y(t )of  the 
equation  : 

th  yh  -  ,  t  <f  [o,  2tt] 

*o 

}\ae  the  following  properties  : 

(i)  y  (ir-t)  -  y(t) 

(ii)  y  l-t)  -  y(t) 

One  can  therefore  restrict  the  study  of 
y(t )tO  t  G  [o,  y], 

(Hi)  if  Fh  <  I ,  y(t)  increases  from  y  to  *  on 
when  t  increases  from  0  to  4 
(y0:  see-lerma  4.1) 

(iv)  if  Fh  -  1,  y(t)  increases  from  0  to  +  °° 
when  c  increases  from  to-0  to  J 

(v)  if  Fh  >  I,  y(t)0rtZi/  exists  if  t  £ 
where  tQ  tc  the  solution  in  [o, 
of  cos  t0«  A0h.  When  t  increases 

flvm  tQ  to  Jy(t)  increases  from  0  to  *  «- 


(vi)  for  each  Fh,y*(t)- — Y(t)sin  2t —  >  q 

Y(i)*0  only  for  Fh  <  1  m  which  case  t-0. 

(vii)  for  each  Fh  when  hy(t)AQh  sec2t 

(viii)  if  Fh  l  and  if  t  ♦  tQ, 

h  y(t)^  /3(  \- 

and  h  y '  ( t )-  3s*n  2*0' 

Y  2koh  hy<0 

Ux)  in  the  plane  k’  -  (k, ,k2)-(kcost ,ki»int) 
the  manifold  (C)  with  polar  equation 
k-y(t)  consists  of  two  different  curves 
without  any  point  of  intersection  if 
Fh  < ' .  If  Fh  ^  I  ,(C)  consists  of  a  con¬ 
nected  curve  with  a  double  point  at  the 
origin. 

Theorem  4. 1 

There  exists  an  infinite  number  of  genera¬ 
lised  Green  potentials  that  are  given  by  the 
following  formulae  : 

Cd(X)  -  Hd(X)  ♦  fd(X)  ♦  gd(X) 

where  Hd,  td  and  gd  a  'o  given  by  the  folhruing 
formulae  ; 

(i)  in  the  case  of  '•? 

if  Fh  ^  I  g2(X)  •  a.}  ♦  A|  X, 

ifn-l  l2U)-*0*«,  X|*«2(.T?-X^*2hXj) 
-»*3(X^-3X§Xt*6hX,X3) 
if  Fh  ‘  I  V2(X)  -  0 
■/  f..  *  I  Y2(X)-(ch  ^Xj-  Ja  .;>y0X3)  . 
.(b|CU«y0X:*b2<ill  y(JX,) 

5)  and  bj(j»l,2J  are  arbitrary 
constants .  y0  is  defined  by  team  i.l 


H2  (k,X3)  -  Pf  h2  (k,X3) 

h2  (x,,x3)  {h2  <k,x3)) 

with 

-kft(chkX3  -  ^  shkX7) 

h?(k,X7)  -  — - - L_ 

k2(chkh-k0  5^) 

Pf  -  Hadamard-Schwurtz  pseudo-function  with  res¬ 
pect  to  variable  k. 

(ii)  in  *he  case  of  d“3 

Fh  *  1  *3(X)  ’  *o**|xl  ♦  a2X2*  a3X,X2 
if  Fh  -  I  g3(X)  •  a^X,  ♦  a.,X2  *  «3X,X2 
Vfr.l  “oa,(X?-x23-2hX3>X"^n<X?-M23X1»6hX3)X» 
H3(k,,k2,X3)  -  Pf  h3(krk2,X3) 


h3(k, ,k2,X3)-  — — 


-k0(chkX3-  shkX3) 


\  Kbt.  \.  shkhT 
I  chnh-k0  — J 


with  k  •  /  k2  ♦  k?  ,  a.  and  a„  arbitrary  cons¬ 
tants  '  1  J  2 

_  Vkl’k2.*3Mch  k  X3-^  ah  k  X3)  TC 

Tq  extension  to  R2  of  an  arbitrary  distribution 
Tc  whose  support  is  in  (c)  (see  lemna  4. Six)) 

H3(X)  -  J"!  (H3(k,  ,  kj,  X3>} 

•  fr  (*3  <kl-  k2 '  Xj) } 

Pf  -  pseudo  function  with  respect  to  variable 
k'  -  (k, ,k2) 

The  preciae  meaning  of  the  aymbol  Pf  will  be 
given  at  the  end  of  this  chapter,  as  well  as 
the  expression  which  is  corresponding  to  the 
distribution  T(. , 

Theorem  4.2  - 

u8  assume  that  Fh  has  any  given  Value  and 

pjfj —  >  Op  ®j  V  Then  the  NKd(rh,0,l; 1 1  ’ )  prn- 

hlem  has  an  infinity  of  generalised  solutions 
given  by  : 

*o<x>  -  §|~ ><*'>  (**.,  Cd(X',X3)*  wd(X) 

where  (id  t«  any  one  of  the  generalised  Green 
potentials  of  theorem  4.1  and  where  it.  is  an 
arbitrary  polynomial ,  that  ^an  be  chosen  inde¬ 
pendently  of  Gd  but  having  the  same  form  as  the 
«d  polynomials  defined  Ck  theorem 

The  c  nbol  *,  denotes  the  convolution  with 
respect  to  varUbie  X' . 

Before  demonstrating  the  proof  of  theorems 
4.1  and  4.2  tha  following  rasults  should  be 
noted  i 

Let  us  set  .2 

0  (k',X3)  -  ehkXj  -  shkXj 
where  k  *•  |k‘|  (-k,  if  d-2)  0 
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berma  4.2  -  The  distribution  U(X)f  C^U.Sb)*1-1) 
in  solution  of  (a)  and  ibl  : 

(a)  d2  l)  -  0  X  e  (!Q 

(b)  D2  _  U  -  k  Dv  U  -  0  X,  -  0 

X,X(  o  x3  ) 

iff  its  IFT  UOc'.Xj)  in  of  the  following  form  : 

U(k',X3)  -  0(k\X3)  V  (k') 
where  v(k' )  is  any  tempered  distribution  such 
that  0V<  8’ 

k 

lenu  4.3  is  proven  easily  using  the  FT  of 
(a)  and  <b). 

Proof  of  theorems  4 . t  and  4.2  - 

(i)  Case  d-3  -  Let  4>„(k'  *X,)  be  the  FT  of 

VT^>- 


The  details  of  the  proof  are  not  given  here 
(see  case  d"2). 

(ii)  cage  d*2  -  The  same  operation  is  carried 
out  and  instead  of  (4.9)  one  obtains  : 

(4.9*)  k2(chkh-ko~t)90(k,X;jl  —  k0G(k,X3JU(k') 

The  general  solution  of  this  problem  of  divi¬ 
sion  in  R  is  :  _ 

-  f  -Vn  0(k,X3)  1  - 

(4.I0A)  *0(k,X 3)-Ff  - ^  WO 

3  |ki(chkh-V0— !i)J 

.|i0!(k)*</')(l)«25(!)(k)',3!,3)^k.llj«k) 

♦  b,0(k)X3nXk)6(k-Yo).b20(k>X3nXk)6(k-.'ro) 

where  the  terms  and  b:  are  arbitrary  cons¬ 

tants  and  a^-a^-O  if  Fhp  1  and  bj-b2“0  if  Yq 
does  not  exist*  i.e.if  Fh  >  1 . 


where  lenma  4,3  is  used. 


nrO 

Let  ua  aet  i  -  c  j—  (X') 

The  relation  (4.9)  gives  : 

■  [(t)2  chkh  *  ko  nr] v(k,)'  ™k,> 

From  which  after  multiplication  by  -k<j0(k',X^) 
(4.9)  k|^)2chkh-  k(.ii^]i0  (k-,X3) 

-  -  k  Ofk'.XJ'Ufk'). 

O  J 


The  general  solution  of  this  problem  of  divi¬ 


sion  in  Ir  is 


■Ptf—  'ViK'-.Ai)-.., 

[kJ[(V)  elikh-k0 


rWk') 


r  D6(k'V  D5(k' )^  D2  6 ( k ' ; 

[•<>  i<k  ,4*I  ~DkT~  *  ‘2  "nTT  *3  BETBCj 


♦  > - a 

i.m-0,1 


X^Utk’)  ,«k',  x^UM?c 

Dk  j  X  Dk®  J 


where  is  a  single  layer  on  (C)  (i.e.  a  dis¬ 
tribution  with  support  in  (C))  and  T^.  is  the  ex¬ 
tension  of  this  distribution  to  the  (k.,ki)  - 
ptane  -  see  (31,  theor.  XXXVI  p.102,  formula 
(IV, 5; 7)  p. 114  and  theor.  VIII  p. 127)  ,  The 
terms  at  and  a.  are  arbitraiy  constants  and 

\„*o  «  ™  *  & 


The  solution  (4.10)  is  somewhat  formal  and 
it  still  has  to  be  precisely  expounded  by  g>vLig 
a  definition  of  the  paeudo-tunction  Pt  and  of 
the  distribution  so  that  the  right-hund  fide 
of  (4.10)  is  a  tempered  distribution,  bee  the 
end  of  the  presto,  chapter. 


Compared  with  (4.10)  the  solution  is  simpler 
because  : 

(i)  Pf  is  perfectly  defined  as  a  Hadam&rd- 
Schwartz  pseudo- function  In  R 

(ii.)  The  manifold  (C)  is  here  reduced  to  two 
points  and  the  meaning  of  T^  is  therefore 
elementary. 

By  taking  the  IFT  of  (4.10A)  the  formulae  of 
theorems  4.1  and  4.2  are  obtained.  The  study  of 
regularity  ia  simple.  For  example  : 

G2*C*  (I,  ffCR^1)).  because  that  is  true  for 
f 2  and  g2  ;  for  H2  according  to  (31  theor. 

XV  p . 268)  it  is  known  that  s 

Xjt  l^.H2(k,X3)fc  O^CRd‘,)»H2(X,.X3)r  I^CR1*'1). 
According  to  (21  p.20}  it  is  also  known  that: 

h2<k, XjXCf’a.S’ (»))=>  K2(k,x3ve°*(i. 8*  ao) 

,H2(X,.X3).(f(I.8'®)) 

From  the  regularity  of  C2 ,  the  hypothesis 
ll)*  O’  0R"~  )  and  from  the  theorem  XI  of(3lp.24^ 
the  regularity  of  is  proved.  Q.E.D. 

Study  of  Tr  distribution 

The  precise  definition  of  Tp  shall  be  given 
only  in  the  case  Fh <  l .  Before  hand  a  meaning 
must  be  given  to  the  pseudo-function  which 
defines 

H3(k,,k2fX3)  -  Pfh3  (k,lk2,X3). 

On  the  outside  of  disc{k£r)}  where  n  >  0  is 
given*  the  change  of  variables  (k|*k2)  • 

(k  cos  t,  k  sin  t)  is  a  dif feomorphism  and  the 
following  can  be  posed  without  any  difficulties: 

(4.11)  F3(k*t,X3)  -  h3  (k  cot  t,  k  sin  t,X3> 

(4.12)  $(k,t)  ■  d(k  cos  t,  k  sin  t) 
vhtr.  9(k,,  kj).  8(Rk^) 


By  using  the  IFT  of  (4.10)  the  formulae  of 
theorems  4.1  and  4.2  are  obtained.  These  theo¬ 
rems  are  therafora  completely  proven  once  the 
regularity  of  G*  and  has  been  proven  i.e  : 

c3,  »o*  eJ  (i.  s'  w11*1)) 


(4.13)  I)f  (t,^)  .  j.  h3(k,t.X3)^ 


whe 


is  the  finite  pert  of  the 


For  what  follows  it  is  tufficisnt 
the  elements  of  S OR2 )  such  that  : 


(k.t)kdk 
integral, 
to  consider 
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(4.14)  ♦(k,t)  -  *  (k,-t)-  $  (k.u  -  t) 

It  is  not  difficult  then  to  prove  that  : 

Proposition  4 -  When  Fh<t,  IQ+  (t,$  ) 

e  C  (  S  &2),  &°(  ]0,  y[  )  )  from  which  follows 
that  /+1IX  (t,  0)  exists  and  varies  continuous¬ 


ly  when  $  varies  in  SCR  )• 

Therefore  the  following  definition  can  be 
put  forward. 

Definition  4.3  -  When  Fh  <  I  the  pseudo- function 
Pfh3  (kj  ,k2*x3)  defined  for  each  $eS(R2)bi/: 

/  +1T 

<p£h3<il^»x3>'  WM  >dt  where 

ta  the  duality  paim^  on  S’  CR2)x  S  (R2) . 
If  X,  *  h  the  above  formu,  e tains  its  meaning 

if*<£ Djj.  CR2). 

In  fact  h3(tc,t(X^)  is  rapidly  decreasing  at 
infinity  and  the  integral  (4.13)  remains  conver¬ 
gent  if  $  is  only  bounded. 

It  ia  now  poaaible  to  give  the  expression  of 
Tg  :aince  supp  Tg  C  (C)  a  distribution  T..  exists 
such  that  for  all  SCR2)  satisfying  (4.14)  : 

(4.15)  <TC,  ♦(kpk2)>-  <Tt,  *(Y(t),t)> 

where  it  is  assumed  that  t  varies  in  1-  y,  y[  . 
Knowing  the  properties  of  y(t)  (lensna  4.z)  and 
t  SCR2).  it  i»  «aay  to  prove  that  4[Y(t),tj 
is  a  continuous  function  of  t  and  is  bounded 

in  J-  y,  y^  .  Thus  T  is  a  dtdon  measure  i.e. 

&  complex  measure  p(t)  exists  such  that  : 


Theorem  4.3  -  General  properties  of  Gd(X)  for 
any  given  value  of  Fh. 

(i)  Gd(X)  -  Hd (X)  +  fd(X)  ♦  gd(X) 

See  theorem  4.1 

(ii)  Gd(X)  is  of  the  class  C*  in  and  on  the 
free  surface  X^  -  0 

(Hi)  For  0  =  X3  <  h  one  has  : 

k_  r  chkx3  -  £  »hkx3 

h2<x>—  -  — *n - i  elkxi  dk 

2  k2(chkh-!ja  shkh) 


H3®“1Kpi, dtf 


l«  1  ik/X* 

chkX,-  A  shkX-  e  dk 
L  3  kn  3J 

.  ?.  . . .  .  shkh' 

k  cos  *  tchkh-k0  -^— 


where  j-  denotes  the  finite  part  of  the  integral, 
(iv)  'MX)  -  0  if  Fh  £  1 


In  other  words  Tg  has  the  form  : 


»2<«'  £!|^(b,co.y0X|»b!.inT0*1) 
if  Fh <  1,  bj,  b2  being  arbitrary  constants, 
if  Fh<l  9,  (X)-(2s)"2/ 

Ln  ch  n  h 

.  y(t)  (cos  Ojdp^t)  -  sin  Qtdll2(t)) 

TI 

if  Fh^l  4-^-(X)  —  (2ir)  1  - - -  cos2 1 . 

3X2  L*  ch2Yth 

.  Y3(t)  (  cos  ®tdp,(t)  -  sin  Qtdvi2(t)| 

Uj(t)  and  u2(t)  are  arbitrary  signed  measure 
and  *  yt  rcon  (t-0) . 

Now  the  Method  of  Stationary  Phase 
and  the  Riemann-Lehesgue  Lemma  yield  the 
following  result. 


and  the  term  Y^(k. ,k»,X.j)  given  in  the  statement 
of  theorem  4. 1' (ii)  becomes  : 

(4.18)  M<t)«(k-Y<t» 

This  l.sds  to  thf  (FT  ch.c  l.k.s  th.  follo¬ 
wing  form  »inc.  *  ‘^..(R^) 

*  „ik'X' 

1MX)  -  <9V  ^ > 

»j(X)-(Jb)*2J  ■■^^-).»p[iCt]YU)  d  M< t) 

where  yt  ■  y(t),X’  •  (Xj ,X2)-(rcoe0,rsin0) 
and  flt  ■  Ytrco#  (l_0)‘ 

By  sotting  p(t)-  U|(t)*ip2(t),  one  has  : 

U\ (*-t)- u  ( r )  ,m2 (i»~t)— ^(t)  since  fj(X)laraal, 
from  which  ‘ 

(4.19)  y,<X)»<2* f2/  s!atli»±>  . 

1  chJ>t  h 

. Y ( t >  |co.  Ojdu^t)  -  .in  0,  dUj(t)| 

This  and  other  easily  established  results 
can  be  uumed  up  by  1 


Theorem  4.4  -  Far  Field  of  the  Generalised 
Green  Potentials  for  any  given  value  of  Y\\. 

When  d-2  and  3,  Hd,Yd  ami  gd  are  defined  by 
theorems  4.1  and  4.3  and  the  following  results 
are  obtained  : 

In  the  case  of  d-2 


(A2J  If  fh  <  1 

C2(X|  ,X3)-  y  fjy  i'|X|f»g2(X)  ♦  X2W 

1  chy0(X3-h) 

-^rjr-  -ln(Vi^»yi  ♦  Vx> 

with  -j-l 

6-'  7JK  -  JK^hj 

X2(X|.X3),  £»•)"()’  «) 

(BVIfth-,  I,  ./„  .J  ,  . 

o1(x„x,)-i|1i|  ‘  il-fc'Kt)  -  2(t)'  0 

♦  *2<X)  ♦  f2(x)  .  x2(i> 

uith  X2(X|,X3).  F,  CF*)n  (TOO 
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(CZ)  if  Fh  >  I 

i  k 

G2(X,,X3)-  i  |x,|  +  g2(X)+  f2(X)»  X2(X) 

*ou 

with 

X2(X,.X3)  e  £  CR*)o0‘  OR) 

In  the  case  of  d»3 
(A3)  If  7 h  <  1 

ko  (2  ch»t(x)'h)  Y’(tlsin|w  | 

‘’"'•’‘’’-s/.srr  Trarwi" 

*2  C 

+  g3(x)  +  Y3(X)  ♦  X3(X) 

Qt  ■  Yt  r  C08  (t-0) 

X3(X',Xj)f  £(R2\(0,0}) 


When  r-*00  X^-Alog  r  ♦  B(0)  ♦  O(-)  r  » 
(B3)  If  Fh  £  I 

toss*- 


;h  Yth 


.  sin[vtr|:o»(t-9)|]  cotgt  y(c)  y'(t)  dt 

♦  g3(X)  +  f3(X)  ♦  x3(x) 

X3(X',X3) e  £  0R2\{0,0)) 

X3-  0  (1)  uhen  t  » 

5.  The  Plat-Bump  Approach 
II,  StricT  Solution 

Chapter  A  hat  given  the  set. of  all  generali¬ 
zed  aolutiont  of  NKd  (Fh,0,E^  ')  problem. 

Now,  from  among  these  general  solutions ,  these, 
which  are  strict  solutions  must  be  found  i.e. 

(i)  those  which  are  sufficiently  regular  in 
order  that  the  partial  derivatives  occuring  in 
NKi ,  NK2 ,  NK3  would  be  derivatives  in  the  clas¬ 
sical  sense  (ii)  those  which  satisfy  besides 
others,  the  radiation  conditions  NK4. 

Let  K  b"  a  given  compactum  of  Fd  *  ; 

r-r-  ’^sition  5.1  -  "Regularity  of  the  generalised 
c:'-  d  .> .  V  of  ' the  NKd  (Fh.O.E^'))  problem". 

E<n„^s0)  U*«r« 

S0  :  X3-0  ia  the  free  surface  at  rest 

Ui)  E<l'-.'>^«d'1)+trtC?,(tJ0)nf,(no  US0)  <1  nd 

hae  a  c-.rreat  normal  derivative  on  X-  -  h 
that  is,  its  normal  derivative  exist 6  ao  a 
directional  derivative  on  X^»h  and  ie  the 

continuous  limit-value  of  (X'.X,) 

when  X3  •*  h.  0  3 

Proof  i  According  to  theorea  A. 3  (li)  we  have 
SJTRt  6(fl  u  So).  In  theorea  A. 2  it  is  assu- 

aed  that  «  e*<Rd’1)  c  0;<Rd“‘). 


Therefore  (i)  ia  deduced  from  theorea  XII  of 
[31  p . 1 67)  and  from  its  corollaries.  If  besides 

)  this  same  theorea  XII  proves 

V  e°<fi0>- 

To  prove  that  $  has  a  correct  nornal  deri¬ 
vative  it  is  shown  that  first  of  all  when  Xy>-  h, 

(X'.XO*  6(X')  in  the  space  ^»CHd  l)  of 
^  d— 1 

Radon  measures  on  R  (compared  with  the  defini¬ 
tion  A. 2  (G3)  where  the  preceding  limit  is  set 
in 2)’  (R®-*)  only).  The  theorea  XII  mentioned 
above  is  then  used  to  prove  the  result. 

Q.E.D. 

Theorem  S.l  -  It  ie  assumed  that  d«2  and .Fh" l 
For  all  l(')is3J  >  ®d"'),  theNXd  (Fh.O.E1  J) 
problem  admits *  no  etriat  ablution .  . 

Proof  ~  When  |Xj|-»»the  behaviour  described  in 
theorem  A. A  results,  thus  the  generalized  solu¬ 
tion  ia  as  follows  : 

3E(l) 

(5.1)  *o(X,,X3)-  c  (X1)*G2(X,,X3) 
c  3i:(l)  .  Iv  ,3 

TPSxf  (x,)*|x,l 

.  3cr.X3.2  ,  *3.  I  1  3^ 1  \y  .  k-  1 

icnr* ' 2  (ir)  sJ?xr  (xi)*M 

*  c  i|  (X,)  .  52  (X,)  +  n2  (X) 

3E(I> 

♦cf-  (X,).x2(X,) 

with  *2(X)  -  ao  ♦  ci,X,  ♦  a2(Xl‘X3*2hx3) 

♦  a3(X2-3X2Xj  ♦  6hX,X3) 


Let  ue  set  : 

(5.2) 

"X-  1 KX" 

E(1) 

(X,) 

dX, 

*°th,t/  k3E(,) 

<5’3>  ix  XV  H7  ' 

IX,  ■ 

-  k 

V! 

(5.4) 

vvv- 

[3"o 

X^-EnjX,.)!.^  agX 

■i] 

”0  "*XI 

-  a. a  c+2a-cm,-2a 
l  0  „  2  1 

2“oX 

jC-3a3cm2+3a3cX1m| 

-  3s3cXjao+3a3cX3a0-6hX3a0a3C+H2^^0^  ) 

because  the  last  tsra  of  (5.1)  is  o(l). 

Now,  it  aust  bs  seta, if  for  a  suitabls  choice 
of  coefficients  aj,  the  generalised  solution 
(5. A)  is  a  strict  ons,  and  in  particular  boundel 
at  infinity. 

The  principal  tsraa  of  (5.4)  are  r 

,v  _3  3c  v2  7  2 

(3.5)  a,X,  -  -j  «0  X,.gX,  -  3.jVX,  ♦  a2X, 

fth 

a^O  but  whstavtr  bo  the  choice  of  a3  and  a»  the 
solution  will  always  be  non-bounded  when  3t^*« 
or  Xj  ♦  - 

Q.E  0. 
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Theorem  5.2  -  It  is  assumed  that  Fh  is  of  any 
value  if  d-3  and  Fh  +  1  when  d-2  .  For  each 

E(l,e»'  CRd"!)  the  MKd  (rh.O.E*'*)  problem  ad- 
wits  a  strict  unique  solution  with  a  correct 


Proof  :  A*  an  example  Che  proof  will  be  given 
when  Fh  < I  and  d-2  and  3. 

(A)  d  -  2 

According  to  theorem  (4. A)  the  generalized 
solution  is  written  as  follows  : 

(5.6)  VxrX3)  -fr^|||,>(X1),|X1| 

*  &,(chyoX3  8hyoX3)Hj-  (X?— inCY0|X,[> 

ar(l)  ar(1) 

+  =  ||-(x1),g2(x1)+o|5f-(x1)(J.)f2(xt,x3) 

*  c  Hf  <V  x2(x)'x3>  *  *2<XI> 

Let  us  set  : 

(5.7)  Z(l)-  E*1*-  i  ^l)-|E(l)(X1)^lkX|  dX, 
then  it  follows  that  when  |X|j  •>  » 

(s.8,  VVV  .  |-^»o  .*  (X,) 

-  T  Vo'^oV  £  *hyoX3>  • 

•  [Es'*inyoVEc'>C0,yoXl]  ••VWWl 

♦  P  ,hW  [<b,Es',-Vc',)‘i"y>x, 

0 

♦  (bj  E<0*  b2  E<n)co.  YoX,]  ♦  0(1) 

The  constancs  a-  and  d.  must  now  be  determi¬ 
ned  in  order  that  \5.8)  would  satisfy  (NK4)con- 
dition. 


|  k 

“a  *  *l"oc  *  I  FS^h  "o  '  0 
It  follows  for  example  a  -0  and  a.-- 


l  T  FT T 


»2  V-'.  jE- 


(5.Y)  r,  ,w  t,  1  r<'>  > 

|b,  ^  b2  lS  I  rc  V 

which  gives  the  unique  solution 

(5.10)  b,  -  J  *o  c,  b2-  0 

The  behaviour  at  infinity  down-stream  < X ^  ►-») 
is  then  deduced 

(5.11)  VX,.X3)  -  -  c  ^  -Q 

-  ',Vw’o*)- 1  ,h'°V- 


MnY  X.  ♦  I 


c-Vl] 


which  is  consistent  with  NK4. 


(0)  d  -  3 

According  to  theorem  (4.4)  the  generalized 
solution  is  written  as  : 

3E(I) 

(5.12)  ♦o(X'.X3)-c||-(X-,X3)(f,)I3(X->X3) 

3E(,) 

*  C  '5xJ_  <x  ,X3)(X')  83(X>) 

*eHr^X,'XJ)U'')*3«'-X3)+  VX’> 

with 

ko/2chY  Vh> 

(5.13) 1 3(X*,X3).^/ 

JV  C  ■.* 


jtFF  co»[7trcoa(t-  >!  '  - 

.  sin^y^  r  cos  (t-8)j  dt 

The  second  term  of  (3.12)  equals  : 

3E(,) 

(3.14)  c  (X‘,X3).  g3(X’)  -  -  c  mD0a , 

with  notation  : 

(5.15)  -j  XX  X*  E(I)(X')  dX' 

The  third  term  is  0  (— ),the  fourth  term  equals  : 


The  arbitrary  signed  measures  and  Pj  and 
the  arbitrary  constants  a.  must  now  be  derived 
for  (3.12)  to  satisfy  iJK4^  It  isuediatly  folbws 
chat  : 


hence,  for  example,  a  -a  •  a,  •  a-  •  0 
o  o  l  L 

As  far  is  the  integral  (3.13)  is  concerned, 
when  usingthe  steady  phase  method  it  is  noteworthy 
that  the  first  term  whan  r  -*■  00  gives  s  contri¬ 
bution  which  is  0  for  nearly  all  the 

values  of  6.  The  same  applies  to  the  second 
term  if  y-  *ny  value,  and  the  contribu¬ 

tions  of  both  tarms  cannot  vanish.  Thus  to  sa¬ 
tisfy  NK4  condition  with  Xj  X2  -  s  v»»ns- 

tant,  it  is  necessary  to  choose 

&U)-=o 

Ill>  -“i- -  y'(tl 

dt  **  ain  2  ty  ft) 

hence  the  behaviour  at  infinity  Xj-*  -  *• 

X_  *  a  constant 

3E0) 

(5..0)  v»)  <x‘>  (*•>  • 

k.  ,T  ch>  (X3-h>  ,  .  . 

■  {'  -«'/ 

'  j  1 

and  the  steady  phase  method  ahowa  that  (5. 1 6) is 
0(r“,/2)which  satisfies  NK4  condition.  _  _  n 


Corollary  5.1  -  " Far  Field  in  the  two-dimensio - 
nal  cage  and  blockage  with  a  free  surface"* 

It  is  assumed  that  d-2,  Fh  /  )  and  if^t&^CR) 
Let  Bq  be  vanished  if  Fh  >  1  and  Bq  equals  the 
expression  of  4.4  (A2)  theorem  if  Fh  <  1 . 

Let  us  set  : 

mo”/  £(l)<VdXl  and  Y(x|>"  0  i£  x|<0 


The  behaviour  of  the  potential  (X ^ , X^)  at 

infinity  Xj  -*■  t  •  is  given  by  s 

Vxi  ’*3)_  f  vhi;  "„<»*<  V-'  > 


-  [i-vcx,)|i 


chYo<X3"h) 
o  oC  cWy  h  _ 


flp'^sinY  X,  ♦E^coay  X. 
L  S  'o  t  c  'o 


k1  •‘r'V 

the  function  X2  vanishes  at  infinity, 

X2^{*^3^e  ^  0R#)and  E^'^and  I^^are  defined  by 

I(l)-  Z<U(Y  )-  E(l)-  i Z(l)-/ I(I)(X  )e‘*YoXldx 
o  c  «  ;K  I  1 

The  above  formula  particularly  shows  that  the 
magnitude  Ar  and  Ag  of  cosine  and  sine  waves  at 
downstream  infinity  are  given  by  the  very  sim¬ 
ple  following  relation  : 

A  -  U.  •  i  k'  B  Y2  £(l) 

c  S  000 

This  corollary  is  a  direct  consequence  of 
formulae  (5.8  -  3.11)  and  should  be  compared 
with  result  given  in  (?7  p . 20 1  formula  (13))  . 

Corollary  5.2  -  " Far  Field  in  the  three-dimen- 


It  is  assumed  that  d-3  and  Fh  <  I  *  Let  us  set: 
£%,.  XaJ  E(|)(X|.X?),-,|'({Kl<:0,t*X2,int]dX|  dX2 

Y(u)  -  0  if  u  <0,  -  I  if  u  >0 

Therefore  the  behavioui  of  the  potential  $o 
it  Infinity  |X' j-*«ia  represented  by  : 


■  1  1 7  c^i  r  1 

♦.,<*>-  -  M-Y(cos(t-0))  . 

*0  '  Ht./y  li  *-  ^ 


This  formula  shows  ." ”  particular  i.i,.  '*  the 
msiuu1'*  A„(t)  and  /«„v  cosiric  and  sine 
waves  at  dowi  ream  infinity  are  %  *n  by  the 
-ery  simple  follow*,^  relation  : 

A  (t)  -  i..s.(r*  -  ik'J  »UJ  Y2U)  t'  'O 


»(t)  - ?  o.2t  -  -fj-j-i 

v  L  V'  'NhJ 


Compere  vtth  B  given  by  Thsor.4.  .  1 A . 2 j 


Corollary  5.3  -  "Velocity  Dotential  and  Green 
potential  of  NKd  (Fh.O,!*1')  problem". 

The  strict  unique  solution  of  theI*CD(Flv(U^ 1  ^) 
problem  which  was  constructed  in  theorem  5.2 
can  be  expounded  in  the  following  form  : 

*o(x>  -ci;)(x’>  (V) Gd  <x’-x3> 
where  Green  potential  Gd  is  given  by  : 

(A)  when  d-2 

G2(X)-H2(X)*Y2(X).  I-p^px,!-  X,] 

It  *“chkX,-  i^-AhkX,  ... 
if  X3ilh,H2(X)-  3  V  3  eltXl  dk 

3  2  2*  T  k2(chkh-  £.hkh) 


Y2(X)-  ^  B0 


chYofXj-h) 


-  0  if  Fh  >  I 


0  Y  h  Sh2yrth 


(B)  When  d-3  (in  the  case  of  Fh <  I  only) 


/chkXj- 

k  pt 


a - " 

.  shkTTI 

U"ko  — J 


ikr  cos(t-A) 


m  ,wx_.  M7  chy(t)( 

VX>~  2?j.? 


(Xy-h)  ' 

tTh  a i n2t7>T 


Corollary  5,4-  The  solution  t  of  the 

NKd  YPh.Oj^)  problem  defined  in  corollary  S  .3 

is  as  follows. 

(•)ll*0  :av°  (tIo)||<M0||Z(1)  :  a>d-')|| 

(•.)||  R  ♦oJ)o(n0)||<M1||!<l)  ;  aj»'l-')|l 

whsrs  M  and  M,  an*  two  constant*, 
o  i 

This  corollary  which  is  dtduced  from  corol¬ 
lary  S.3  and  theorem  4.4  is  admitted  here 
without  demonstration. 

Theorem  6 . 3  -  "F.xiat«noet  Uniqueness  and  Hegula- 
rity  of  the  strict  solution  of  the  problem 
NKd  (Fh,0,E'*0-  It  to  asoumeci  that  Fh  to  of  uny 
value  if  d-3,  and  Fh  1*  I  if  d-2. 

Let  m  be  an  integer  ■  land  K  a  given  oc.twjxjo- 

tumofl?  \i Kot* Qgd  *)ft7  the 
NKd  (Fh,0,ru>)  problem  admits  a  unique  solution 

*  *  $*,U  (ft )  (ii)  ♦  depends  continuously  on 

0  ,°  (i) 

E  '  i.e.  the  mapping  E  belongs  to 

or*1"1).  <noi.  ° 
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Proof  -  Having  proved  existence  and  uniqueness 
in  thee t  .5.2  we  still  have  to  prove  the  regula¬ 
rity  of  this  solution  and  its  dependence  with 
respect  to  data  E^).  Let  T  be  the  solution  ope¬ 
rator  ).  The  proof  that  is  given  fol¬ 

lows  closely  me?hod  used  in  (l5  ) . 

First  step  - 

"I7r5Ti^CRd‘l)!»  n  a2,a  (S,)-  This 

follows  from  theorem  1.3  of  (19  p.115)  where  the 
result  is  established  for  bounded  domains  i.e. 
the  boundary  of  which  is  compact.  Although, 
here,  the  domain  ft  is  not  bounded  the  result  of 
(l9)  remains  valid  if  it  is  taken  into  account 
that  Vjj  #o  is  continuous,  bounded  and  that  it 
vanishes  at  infinity  as  ail  its  derivatives. 

Second  step  -Tt[  (®K»d"'),  ®2,Q  (H,)). 

First  of  all  the  following  is  established  : 

Proposition  5.2  - 

t e  c  <«’  ®d"'),  c2d,  s'  ®d''m 

The  proposition  5.2  is  an  immediate  conse¬ 
quence  of  theorem  XI  of  (31, p. 247)  .  The  result 
to  be  demonstrated  iB  deduced  from  this  propo¬ 
sition  because  the  graph  of  T  is  closed  and 
therefore  continuous  according  to  closed  graph 
theorem. 

Third  step  -  :(l>.  ®  !",01®<M )  *  .  ®2,a  (ft  ) 

1  1  - -  K.  OO 

He  have  ®K®d-l)  4  $“■“  ®d~')  with  denae 

injection.  By  forming  the  mollifiers  (regula¬ 
rization)  of  E'  it  is  possible  to  find  a 

sequence  (E^\  n=l,  E^  *■  Jbounded 

in  (ft2*0  and  convergent  to  E^in  (ft2(Rd  ')• 

At  each  E^  there  is  a  unique  corresponding 

solution  #r  1  (ft2,CX  (fiQ) ,  see  second  step. 
Schauder's  apriori  estimatesfl  ,theor  7.3  p.668) 
can  be  then  applied  : 

(5.20)  :  ||«n  ;  ®2 '“(H,)  ||  Scjl 

Mli*0;  a2,a  «'M>ll] 

where  CQ  is  a  constant.  However,  according  to 
corollary  5.4  s 

(5.2D  || *n  i  a°(!i0)||  i  m0|i<i,i  ai®d'')l|SHo 

ll^i  3B2'“  «d‘')|| 

Then  it  follows  : 

(5.22)  ||*n  ;  Ji7'a(flu)||  S  C,  ||  ij0;  a2,‘1»J-|!|| 

where  Cj  *  °*  •  Thus  the  sequence  ^ 

is  bounded  in  «j2,a  (jy  \  >  now  for  all  com- 
2  a  2  0 

pact  u  :  (ft  •“  (w)  4. A  (w)  the  injection  being 
completely  continuous. 

Therefore  if  u>  c  17  it  is  possible  to  obtain 
from  sequence  #n  a  subsequence  also  notad  as 
♦p  which  Is  convergent  In  (ft2(u>).  The  limit  of 
this  sequence  can  only  ba  ♦Q(X)  which  according 


to  (5.22)  satisfies  then  : 

(5.23) 11  ♦0;a2-“(?To)||<c|||I<n1,;aJ<bid-,)|1<- 

which  proves  the  third  step. 

Fourth  step  - 

r<1>£(S“’“®d'l)=p  *0£  an,a  (no) 

By,  once  again,  applying  Schauder's  a  priori 
estimates  one  has  successively  : 

(5.24) ||  *o;  a“,“(ii0)H  ic2  [||*0;  a°(H)l| 

♦  E(,);  »;•“  ®d-')||] 

(5.25) ||  *o;  a°(no)||  s  C3||  r(l);  3™'a®d‘l)|| 

Which  is  proven  in  the  same  way  as  for  (5.22). 
Then  it  follows  : 

(5.26) ||*0;  ®“'“tno)ll  s  C4||  E°j  ®"'CV)~')|| 

Fifth  step  -  T  r  C  ).  3m'“(!5o)) 

Which  is  a  consequence  of  (5.26) 

Sixth  atep  -1st  (®",0®d''),  ®“'“(So)) 

Which  is  a  consequence  of  the  fifth  step  and 
the  corollary  5.4.  Q.E.D.  theorem  5.3 

6.  Two  Auxiliary  Boundary  Value  Problems 

The  two  problems  studied  here  will  be  useful 
later  on.  The  V.P.  problem  (Variation  Problem 
in  the  sense  of  calculus  of  variations)  allied 
to  NKd  (Fh,E)  problem  and  a  D.P.  problem 
(Dirichlet  Problem). 

V.P.  (f,^,  <frj)  problem  - 

The  following  three  functions  are  given  : 
f(x),x,  ll0  ;  *,(*').  x’tRd-'i  $2  (** )  •  x '  i  Rd-I 
and  one  i»  .earthing  for  w(x),  xi  Ti0  eoch  that: 

(VP  1 )  V2  w(x)  -  .  !x),  X.  !10 

(w:>§'k°  Si3 -*I v° 

«3-“ 

(VT4)  9  w  .  ®°  <l)0> 

Hers,  R(x)  is  defined  by  (2.10)  where,  to 
make  the  following  easier,  ths  notation  change 
X  -  <X  *  .X})  x  -  (x',x3)  :  *  used. 

It  ii  noted  that  VPfO.O.c)^1)-  Nttd(Ph,0.i:(l  \ 

The  following  theorem  is  a  generalisation  of 
thso.rem  5.j. 

Theorem  6. 1  -  Fh  it  assumed  of  any  value  if  d«0, 
and  fW  1  xf  d-2.  f/tuen  f(x)  suah  that  f(x)«0 
for  x^»0  the  VP(f,0,$j)  problem  adrrite  a  uni¬ 
que  solution  w  «  tfio)  as  soon  ae 

< .  a"*2,a(tio)  <>  t1*^1)  uitd 


M 


Theorem  6.2  -  It  is  asaitned  that  Fh  ia  of  any 
value  -If  d  =  and  Fh  fi  1  if  d  -  2.  Let  m  be 
an  integer  >  2.  For  each  (f,  'Pj,  $g)  (i)the 
VP(f,  $2*  ^  problem  admit#  a  unique  solution 
W*  X  a  (  (H)  w  depends  continuously 

on  (ft  $j,  $9)  i°t.  the  mapping  (f,$jt $g)  r\  w 
belongs  to  C  f'U^,  X  ■ 

The  notations  are  as  follows^!) 

‘VJ0  -  {£<*>* ;  :(H|,,|2)“i“ 

*  d—  I 

<Uf|  -  ®‘;~l):<H!*’|2rr 

lVT')) 

‘W,  -  35“rl-a  ®d'l):(l*|x,|2)iT’  *,(x') 

.  lV;'» 

x 

lV, ')  is  the  gp§c^  of  tneasurable  u(x')  func¬ 
tions  defined  on  Bt  ,  for  which  the  Lebesgue 
integral 

||  «  J  L,CRd_,)||  *  f  |  «'(X’)  |  dx' 
is  finite.  1 

<U0»llT.»r^2  *r*  Banach  spaces-  nth  the  norms 

IlfiTjJ-lif  i*^2;  X  'I 

♦  x3‘“l  l|C>-lx'|2)  ~  f(x'.x3)  ;  Ll®d;')|| 

Ik, ('Of, II  -Ik,  :^‘a  ®u'1)|l 

,  d-1  .  . 

♦  ||<i*|x'|VT  t|(x')  J  1.  ®d  l)|| 

k2  (V2||  -iUj  :ar''Vf>li 

♦  I|o»|x,|2)‘T  ♦2(x,>  ;  l1  or^T1) ii 


||  w  ’<!?,  :  •„  “ix  1 

li  Rw  °(T.  h,,;  u  -II 

o  » 

wuere  u  (f.  ,v and  '\,H,  jsre  tv.  nstante. 

(iv)  finally  :  .m»  regular)  of  the  srrict  solu¬ 
tion  u;  p>  over,  hv  tiio  method  usti  in  the 
proof  of  vtu»rc*  *-m  ^ . 

DP(-  (1))  problp- 

(>:’)  i.  given  and  *\x:  s  looked  for 
such  that  ; 

(dpu  v~  &u  -  o  .  * 

(DM)  Ax?  1  0,  x,  -  " 

CP3)  (x)  -  '  .  -  h 

Defim  cn  6.  i  —  .  *<qj  is  a  grtm,vvr- 

hsed  Cry  en  potent’,  r.  .  rf  !»P  "* '  •  ’  problem, 
it  sati*y  -  i =:  tht  vne,  :,.sty^huticne  : 

(GDI)  ’  G^(:  -  C 

■  Gm)  Gfl\xl  '  X 

(GD3)  r,x)  -  ,.x'; 


Lemma  g. 1 


(’  '  There  .^fcs  unta, general  >  seri  :reen  po- 
tentio  G‘  ana  it  <msu-  -.■■•cen  ;  <>• 

tentiu  i.e.  in  fire  -~  .u  ■  Cferenti  '*•$> 

'  vthe^'^re  for  e.a,-  -t 

u)  ^  ■.  f  ( x  ■<  ‘  ;) 

have  :  (xJ  -  & 

Q  — 

(tt,  Gf  i.e  criver.  b\ 


<>-,v 


ch(^,)+COB(^*^) 


:  ,(x) 


T.  (-i)n  n  »in  in  -  r; 

n«l 


and  the  product  space  is  also  e 

Banach  space.  ‘U»j  is  t^e  subspace  of *IJ  x'U.x^^ 
for  which  the  compatibility 

condi t i on  . 

Id- 1  |*a<*’>*  ♦i(*’>l  **' -Jn  »«»«  -  o 

F  L  o  J  o 

<U>,  it  a  closed  subspace  of <U^xV. k*^ »  hence 

a  Banach  apace. 


Proofa  of  theorem  6.1  and  6.2  :  Tbe  proofs  are 
Identical  to  the  proof •  of  theorem  5 . I  and  5 . 3 
and  ara  baaed  on  the  use  of  the  Fourier  Trans¬ 
fers  in  the  space  of  ultradiotributions .  We 
recall  tha  main  four  steps  of  the  argument  : 

(i)  w«  look  for  the  generalised  solutions  of 
VPlf.+jitj)  the  solution*  which  are  not 

necessarily  regular  end  for  which  the  VP4 
condition  la  not  necessarily  satisfied. 

(11)  than  tha  atrict  solutions  of  V?(f,4.,$  ) 
sra  found,  l.a.  tha  solutions  with  suffi- 
cient  ragularity  which  satisfy  tha  radiation 
condition  VP4.  This  condition  can  ba  aatis- 
flsd  only  if  tha  compatibility  condition  it 
verified  by  the  data  f^,,^.  If  ie  ia  eo 
tha  strict  solution  is  unique. 

(iii)  the  following  result  is  proven  which  is 
analogous  to  corollary  5.4  j 


wh<  r  ~ !  x '  |  V  0  a»dKo;‘o  t/.v  mcJifU  de-^el 
funr  on 

i’!H  c“  x)  >  0  .  X.  f!o 

<h"  '  Cd(x’-,3)  d<’  ’X 

tv)  When  _  ,-»■  0,  Gj  (x’.Xj)-^  0  in!AK 

(vit  ithen  xf  h,  G^(x*,Xj>*^  6(x  1  y.-.tCdR1*  *), 
space  of  Fc  aoh  measure o  on  F1 

(vit)  C^(x',x  )  is  a  function  rapid L.  iecreaertxg 
at  infinity  as  well  as  all  ite  a.  *tvaetk*jj. 

Theorem  d.3  - 

let  K  be  a  given  farpaatum  ofJi*  Fr  ■ 
naah  r(l)  35m^n®d_l)  tht  t>f(ti[))pr<,blm  ad- 
mite  in  An,U  (TI(>) the  following  unique  .‘oluticn: 

♦D(x)  -  r(0(x’)  *P)  c“(x',x3) 

The  solution  has  the  following  properties 

(id  ^(n*  ,*3)  *  8  *)  ,  0  X  <  h 

f£t;j*D(x)|  i||  e(i)  i3>°  ®d'  ‘Hi  -  i 

The  proof  of  Issmm  6.1  and  theorea  6 .'2  ars 
analogous  yst  much  sietplei  than  tha  proof  of 
th#ore«s4. 1 k 4,2and4. 3,e«a  (9) for  detail*. 


DO 


7.  Proof  of  Theorem*  I  and  2 


Chapter  8  gave  the  condition*  of  existence 
and  uniqueness  of  the  solution  of  the  problem 
NKd  (Fh.O, £<*').  One  is  tempted  to  use  the  con¬ 
ventional  perturbation  theory  of  linear  opera¬ 
tors,  to  deduce  the  condition*  of  existence 
and  uniqueness  of  the  solution  of  problem 
NKd  (Fh,e,E^T')  e.g.  theorem  5. J7  ( 1 6  p.235). 

In  this  theory  it  is  assumed  an  operator  A(e) 
is  given  :  Xr>Y  depending  on  a  resl  or  complex 
parameter  e.  X  and  Y  are  Banach  spaces  indepen¬ 
dent  of  e.  For  the  NKd  (Fh,e,E'  'it  would  be 
possible  to  take,  for  example  Y  ■  with 

l  £  2,  but  this  choice  is  not  suitable  as  on 
one  hand  Y  depends  on  z  and  on  the  other  the 
choice  of  instead  of  3yta  ,ae]0,l[  would 
lead  to  non-optimal  results, 


The  conventional  method  to  obtain  functional 
spaces  independent  of  e  is  to  carry  out  *  map*' 
ping  which  induces  a  one-to-one  correspondence 
between  the  "unperturbed  domain"  fl  and  the 
"perturbed  domain"  flt,  see  (8  , section  6.26 
pp. 420-423),  (l6,  section  7.65  pp. 423-426)  , 
etc...  This  sapping  is  not  unique  and  it  has 
been  chosen  to  simplify  as  much  as  possible 
the  demonstration  of  the  final  result. 


l&nrna  7,2  - 

There  exists  eJJ  >  0  such  that  for  0<  e  <  e£ 
the  mapping  p  is  a  hemeomorphism  from  onto 
of  the  class  Ca  .  ° 

It  remains  to  be  seen  therefore  whether  q  is 
of  the  class  [c®*0^)]®  and  to  use 
e*  *  min  (e'f  e£)  to  thoroughly  prove  (i).  Now 
q  having  derivatives  of  the  m-th  order  3®q 
which  are  continous  and  bounded  according  to 
leasa  7.2,  these  derivatives  are  a-Holderian. 


Proof  of  lfnpa  7,1  - 
We  have  : 


(7.2)  I  0  0 

p'(x>-  0  !  0 


Then  it  follows 
(7.3)  det  p'(x)  -  I-  {- 

]  det  p'  (x)]^  1-  £ 

♦  i>  II  ♦D  ;a“'“(no) 


’ll*0;  a“,cl<i5n)i: 


Let  p  ;  r-*  H1*  be  the  mapping 

(7.1)  X  -  p(x)  *  x  -ej*  *D(x)ej,  xt  Bo 

where  e^  is  the  unit  vector  of  Ox^  axis. 

Proposition  7.1  **  .  .  , 

It  Te  assumed  that  2/  »  0r  \  m-2. 

There  exists  e*  >  0  such  that* for  0£e  <  ej> 
the  mapping  p  has  the  following  properties  : 

(i)  p  is  a  diffeomorphism  from  il  onto  (2  , 
of  the  class  [c®‘a(no)]d. 


Hi) 

*3  #  0 

h  ■ 

0 

(Hi) 

x3  -  h 

h  • 

h  - 

eE! 

Proof 

0 

u 

•1 

1 0 

| 

0 

0 

L  ~ 

From  (7.1)  (ii) 

and 

(i  ii) 

are  obvious. 

To 

prove  (i)  it 

must 

be  shown  that  : 

(*) 

p  <no)cnc 

(b) 

p  is  of  the 

class 

[c- 

(c) 

p  is  a  bijec 

tion 

from 

ft 

J 

onto  and 

the  inver.u 

uappi 

Ug  q 

is 

ot  the  class 

|rc*'a  <nt)ld 

The  (s)  is  obvious.  The  (b)  results  from  the 
expression^.  1  )of  p  which  takes  the  form  of  a 
sum  of  2  mapping*  of  the  class  [c*'a(fl  )]  .  The 
(c)  is  e  consequence  of  the  two  following 

lemma*  i 

?,1  - 

"There  exists  t'Q>0suoh  that  for  0  £  e 
the  differential  napping  p*  is  an  inoertiMo 
endomorphism  of  R^-l . 


(7.4)  (det  p'(x)|>l-  t~|kD;aO»a(i70)!! 
Then  the  lemma  is  proved  with 


i. .  lit  n,o  ,  jD“‘a(no)| 


Q.E.D.  lemma  7.1 


Proof  of  lemma  7.2  - 

The  followrng  is  shown 

(7.5)  aec  p  (Qo) 

which  will  prove  with  (a)  that  p  is  a  bijection 

from  fl  onto  ft  . 
o  t 

The  aystem  of  equations  with  unknowns 
defined  by  7.1  is  reduced  in  fact  to  ; 

(7.6)  X3  -  Xj  ♦  t  ^  ♦D(x'.x3) 
which  is  an  equation  of  ths  form 

(7.7)  x3  -  f(X3,x3) 

where  i  has  ths  following  properties  : 

(a)  for  each  x3  fixed  in  [0,h]  ,  the  mapping 
X3  r\  f(X3,x3)  is  affine  thua  continuous, 
from  Into  ftc* 

(0)  for  each  X3  fixed  the  mapping  *3  fiX,,*^) 

is  a  contraction  of  ft  vita  a  ratio  inde¬ 
pendent  of  X3.  ° 

This  results  from  (7. A)  end  theorem  6.2(10 

because  i 

(B“-“(iy  >C  ®0,l(iT  )  Upiu.  : 

o  o 

|f(*j.«j)-f<*j.»j)l-  £l*j  ♦B(»’,«1)-yj»D(«‘.yj>l 

|(»j'yj)*D<*' .*j)‘y3<*D<*' •*}>  .yj>l 

s  «Jrll*P !  a°,l(,yil  I-J-Tsl 
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If  therefore  [0,  eV[  is  chosen,  with 

?•  '  -X1  IUC  ;  ®„)il.  (6)  £»  chn  result. 

0 

The  properties  (a)  and  (0)  2nd  fixed  point 
theorem  (10,  tbsor. 10. 1 .?  p . 27 1 )  show  that  equa¬ 
tion  7.6  admits  a  unique  solution  of  the  class 
C®  with  respect  to  X^,  therefore  the  system 
X»pfx)  admits  a  unique*  solution  x»q(X)  of  the 
class  C®^)  i.e.  p  is  a  bi continuous  bisection 
and  thua  a  hooeomorphism  of  the  class  Cm. 

Some  useful  formulae 

The  following  properties  of  coordinate  change 
should  be  remembered. 

If  the  following  is  posed 

(7.8)  f(x)  -  ^  *B(x>  e3 


(7.9)  x  -  p(xj  -  x  -  e  f(x> 

and  the  inverse  mapping  shall  be  written  in  an 
analogous  form  : 

(7.10)  x  -  q (X)  -  X  ♦  e  g(X) 

The  differential  mappings  satisfy  : 

(7,.)  £  -  1  -  e  || 


where  I  is  the  identity  function  in  R 

To  calculate  the  differential  mapping 
one  begins  with  ; 

(7.11)  poq-X 

which  by  differentiation  gives  : 

(?'H>  ft  3x  *  1 

that  **  [l  '  £ft]  [!  *  £  ft]  *  1 

Than  it  follows 

«■<»  t-a  a-s 

Thus  by  using  the  matrix  notation  and  by  setting: 


5  •  N  • 


we  obtain  the  matrix  equation 

<7-i7)  MM-foJ 

of  which  the  resolution  by  Cramer's  rule  giws  : 

(7.16)  tit  -  0  for  k  i  1 

*31  Kip’ 

Then  it  follows  : 


<7  w)  ft*  w  ^ 

with 

('.2D  *  iij-1 


,  cf3l 

(7-23) 


In  the  same  way,  the  following  is  introduced 


(7.24) 

qU» 

• 

(7.25) 

i!a. 

dX2 

'  [“uj  -  dxd2 

matrix 

ct'W'EflJ)+f'2 

f*  fM 

*3x  33m  aai3 

(7.26) 

q32m  ‘ 

(1-  ef j3)3 

2  -  1  , 

,2  ,  alike  formula 

for  m»l  t'i  i 

(7.27) 

q33m 

ef~ 

33m 

-  ,  * 
<I-Ef3j)3 

*  3  ; 

alike  formula  for  m»J  ,2  ;  all  the  others  q" 
vanish.  *am 

Finally  the  following  tensor  product  is  in- 
troduced  : 

(7-28)  ft  *ft  '  [<t  C]  d2xd2  Mtrix- 

The  P£(Fh.)^)  problem 

The  problem  NKd(Fh,e,£^)  will  now  be  trans¬ 
formed  by  the  diffcomorphism  X  ■  p(x). 

The  following  is  posed  : 

(7.29)  *(*>  -  ♦(x,c,!:<’>)i  *(l>(x,E,r(l)>|  (x) 

(7.30)  »(I)(X,£;,E(I))-  ♦(*,£. Z<l))ji.q(ll) 

The  following  formulae  result  : 

f.  S) 

<-■•»  & 

vith  d*(l)  U(1)l 

<7'33>  TT  '  j  lxd  “»ix 

<1^*0)  T  ^$0)  ? 

(7.3«)  ^357-  -  [^-5x^  '■“* 

the  same  for  and 

dx  dx* 

From  these  formulae  it  ia  possiblt  to  deducs 
easily  ths  formulae  that  t(x)  eatisfies  namely: 

Pc  (Ph.E*13)  problem 

Find  $(x)  so  that 
(PI)  l(£>*  -0  In  no 

(P2)  8j£V  -  0 

(P„  »'£)»-c|L  (,') 

(P4)  radiation  condition  when  Jxj|  ♦  ® 

The  following  has  been  posed  : 

< 7 .  is w£c V-  tij 
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vher«  indicet  i  and  j  have  values  1 1.2,3)  oc 
<1.3  } According  to  whether  d-3  or  2. 

*?£)  -  1  for  i  ■  j  *  1  *od  2 
13 

a?9  -  0  for  (i.j)  -(1.2)  end  (2,1) 

»J  , 

-Eg'-  tfl.(1-Efl,)  i-l,2 
(7.35B)  i3  *3i  3i  33 

*  £  *3j  '  ef3j<‘-r£33>“  '*2 

«<£)  -  1  ♦  2cg^3  ♦  E2(g^2  +  832  *  833s 

-  [N.*«j?*f£]  f-«'js]'2 


(7.36)  b  -  (x)  -  0 


(7.37)  b3(x)  -  e (g’j , ,  ♦  R322  ♦  8333) 

,  ,  T  2  o2*  »*  1  fhdependent 

(7.38)  »»*>♦  -  8,  ♦-k-  5$  -  1I3J  of  £ 

L  I  JXj-0 

(7.39)  -  reetriction  to  X3  -  h  of 

-5^'  *[«■<«’> 

|  >c2(o;2«j2)(i-tfj3)  '  ^ 

(7.90)  Of(x')-  z^'^x^.ojfx')-  .  Otc... 

'  ( 0 

Th*  o«in  propartia*  of  P£  -  Pc  (Fh.E  ) 
problem  ere  ee  follow*  :  (j) 


Proposition  7.2  -  Lot  us  assume  I  <  V?*’,,0®'1  i5 
a  ii.  TUre"Jnsts  t  >  0  such  t  hat  /ara  =  m 
the  P,(Fh.  F)<md  N&)  (Fh,  e ,£U> 
equivalent  ;  in  other  wards  the  l,K4(f,'>F.F  „  ) 
problem  admits  a  unique  solution  «'  ’>  »«*  (Sy 
iff  the  P  (Ph,Ill,)prc'Mi*i  arintts  a  uniqui  so¬ 
lution  & :8j  (ft,!  and  ue  have 

(7.91)  M*>  •  9(1)  [p(*)J 

(7.92)  *U)  (X)  -  d|q<X)j 
In  ptrtlculer 

P  (Fh,F*)lt«gsW(0,0,C  )  SNXdCrh.O.F1  ) 

which  Ihowe  thet  the  problemlPc  h«e  e  unique 
solution  when  c-  0. 

Proof  of  theoreme  »  end  2 

""  The  P  (Fh,E* *^) problem  cen  be  written  ee 
follow*  s 

(7.93)  K-»“,a(no) 

(7.99)U-e"-1-0(V*J»‘'2,a®i',,x»"'l,“®4«'') 

'll,  -  eubepece  ofHldeilned  in  theorea  6.2 

(7.95) <u^  -  (u-Cf  .* , .*2)-  ‘S  !  *1  *  0  1 

to  thet  u*(M|.dj>'  ‘U.i  i*»>ll's  th,t 

(7.96)  /.d-l  *,(x’)dx  -  ln  f(x)d*  •  0 

'  *  *  'V| 

The  epees'll^  it  e  Banach  eptce. 

Let  ue  c amildar  the  following  operetor  i 

(7.97)  T(c>  i  a<r>*.«5Ci9.»jel8  > 

with  *”'♦  -  0  end  0Jt<  £$ 


Hence  the  domain  of  definition  DT(t)  of  the 
operetor  T(e)  ie  strictly  lying  in  X.  .  Then 

(7.9B)  J£0"  (  if  t  36:  T(o)t  £ll0) 
is  defined  end  we  choose  DT(o)  -  j20 
Lama  7.2  -  4>  t  3eo  =s>  T(eH  «  UD 

Thie  leone  can  be  obtained  from  Green’s 
second  formule  end  from  properties  of  esch  term 
of  (7.35A)end(7.39)  which  follow  from  theorem.  6.3 

Lenna  7.3  allows  us  to  choose  DT(E)  -3C0 
Now  we  introduce  the  following  notion* 
see ( 16)  for  more  details  : 

range  of  T(e)-KT(e)  -  {utU^dt  W(e) ,  u-T(e)it) 

nullity  of  T(E>-nulT(E)-di»{itt  DT(t) :  T(eH  -0} 

where  dio  {.)  is  the  dimeneion  of  the  space  {.) 

deficiency  of  T(c)  -def  T(£)-ditn(  “U.,,  /*T(e)} 

•U.  /RT(e)  is  the  set  of  the  equivalence 
classes  with  respset  to  RT(e)  that  is  to  say  : 

u,,  ujt  U^RTIe)  and  uj-u2  Uj-Uj  t  RT(c) 
index  of  T(e)-  indT(c)  -  nul  TU)-def  T(e) 

The  minimum  modulus  of  T(e)“  yT (e)  is  defined 

“yT(£)-  inf  ||  T(eH  * J6|l  /  ||*:3C||for  Odd  -  DT(t) 
This  definition  Vies  meaning  only  if  ml  Tfc)»0 

Following  Keto(l6p230)a  doled  operetor  S 
ie  said  to  be  Fredholm  if  PS  is  closed  end  both 
nul  S  end  def  S  ore  finite.  S  is  said  to  be 
semi-Fredholm  if  RS  is  closed  end  at  least  one 
of  nul  S  and  daf  S  is  finite. 

Lerma  7.i  -  For  all  t,  [o.c2[  .  the  ep*»tor 
T(e)  is  linear,  bounded ,  cVoaed  and  euoh  that 

II  t(e>  -  T(o>  i  c  oq, .‘U,0>  II  -  o 

aa  r  *  0 

Lerma  7,5  -  Moreover,  the  operator  T(o )hae  t^e 
fl-  ’  \vt ng  propertied  : 

A-In  the  rgee  of  (d^Fh)  y  i2tl) 

(i)  1(o)haa  an  inveree  T  1 (o)belonging  to 

C(U0.Xo) 

Hi)  T(o>  is  a  Fredholm  operator  tilth  index  eera 
nul  T(o)  -  daf  T(o)  •  ind  T(o)  -  0 

(Hi  l  the  minimum  modulus  y  •  Y^Co)  of  T(o)ifl 
*uch  that 


B-Jn  the  oa»*  of  ^d»Th)  {2±\± 

(i)  T(o)  i»  not  invertible  except  for  a era  ele¬ 
ment  of  *U,o 

(U)  T(o)  ie  a  eemi-Fredholm  operator 

nul  T(o)  -  0 
daf  T(o)  •  dlm*\l0 

(HU  the  minimum  modutue  of  T(o)ta 
Y  *  Y  T(o)  ■  ♦  • 
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Leusnae  7.4  and  7.5  are  easily  proven.  For 
instance,  in  lemma  7.5  (Ai)  and  (Aii)  are  direct 
consequence  of  theorem  6.2,  (Bi)  and  (Bii)  are 
direct  consequence  of  theorem  6.]. 

Lemma t  7.4  and  7.5  enable  us  to  use  the 
eneral  stability  theorem  for  linear  operator 
16  p  235,  theor,  5.17) 

Caae  (d,Fh)  j  (2,1)  ;  proof  of  theorem  2 

By  virtue  of  the  general  stability  theo¬ 
rem  for  linear  operator  ve  have  : 

nul  T(e)  S  mil  T(o) 
def  1(e)  i  d.f  T(o) 

provided  that  e  is  sufficiently  small  (let 
u.  s«y  e<  e^) foe  T(e)  to  be  closed  to  T(0),  see 
lemma  7,6  and  lemma  7.5  (Aiii) 

By  using  lemma  7.5(Aii),  it  is  concluded 
that  : 

nul  T  (e)  -  def  T(e)  -  0 

Thus  T(e)  is  a  topological  isomorphism 
f rom^lLg  into  JC0,  see  theorem  1.16  inf  16  p  196). 

On  the  other  hand  T(e)  is  an  analytic 
(or  real  holomorphic)  operator-valued  function 
and  the  family  {  T(e)}  is  of  type  A,  see 
definition  chapter  VII  §  2  p  375  in  (30)  :  it 
is  then  concluded  that  T~'(e)u  for  u  *\[j 
end  c  <  £*  has  a  Taylor  expansion  ;  ° 

-lev  1  •> 

T  (e)u  -  T  (o)u  +  G  TjU  ♦  e  TjU 

4 

which  converges  for  e  <  E0  independent  of  u, 

What  ia  true  for  u  ,  lU,  is  therefore 
true  for  ... 

u  -  (0,0,  o  )  with  E(l).  'U 

*  2  3  4 

If  c  ■  nin(  *C  ) theorem  2  is 

proven,  1  0 

Case  (d.Fh)  *  (2,1)  ;  proof  of  theorem  1 

By  virtue  of  theorem  (5.22)  in  (l6  p  236) 
ue  have  ; 


nul  f(t)  >  nul  T(o) 

def  T(c)  5.  def  T(o) 

ind  T(r)  -  ind  T(o) 


provided 

t  ia  sufficiently 

small, let  ue 

say 

c  < 

V 

By  « 

iting 

lemma  7.5  (Bi 

ii). 

it  ia  concluded 

that 

nul 

T(c) 

•  0 

def 

T(c) 

*  dim‘\L0 

U 

■ 

th.n 

for  ea.~h 

r  • 

[o. 

c  [the  operator  T 

<c) 

La  not  invert  i- 

ble  except  for  sero  element  of  “J  .  Theorem  1 
le  thus  proven, 

Q.E.D.  theor.  I  end  2 


6.  The  Method  of  Singularities 

It  is  thanks  to  R.Brard  (4)  to  (7)  that  the 
rigorous  bases  of  this  method  in  the  general 
case  of  a  body,  immersed  or  piercing  the  free 
surface  have  been  eatablished.  In  the  particu¬ 
lar  case  of  a  body  totally  immersed  such  as  that 
oc  the  bump,  Brard's  results  are  conventional 
and  have  been  known  for  a  long  time.  However, it 
is  useful  to  rapidly  go  over  R.  Brard's  reaso¬ 
ning  steps. 

Before  doing  so  some  new  notations  will  be 
introduced  and  a  new  boundary  value  problem 
will  be  studied. 

Notations  - 

The  fluid  domain  which  until  now  has  been 
noted  as  H  -  Vf  shall  henceforth  be  noted  as 
and  shall  represent  the  domain  situated  be¬ 
neath  the  bump  i.e. 

o 

{X  -  (X\X3)  :  X'  *  K,  h-E  (X’)<  X3<  h  ! 

where  it  should  bea remembered  thaw  K  is/ the  sup¬ 
port  of  the  bump,  K  is  the  interior  of  compac- 
tui'i  K  and  bdry  X  is  the  boundary  of  K  on  the 
bottom  X3  ■  h  :  K  »  K  y  bdry  K. 

The  velocity  potential,  solution  of  the 
NKd(Fh,E)  problem,  which  till  now  has  been  50- 
ted  as  <t>(X) ,  shall  be  noted  henceforth  as  ♦  (X) 
where  index  e  indicates  that  the  potential  is 
defined  in  and  where  the  sign  +  indicates 
that  the  velocity  c  of  the  flow  is  positive 
(running  flow  in  the  negative  X  -  direction). 

In  the  name  manner  K*  (X,Y)  shall  be+the+po- 
tential  of  the  Kelvin  ullit  source  and  I  ,  B  , 

S  ,  D*,  V*  the  operators  defined  from  (5.6) eto 

(5.8)' 

NKd(-Fh.I)  can  correspond  to  the  NKd(Fh,I) 
problem.  NKd(-Fh.E)  ia  obtained  by  changing 
the  sign  c  (reverse  flow  problem), 
yx),  K~(X,Y),  1^,  etc...  shell  signify  the 

miRnitudes  corresponding  to  this  new  problem. 
IP(Fh,E problem  - 

The  IP(*Fh,E,a,B,Y)  problem  (Interior  Pro¬ 
blem)  in  associated  with  the  NKd(iFh,£)  problem 
in  accordance  with  the  following  : 

Let  a,B,Y  be^given  functions  defined  on  T  . 
The  solution  $~of  the  NKd(tF^,E>  problem  is  as¬ 
sumed  known  and  a  function  t.  ii  searched  for, 
■uch  that  : 

(PH)  vj  -  0  in  rt4 

3$  j  o 

(P12)  •  0,  X3  •  h  .  X’  >  K 

(PH)  a  *j.  S$-  ’  V  .  X  .  T 

A  particularity  of  the  IP  problem  is  that  it 
is  defined  in  a  not  very  regular  domain  U-  in 
the  senaa  that  the  boundary  of  this  domain  is  of 
the  claae  C2*  piecewise  but  along  the  bdry  K  it 
presents  a  simple  cusp  which  will  complicate  ths 
regularity  problems  of  the  solution  of  the  IP 
problem. 


n 


Hence  the  two  particular  cases  of  the  pro¬ 
blem  IP  are  studied  : 

+  4 

(i)  e-Y"  0,  a-  l  thus  ♦  .  ■-  *■  on  r  . 

is  therefore  a  solution  to  a  mixed  problem 
with  a  Neumann  condition  on  X3“h  and  a  Dirichlet 
condition  on  T.  In  fact,  by  the  principle  of 
images  this  problem  is  equivalent  to  a  Dirichlet 
problem  in  the  domain  interior  toTuP^r'is  the 
image  of  T  with  respect  to  X3»h).In  these  con¬ 
ditions  it  is  kpown  that  the  problem  has  a  uni¬ 
que  solution  *■  in  H* (fij)and  that  this  solution 
is  also  in  $°  (Hj),  see  for  example  (26p.  329, 
theorems  3.2  and  3. Furthermore  for  any  com 
pactum  u>  c  not  having  any  common  point  with 
bdry  K,  the  solution  is  of  the  class  C2,a(w) 
according  to  the  Schauder's  a  priori  estimates. 
The  behaviour  of  the  solution  when  X  tends  to¬ 
wards  a  point  in  bdry  K  is  difficult  to  study 
because  of  the  presence  of  the  simple  cu^p.  Is 

9$; 

it  possible  to  say  particularly,  chat 

is  of  the  class  C*  ,Cl  on  F  ■  T  ^  bdry  K  ?  This 
question^shall  not  be  answered  but  it  is  noted 

that  .  L2  (D  (26  p.247,  leima  1.4)  . 

(ii)  a-  Y-  0,  8-  1  thus  -a-  ■  °"  r 

is  therefore  a  solution  of  a  Neumann  problem. 
T#us  solution  exists  and  is  unique  in  the  space 
one  arbitrary  constant  more  or  less. 
Morelagain  the  regularity  of  on  V  is  diffi¬ 
cult  to  study  but  it  shall  be  noted  that 

•  H *  (D  (26  p.  256,  theorem  2.2)  .  In  fact 
all  is  for  the  best  as  the  particular  solution 
$1  ■!  c  Xj  ♦  constant  is  known  and  which  is  the 
general  solution  of  the  problem. 

Properties  of  operators  S* ,  D~ ,  V 

in  the  following  the  resuits  and  terminology 
of  (34)  will  be  used .  We  shall  use,  the  fact 
that  r  is  a  manifold  of  the  class  Cz»a  without 
boundary  but  which  connect  up  in  a  very  regular 
way  with  the  bottom  X^-h  so  'hat  Privalov's 
theorem  ia  true,  see  as  an  example  (25,p.46) 
for  d-2  and  (24  p.SO)  for  d»3. 

The  operator  S1  is  a  Fredholm's  operator 
from  L2(0  into  L2(l)  and  from  J3l,a(r)  into 
'B*»a(r>  according  t.C  Privalov's  theorem. 

The  operators  D?  and  V-  are  weaklv  singular 
operators  from  L2(P)  into  1.2(1’),  from  V‘A  *a(I  ) 
into  AI*«(D. 

The  adjoint  (operator)  of  D'  in  j,2(F)  is  V* 
and  the  adjoint  of  S*  in  L‘(P)  is  S’  .  This  is 
a  consequence  of  the  argument  exposed  in  (5p.H3 
formula  (7))  . 


denotes  the  usual  Sobolev  Space  : 
u  ■  H1 <«£ >  iff  u,  Du.  t *(Uj)  where  LP(flj)  is 

the  set  of  meaeurabla  f(x)  functions  defined  on 
the  dottfin  llj,  for  which  tin  l.eheegu*  integral 

/|fU)|P  d*  <  - 

Hi 


Proof  of  theorem  3  C i i i ) 

In  admitting  the  hypothesis  of  theorem  2, 
therefore  exists  and  is  unique.  If  the  third 
Green's  formula  is  applied  to  the  pair 
*+(X),  Kg(X,Y).  The  following  is  obtained  (see 
(!)  and  ( /)  for  details)  : 

(8.D  *;<«-<[<]-  <  [l^l 


where  [f]  denotes  the  restriction  to  V  of  a 
function  f  defined  in  or  w.. 


Likewise,  the  application  of  the  third 
Green's  formula  to  the  pair  ♦^(X) ,K^(X,Y) 

gives 


(8.2)  0  - 


H  -  *1  [t£l 

1  e  1  |j)N  J 


In  making  X'  fte  tend  towards  a  point  on  V 
(8. I)  gives  : 


hence  by  sett 


♦  Uiil 
5  l5N  J 

ing  :  /.j*;]  and  v  -jj^j  ■  t  »| 


♦  1  +  + 

(8.3)  (D  -  ^)  P  -  S  v 

In  its  construction  this  equation  admits  at 
least  one  solution  p  .  This  solution  is  unique 
in  L2(D  according  to  the  following  lemma  : 


Lemhi  8 .  J  - 

nul  CD‘  -  y)  ■  0  in  L2  (T) 

Proof  of  lenroa  8. I  - 

In  fact  any  solution  pQ  of  (D-  ^)u0  ■  0 
is  such  that 

(8.4)  4  -  D  u  sat isf ies 

^e  e  o 

(8.5) $e  -D  [•HBH «“  Green's  formula) 
<8.  b>  U,l»  7  u  *  D  -  u  (by  pa. .ing  to  the 

L  rJ  2  0  00  iiait  x-n 


Therefore 

‘B-2>  *.  [sH  • 0 

On  the  other  hand, 

4  D.  aatisfiea  in  the  same  way 

$ i  —  u|$eJ-  °  by  definition  of^#j-  Mq 

therefore  »a  harmonic,  vanishes  on  I'  and  its 
derivative  vanishes  on  X3«h,  X'-  X  thus 

♦1  •  Bi  [♦.] :  0 

also  satisfies  an  analogous  relation  to  (8.2) 

•  •■!») 

Then  it  follows 

(8.8)  8t  [^»]  -  U 
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(S- 7 >  ftod  «,S-S>  i*ply  tLut  *■  0.  Also  »t  is 
a  soJwticw  of  «h«  NFd  fFht'i  problem  con'c^on- 

-*=»  -o  ll*  '  0. 

P.fj  »;a*  pTvj';iy  of  uctcoenesa  ct 
bid  (P>.,D  on*  retain*  i 

9  -  0  tnarefore  (j  1«  :*  -  0 

*  !>J  ft 

Q.t.D.  cestui  8.  ? 

Thtii  ?hc  integral  equation  (S.  3)  s^eit*  -i 
unique  iducion  i«i  l^fD.  In  fart  this  station 

it  in  vtJ*“u(D  s*nc.'  u  -  It  land  t  ) 

♦  l  i  l=J  ♦  * 

ami  v  ,s  t  Cl>  "  ID . 

Q.F.D.  chcar.-it  3Uii) 

Proof  of  theors*)  3  ( i ) 

'hn  *-hird  Greer.**,  t  omul  a  if  applied  to  thr 
ji.:r  K* iX.Y'  *nd  •..  ?b«?  yn:r 

♦j(X),  :.*(X»Y'  where  t,  is  it  >•  ur.iquz  solution 
of  the  PI  <»fhv:!.  1 ,0,0)  preb  c*. 


It  should  be  noticed  that  it  would  have  b*en 
possible  co  prov:-  lenaa  (8  D  hy-  using 
the  Rie*2-Schvidpr  theory  and  r. vac t  that  V* 
vs  the  adjoint  of  \>* .  Neve.'th.  leas  Wu  would  have 
atsc  to  prove  that  V*  or  one  among  its  iterates 
is  a  ccupsct  oper^iOt. 

Theorem  3ljii)  if  thus  proven.  It  gives  * weanor 
result  than  Cmccert  3i  as  f at  as  the  re««*.la’-ky 
i,  the  unknown  de.'is ‘.  t '•  .  This  is  c  *e 

th  '  tiii.ua  sui 5  icient  proper ry  of  regulart- 
r.v  h  Seen  prove;,  for  the  no»*3w*  derivative 

.-Lu  ,  .  ,o ; Ut  ion  of  P!  '♦?* . I ,  i , :>,«)) . 

Q.t.D,  theorem  3  (ii 
Proof  or  ou'i-rrii  3  (ii»  - 

This  proof  is  .similar  to  the  preced ing  proof s . 
Therefore  only  the  osjor  points  of  tha  pnof 
shall  be  given 

The  third  -•/eer;  formula  is  nrviJed  to  the 
•*ir  $  (X),  *r.i  the  pair 

C.t<),  K(X,Y)  where  is  the  .nique  solution 

of  the  iP  prcS  *e*n.  Also  equation 

identical  to  (8.°*  and  (8.10  ;_.*e  obtained,  *y 

cou»binin£  .«s  before  these  equations  with  the 
^uation.  (K.l)  and  f«l.2)  the  follc.wing  is  now 
obtained  . 


In  adding  member  io  twbvr  ;8.1)  and  (8.10j 
then  (8.2)  :M  tb-Vl  it  foil  :>w >  : 

is. in  »*(x>  •  »’  r-* 

w  e 

l«.  !<’)  «%*l  -  »*  •’ 

1 


where  one  has  set 


and  according  to  vh«*t  has  been  **en  in  the  dis- 

cuuiun  of  IP  problem,  exists  in  I.MD, 

thrref  •■t*  :*  in  L*(D- 


In  t&cking  X 
boundary 


M  tovarda  a  point  on 


ffl- "  ^  * v* 

‘  -  r  '*  *[2*j  • v 


(».U)  (v 


This  integral  equation  arrnits  a  unique  solu¬ 
tion  in  L«(D  according  lo  tnc-  following  Ifm: 


iaw  8.  ,r  -  shj'*  (V 
Proof  of  lew*  b.  i  - 


V >  -  v  \n  :.*<?) 


in  fact  tne  6*^utinn  (V-  '•  *0 

is  such  that  w  le  :*0  s«i\sfies  T-^j  » 
hence,  According  to  (he  prfprrtvo(f '  uuiquevww*. 
state;*  in  ttw.'  2t  in  r  ticulet 

•|^|  •  0  there.:**  A.»o  ( uv<  i  que  re  a  s  for 
’P),  f*o«  (8.1  )  it  follows  then  :  :  0 

0 . f . .  0 .  lew  *.2 


IS.  IS)  /(X)  -  ti*  .  * 

e  e 

(8.1b)  i"(X)  -  D4  ./ 

»  » 


where  once  J*ar.  set  : 


anJ  according  lo  what  ha*-  been  seeo  in  cite  dis¬ 
cussion  of  the  IF  problem,  ■  c  X]  ♦  conaia'.* 
hence  i.*  exists  in  •'*(!'). 

In  a.ik  i n j  I  f  -  ter*i  towards  .»  pc‘iot  on  T  , 
it  follows  : 


or  even  : 

(8.  Id)  (D*  -  v>  \*  -  u 

where  u  is  the  reset iction  of  *  X,  ic  T :u*  {,r  l^l] 

According  to  leas*  d. !  ,  the  integral  equa¬ 
tion  (8.18;  cdaiits  a  unique  solution  in 

1:  u  to  t*f?  ,*ct»J  that  in  tht  equal  i  or  iM.IH) 
u  ;*  defined  lo  within  con*t  >nt  because  the 
*  >  I'll  ion  >•>( 

(8.  IV;  (1‘*  -  0°  -  constant  - 

is  now  other  than  •  i!  *.  jnd  ■  .u  r'-aw^he- 
ted  that  the  cor-espoMing  p<'ic,  ,.*l  is  $r  . 

p  n*  »  o 

C  <  ? 

3^*  that  this  trie  contiihutcs  c«othj;,R  to  t  h* 


4 
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potential  solution  of  NKd  (Fh,E). 

This  remark  ends  t n  iroof  of  theorem  3  and 
it  should  be  noted  r.h«>  ..his  theorem  could  have 
beer,  proved  by  using  the  Rieaz-Schauder  theory. 
Nevertheless  in  order  to  use  this  theorem,  we 
should  have  to  prove  that  V*  or  one  among  its 
iterates  is  a  compact  operator  and  that  *  is 
not  an  eigenvalue  ofD^.  We  have  dispensed 
with  the  proof  of  these  proper'  s  by  using 
theorem  ?. 
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A  LOCALIZED  FINITE-ELEMENT  METHOD  FOR  STEADY, 
THREE-DIMENSIONAL  FREE-SURFACE  FLOW  PROBLEMS 
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ABSTRACT 

A  finite-element  method  is  presented  lor  solving  steaily 
free-surface  flow  past  three-dimensional  disturbances.  The 
free-surf*ce  boundary  condition  is  linearized-  The  boundary- 
value  pro  Hem  governed  by  Laplace's  agnation  is  replaced  by 
Cialerkin's  formulation  with  certain  essential  conditions.  The 
method  used  is  a  localized  finite-element  method.  The  fluid 
domain  where  the  numerical  computations  are  performed  is 
reduced  to  a  small  local  domain  which  surrounds  the 
disturbance,  litis  a* due ti on  of  the  domain  is  achieved  by 
making  use  of  the  known  solution  space  <  eigen  function  or 
Given's  function)  in  the  choice  of  the  trial  and  test  function 
bases.  In  the  localized  finite-element  domain,  a  simple 
polynomial  trial  and  test  function  basis  is  used.  Proper 
juncture  conditions  are  also  used  to  match  (couple)  the 
eigenfunction  and  polynomial  function  bases.  The  present 
method  was  used  previously  to  solve  two-dimensional  free- 
surface  problems  by  Bui  <  I ‘>75.  IU7K). 

Some  numerical  results  for  a  pressure  distribution  on  a 
free  surface  are  presented  and  compared  with  the  analytic 
results  of  Newman  &  Poole  <  l‘XO).  Wave  resistance  results 
are  also  given  for  a  ship  moving  along  the  centerline  in  a 
canal  and  compared  with  the  results  obtained  by  Kirsch 
( ! %b).  Agreement  between  numerical  and  analytical 
predictions  of  resistance  for  both  the  pressure  distribution 
and  for  the  ship  is  very  good.  The  results  of  preliminary 
calculations  for  a  surface  effect  ship  'Sl-iS).  with  rigid  side- 
walls  are  also  discussed. 

1.  INTRODUCTION 

Steady  How  of  an  inviscid.  incompressible  fluid  past  a 
body  in  the  presence  of  a  free  surface  is  described  by  a 
boundary -value  problem  governed  by  I  J  pi  ace's  equation. 

In  the  past,  problems  of  this  type  were  generally  solved  by 
distributing  sources  t and/or  dipoles)  on  the  body  boundary 
and  using  Green’s  theorem  to  obtain  an  integral  equation 
for  the  strength  of  these  boundary  singularities  or, 
alternatively,  by  using  sources  and  higher  order  multipole 
expansions  at  an  interior  point  within  the  body,  the 
strengths  of  these  singularities  being  determined  so  as  to 
satisfy  the  body  boundary  condition.  In  all  cases,  it  is 
conventional  to  utilize  die  singularities  which  ;uv  solutions 
of  the  boundjry-value  problem  stated  above,  except  that 
the  body  boundary  condition  is  invoked  separately  to 
determine  the  strength  of  the  singularity  distribution. 

As  an  alternative  approach,  a  localized  finite  element 
method  was  used  by  Bai  1 1 *>75.  I‘*7M  to  solve  the  steady 
two-dimensional  uniform-flow  problem.  Oien  A  Mei  <1U7S) 
and  Mei  A  Chen  ( l‘>7h)  have  applied  a  similar  numerical 
method  to  solve  two  dimensional  problems.  In  die  present 
paper  Bare-  method  is  extended  to  three-dimensional 
proMems.  When  this  method  is  applied  to  an  arbitrary 


three-dimensional  ship,  a  line  integral  along  the  intersection 
between  the  free  surface  and  the  ship  hull  appear  in 
Galerkin’s  formulation.  However,  if  the  walcrplanc  is 
assumed  :<>  he  sufficiently  thin,  the  contribution  from  the 
line  integral  may  iv  ignored 

Sonic  numerical  results  for  the  pressure  distribution  on 
the  free  surface  are  presented  and  compared  with  analytic 
solutions  obtained  by  Newman  &  Boole  ( l%2).  Computa¬ 
tions  have  also  been  made  for  a  ship  moving  along  the 
centerline  of  a  can  il.  Specifically  we  present  here  the  wave 
resistance,  the  wave  profile,  the  blockage  parameter,  the 
velocity  |irofile  on  the  ship  hull,  and  the  pressure  on  the 
bottom.  The  wave  resistance  of  a  thin  ship  is  compared 
with  the  result  obtained  by  Kirsch  ( 1%b>.  Agreement 
between  the  numerical  and  analytical  predictions  for  both 
the  pressure  distribution  and  for  the  thin  ship  is  very  good. 
The  ship  hull  boundary  condition  is  treated  in  two  ways. 

First,  the  ship  hull  boundary  condition  is  applied  on  the 
ccntcrpiune  according  to  the  thin  ship  approximation,  and 
next,  the  exact  hull  condition  is  used  with  the  line  integral 
being  ignored.  We  also  tested  for  a  few  Fronde  numbers  the 
problem  of  a  pressure  distribution  with  infinitely  thin  side  walls 
which  is  a  simplified  model  for  a  surface  effect  ship  (SI  S) 

The  main  advantage  of  the  present  method  is  thui  the 
complex  geometry  of  a  hull  boundary  can  be  easily 
accommodated.  The  method  also  provides  values  for  the 
velocity  potential  in  the  entire  fluid  domain  :rs  part  of  the 
resul  ts. 

2.  FORMULATION  OF  THE  STEADY 
UNIFORM  FLOW  IN  A  CANAL 

Wc  consider  here  steady  uniform  flow  past  a  fixed 
three-dimensional  disturbance  in  a  canal  with  a  rectangular 
uniform  cross  section.  The  coordinate  system  is  right-handed 
and  rectangular.  The  y-axis  is  directed  oppositely  to  the 
force  of  gravity,  and  the  xz-plane  coincides  with  the 
undisturbed  free  surface.  The  bottom  of  the  canal  is  in  the 
y  =  -  H  plane  and  the  side  walls  in  the  i  *  i  b  planes.  The 
uniform  flow  is  coming  from  the  negative  x-axis.  Wc  neglect 
surface  tension  and  assume  thu  the  fluid  is  inviscid  and 
incompressible  and  that  the  motions  an*  i relational. 

The  steady  three- dimensional  flow  is  described  by  a 
total  velocity  potential 

♦lx.  y.  r)  -  Ux  ♦  $(x.  y.  i)  till 

where  +  is  the  perturbation  potential,  which  must  satisfy 

V1  #(x.  y.  a)  *  0  1 12) 

in  the  fluid  doman  I)  It  will  be  auumed  that  the  free-surface 
disturbances  are  ail  small  so  that  the  linearized  free-surface 
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boundary  concilium 


3.  LOCALIZED  FINITE-ELEMENT  METHOD 


02  U  3  „  c  — 

can  he  applied,  where  P0 t x .  z)  is  a  specified  non- zero 
pressure  applied  over  a  portion  of  die  free  surface.  Sp.  S, 
is  the  remaining  frec-surfacc.  and  p  is  the  density  of  water. 
I'he  boundary  condition  on  the  ship  hull,  S„.  is 

«„ -V,  ™s,  I -’41 

Here  tlte  normal  velocity  Vn  is  given  as 


where  n  -tnj.il>.  n ,)  is  the  outward  unit  normal  vector. 
The  boundary  conditions  on  the  bottom.  S„.  and  side  walls. 
S^. .  of  a  canal  are 

0(|  -  0  on  SH  U  1 2,<»l 

As  the  ladiation  condition  we  require  that  no  disturbances 
exist  far  upstream,  i.c.. 

Inn  1701  =  t)  i  _.7> 


In  this  see  lion  we  shall  describe  a  numerical  method 
based  on  a  weak  formula  lion  or  (lalerkiu  s  form.  A 
description  of  the  weak  formula  lion  or  <«alerkin's  form  will 
not  lx-  given  here  since  many  references  on  this  subject 
exist.  I'he  reader  who  is  not  familiar  with  this  subject  may 
find  an  extensive  treatment  in  Strang  and  Fix  i  1‘>7.H 

The  fluid  domain  of  our  problem  is  infinite  along  the 
x-axis.  For  numerical  computations,  it  is  desirable  that  the 
fluid  domain  lx‘  reduced  to  as  small  a  region  as  possible. 

The  goal  of  reducing  the  original  inllnile  domain  to  a  finite 
domain  is  achieved  by  making  use  of  the  known  solution 
soace  in  truncated  infinite  subdomains  which  will  lx*  defined 
later.  Finally  the  domain  of  the  fluid  to  lx1  treated  in  the 
computations  is  reduced  to  a  local  region  which  may  barely 
include  any  source  of  the  disturbance  in  the  steady  How. 

The  present  numerical  method  is  termed  a  l<xali/cd  fmile- 
clemenl  method  since  finite-element  numerical  computations 
are  made  only  for  a  local  domain  which  will  lxv  defined  later. 
This  procedure  lias  beer,  applied  to  steady  two-dimensional 
unifonn-llow’  problems  by  Dai  1 1 *>75.  ll>7N). 

l  et  us  draw  two  imaginary  vertical  planes  J ,  and  J  > 
which  separate  the  original  fluid  into  the  three  sub-domains: 
1\,.  Dj.  and  l)>.  shown  in  Figure  I.  We  assui.te  that  D„ 
includes  the  ship  and  or  the  pressure  distributions.  I'he 
boundary  surfaces  of  l)0.  I/,.  and  aie  denoted, 
respectively.  by 


and  that  the  potential  0  lx*  bounded  far  downstream 


+  J,  +S„  ♦Sp 


»•>,  on 


The  solution  of  equations  t  2.7)  through  (  2.K)  is  unique  lo 
within  an  arbitrary  additive  constant.  To  eliminate  the 
arbitrary  constant  in  the  solution,  we  require  a  Dirichlet- 
type  boundary  condition  at  any  one  point  in  the  fluid 
domain  or  on  its  boundary.  For  this  purpose,  we  simply 
require 

0|xo.  yu.  /.,)  x  0  l  2.<>) 

where  tx.,.  y„.  /„)  is  a  point  in  the  fluid  or  on  its  boundary. 
Now  the  solution  of  equations  (2.21  through  <2.h)  can  lx' 
determined  uniquely. 


where  S,  y  S,„.  and  Svvi.  denote.  respcc lively,  the  free  surface. 

the  bottom.  and  the  canal  side  walls,  in  the  sub-domains 

l)jti  =  0.  I.  2* and  where  SRj  ti  =  1.2)  are  the  boundaries  at 

infinity.  Here  F„  is  the  intersection  line  between  the  free 

surface  S(  „  ami  the  ship  hull  surface  Sw.  1  he  lines 

I'i  tx,.  o.  /.).  I\(x>.  o.  /).  l’xtx>.  o.  A  and  l4  (\4.  o.  /) are. 

res|x*c lively,  the  intersection  lines  of  the  surfaces 

and  SK:  with  the  tree  surface.  Sp  denotes  the  region  ol 

pressure  distribution  on  the  free  surface,  if  any.  in  D„. 

l  et  0(1.  0,.  and  0>  denote  the  perturbation  potentials 
defined  in  the  subdomains  D0,  1),.  ami  D>.  and  on  the 
boundaries.  dD„.  <10,.  Dl),.  respeelively  Then  we  have 
from  equations  <  .7. 2)  through  <2.‘>).  that  0„  must  satisfy 


Figure  I  -  Boundary  Configuraiioiw  of  the  Hirer  Subdivided  Fluid  Domain. 
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V2  0,  =  0 


•  —  0OXY-  ~  T~  P„tX.  Otl  S-, 
g  oxx  pg  3X  u  i 


and  that  0,.  i  =  1.2.  must  satisfy 


*iy"'J*ixx  0,1  Sli 


*ln  =  0  S»i  U  \i 


with  the  upstream  condition 


tim  IV0.  |  =  « 


and  wi-..  the  downstream  condition 


lim  02  <°° 


in  addition,  we  have  the  matching  conditions 


=  0j 

on  J,.  i  = 

,  +0,  =0 


where  the  normal  vector  n  is  taken  outwards  from  the  fluid 
region,  i.e.. 


"ir  "i x’  "on  "ox 


^in  a  ”^2x’  ^on  *  *ox 


-0  on  J. 


on  J ,  (.1.5) 


It  is  easy  to  show,  by  use  of  Green  s  theorem,  that  the 
solutions.  0^ ,  of  the  above  problems,  (3.2)  through 

(3.4).  arc  identical  in  each  corresponding  subdomain  to  the 
solution  0  of  ( 2.2)  through  ( 2.9) 

As  the  basis  of  the  present  numerical  procedure,  a  weak 
formulation  will  be  used,  as  mentioned  earticr.  One 
important  step  in  the  localized  finite-clement  method  is  the 
construction  of  three  coupled  functionals  by  applying  the 
weak  formulation  (Strang  and  Fix.  1975.  pp.  I  lb  -  125)  in 
each  of  the  three  subdomains: 


Mr* 


)0,  dv«  0.  (i- 0.1.2)  (3.6) 


for  all  in  some  test  space.  Integrating  by  parts,  (3.6) 
reduces  to 

O.  *o  *  -  0.  for  al1  *0- 


rW*  =  0  <3.81 

"3D, 

for  all  0j.  i  -  1.2.  Here  0j  and  0j.  i  3  1.2.  arc  solutions 
of  Laplace’s  equation. 

Let  0().  0|.  and  02  denote  the  trial  functions  in  the 
subspace  of  the  solution  space  in  the  subdomains  l)„.  D)t 
and  D>.  respectively  and  let  ip0.  if  |  and  \f2  denote  the  test 
(unctions  in  the  subspace  of  the  test  space  in  D„,  D,.  and 
D2.  respectively.  We  deline  the  functionals  F0.  F|.  and  F, 
in  D„.  D,.  and  I)>.  respectively,  as  follows 

jJ  tx5oxds 

g  -/-/S|  ()u  Sp 

+  ^  JJS/"  *" ds  +  7  jjX  d' +  vllK'  *» ds 

(3.9) 

\  Jyf'*  *"d* 

-  f]  *■!%*<,  i,i  +  T 

'/«/j2  *  1 3 

where  the  line  integration  along  the  closed  contour  P0  is 
understood  to  proceed  in  the  counterclockwise  direction  as 
shown  in  Fig.  I.  (Note  that  dz<0  around  the  stem  and 
d/.  >  0  around  the  stem). 

hM*. }*/<*, ,*,-*..*.>* 

Jl 

■  lx»0  -'fix'll  )de 

<3.  <0) 

<x*' ■*<x^,)d8 

F!  {»:■  [I  $ix  «o  -  h»  ds 


ix*l,ds 


In  conttiucting  the  »bove  functionals  given  in  (3.9)  through 
(3.1 1).  the  following  ’’additionjl"  conditions  were  used  to 
keep  the  desirable  property  of  eigen  function  orthogonality 
(see  Bai  <  1 978))  in  the  elution  space  (eigenfunction  space) 
to  be  used  later 


60 


at  lx,.  <\  z) 


■3.1  '.) 


ifiese  conditions  a  .  imposed  to  insure  coniimuiv  m  v  and 
v>x  across  the  lines  P,  and  P,  because  the  second  den1  live 
0XX  is  involved  in  the  t'rcc-surlnce  boundary  condition. 
(Obviously  f  3. 1  2)  and  (3. 13)  are  conditions  strongs  than  the 
boundary  conditions  on  the  surfaces  J,  and  J2,  (3.4)).  it  is 
of  particular  interest  to  note  that  functional  1  „  given  by 

(3.9)  contains  a  line  integral  along  the  intersection  of  the 
ship  hull  and  the  free  surface.  This  line  integral  is  similar  to 
the  well-known  line  integral  talso  known  as  the  sheltering 
effect)  which  is  present  in  the  Green  function  formulation 
of  the  wave-resistance  problems. 

Finally  we  obtain  the  following  functional  equations 
with  certain  essential  boundary  conditions: 

1;0  | <t>0>  }  =  0.  for  ail  0O  (3. 14) 

with  the  essential  condition 

*0<V  y„.  Ztl)  =  0 

Fi  =  °.  lor  .ill  ^7,  (.VIS) 

with  the  condition 

lim  I  70,  !  -  0  ; 

X  -s  -oo 

and 

Fj  1 02,  0O:  02  J  =  0.  for  all  0-.  (3.  lb) 

with  the  condition  that  02  is  bounded  as  x  -*  «*. 

In  the  coupled  functional  equation  (3.14)  through 
(3.16),  all  the  boundary  conditions  ure  properly  taken  into 
account  as  natural  boundary  conditions  except  for  the 
essential  conditions  specified  in  .he  above  functional 
equations.  The  essential  conditions  play  the  role  of  an 
additional  condition  on  the  functional  equations  given  in 
(3.14)  through  (3.16)  nnd  have  to  lie  properly  taken  into 
account  when  constructing  the  trial  functions. 

In  the  region  Dt>,  the  bases  for  the  trial  and  test 
functions  are  chosen  from  a  polynomial  basis,  Specifically, 
8-node  isoparanu  ?: ! incur  three-dimensional  elements  were 
used  in  the  present  numerical  procedure.  We  will  omit  a 
description  of  this  representation  and  of  the  computation  of 

(3.9) .  One  can  read  about  this  element  in  Wilson  (1972). 

A9  mentioned  earlier,  the  trial  and  test  functions  in  D, 
and  Dj  will  be  chosen  from  a  subspace  of  the  solution  space 
which  satisfies  the  Laplace  equation  with  the  free-surfau'  con¬ 
dition.  the  side  wall  condition  and  the  bottom  condition.  The 
eigenfunctions  or  the  Green  functions  of  the  above  problem 
can  represent  the  solution  space.  We  will  choose  the  eigenfunc¬ 
tion  space  In  this  paper  for  its  simplicity.  F,  and  Fj  cun  be 
given  in  simple  analytic  forms  except  for  the  integrals  along  the 
juncture  boundrnet,  i.e.,  J,  and  J2.  Thcrclon .  the  integral 
expressions  for  the  functionals  are  involved  or’/  with  sub 
domain  D„.  which  we  shall  call  the  localized  finite-element 
domain,  if  one  takes  the  localized  finite-element  domain  to 


•  Mnm..  then  the  domain  over  which  the  integrals  have  to 
t>e  computed  will  also  lx*  smaii.  O:  the  other  hand,  one  has 
•'  take  many  :  mis  t  eigenfunctions  I  Jo  represent  the  trial 
and  ks;  functions  for  p,  and  0,  or  <t>2  and  J,  hi  the 
computation  of  (lie  approximate  solutions,  and  vice  versa. 

1  he  coupled  Galerkin  equations  (3.14)  through  (3.1b) 

go  mto  operational  form  in  the  following  way.  Let  qjj . 

ii,\|  .  <i  =  U.  I  2)  lx-  tlie  basis  for  the  Mj-dimensional  suh- 
-.pace  of  the  solution  space  and  lei 

. =  °-  •• 

Iv  the  basis  tor  the  Nj-dimensional  subspace  of  the  test 
space  defined  in  the  subdomains  Dp  i  =  0.  1.2.  Then  the 
solution  is  assumed  to  be 

Mi 

-E^inD,.  1  =  0.1.:.  (3.17) 

j  ”  1 

where  y',j  are  coefficients  to  be  determined.  By  substituting 
(3.17)  the  coupled  functional  equations.  (3.14)  through 
(3.1b!.  finally  reduce  to  sets  of  linear  algebraic  equations. 
Since  the  detailed  procedures  can  be  found  in  Bui  (1 978). 
we  omit  these  here. 

A  complete  set  of  the  eigenfunctions  which  satisfy 
Laplace's  equation  and  the  homogeneous  boundary  condi¬ 
tions  on  the  free  surface,  the  bottom  ,y  *-H).  and  the 
canal  side  walls  U  =■  ±  h)  are  given  (see  Wehausen  (1973, 
p.  MO))  as 

lx.  I.  (tOS  cosh  n  <v  ♦  H)  cos  (/  -  b). 

I  \sin  k„  x/  "  -b 

exp  knpx  cos  y  +  H)  cos  ^  <z  -  b)  j .  (3. 1 8) 

where  #i„  >  0.  kn  >  0.  ynp  >  0.  k|)p  >  0.  and  where 

kn  s  *n  '  lwr/2b)2. 

knp  =^n,,2  ♦tnw/2bl1.  (3. 1 9) 

TIk  fin  must  satisfy 

e7T  ["H '  ('irJ  uTi]  1  ''"lh  11 

and  the  unp  must  satisfy 


If  n  >  I ,  there  is  a  single  solution  for  for  each  value  of 
U'/gH.  If  n  *■  0.  there  is  one  positive  ,-rlution  for  if 
U2/gH<  I.  but  none  if  UJ/gH>  I.  There  are  infinitely 
many  solutions  for  jinp«  which  we  sludi  ..umber  with 
p  ■  0.  1 .  2. . . .  in  order  of  increasing  value,  if  n  *  0.  there 
is  no  rotution  piX)  if  U2/gl«  <  i.  but  exists  if  U'/gH>  I 
There  is  c.o  steady-state  solution  if  U2/gll  *  I. 

In  the  numerical  procedure  it  is  uiw.erxfimd  Inal  for 
convenience  the  y* -plane  is  shifted  to  coincide  with  .l(  and 
J2  for  the  computations  of  F,  i„id  F\. 

From  the  complete  set  of  eigenfunctions  lliv'  basis  for 
*he  tnal  functions  is  chosen  so  that  all  the  irrai  functions 
safisiy  the  essential  boundary  ct  idiim  In  tin*  cho.cc  of 
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Ilie  basis  for  the  test  functions.  we  eliminate'  the  terms  which 
result  in  a  trivi;il  zero  row  vector,  a  row  vector  linearly 
dependent  on  another  row  vector,  or  an  unbounded  integral. 

The  bases  lor  the  upstream  region  are  chosen  as 

{'in . 'mmi  | =  { 1  •  '■■k"pX «» v  + 1,1 «« 37,  '•  - 1>1 ) 


*n . *,m  J  =  x.»in  til'll  (inly  +  Hitii'  ^  i/-  M. 


Since  the  tree-surface  elevation  in  the  linear  theory  is 


Tf(X.  /.)  =  —  0„(x.  o.  t. \ 
g  * 


the  free- surface  elevation  associated  with  the  potential  in 
(4. 1 1  is  then  given  by 

tj(x.z)  =  ^  ^  kn<an  sin  knx  -  hn  cos  knx)  cos  -JjMz.  -  hi 
+  k„|i  t'„p  t  V  cos  (i„rH  </  -!>! 


c  "p  cos  /J()p  l y  +  Hi  cos  ~  t  z  -  h) | 


where  n  am)  p  are  properly  chosen  from  (he  lowest  so  as  to 
make  the  total  number  of  terms  on  both  sides  the  same. 
Similarly,  the  bases  for  the  downstream  region  are 

jti2i . q2M2 1  =  1 1 .  cos  kn  x  cosh  vn  (y  +  Hi  cos  tz.  -  hi. 

sin  knx  cos  h  /in  t  y  +  H I  cos  ~  l  z.  -  hi . 

k  x  nir  I 

e  nf>  cos  Mnp  <  y  +  H )  cos  —  t  /.  -  b)  | 

13.241 

and 

{^2, . <^2N2 }  ~  {  *•  sin  *Six  cwsh  Kn  <y  +  COS  ^  ,z_  b)< 

e  "r  cos  Mnp  ty  +  Hi  cos  —  ( z.  -  hi  J 


It  is  of  interest  to  note  that  the  final  total  matrix  is 
banded.  Furthermore,  it  should  Ik*  noted  that  the  siihmairix 
obtained  from  the  polynomial  trial  and  test  functions  in  l)0 
and  the  local-terms  eigenfunctions  in  i)(  and  Dj  is  symmetric  as 
well  as  handed.  In  the  present  numerical  computations,  this 
symmetric  submatrix  is  solved  first  in  terms  of  unknown 
coefficients  of  the  free-wave  eigenfunctions  and  constants. 
Then,  the  asymmetric  submatrix  of  the  rest  of  the  matrix 
is  solved. 

4.  HYDRODYNAMIC  PRESSURES,  FORCES, 
MOMENTS,  AND  BLOCKAGE  PARAMETER 

The  solution  of  the  final  matrix  equation  gives  the 
velocity  potential  0(x.  y.  zl  in  the  localized  finite  element 
domain  D0  as  well  as  the  coefficients  of  the  eigenfunctions 
in  both  the  upstream  and  downstream  half-inllnite  domains. 
0)  and  D>.  For  example,  the  potential  0  in  the  down¬ 
stream  region  can  he  written  as  (see  Wehuusen  (197.1), 

p.  Ill) 

0(x.  y.  i)  *  ('j  ♦  £  («n  cos  l^x  ♦  bn  ..in  kn x )  • 


The  lir\t  summation  starts  with  n  =  0  or  n  =  I  according  as 
U//iH  <  I  or  U/ysFi  >  I.  respectively.  In  the  second 
summation  the  term  corresponding  to  n  =  p  -  0  is  absent  in 
the  first  case,  but  present  in  the  second.  Here  the 
coefficients  ('j.  an,  bn.  and  cnj,  are  the  coefficients,  ^2j- 
defined  in  l  .V  i  7). 

Alter  the  velocity  potential  has  been  obtained,  the 
pressure  can  lv  computed  by  Bernoulli's  equation 

p  =  -*>U0X  -  “  (0X2  +  0y2  +  0,2)  (4.41 

where  the  hydrostatic  pressure  has  been  omitted.  Then  the 
non-dimensional  pressure  coefficient  (p  is  defined  as 

‘p  “ 


vtiere  (,  h  unity  at  tile  stagnation  point 

Hie  force  and  moment  acting  on  a  ship  hull  S0  are, 

lespcctivelv. 


M  =  JJ p(r  x  n)  dS 


wiieie  T  -  i  Z).  r  «  y.  7)  is  the  position  vector,  and 
n  in,,  n-.  i|)  is  the  unit  normal  vector  into  the  body. 

Hi-  .is*  X  can  also  be  expressed  in  terms  of  the  far* 
downstn  tree  waves  as 


•  t*U*  i  i  ■»  j 

>  t  1  k  2  (a 2  ♦  b*» 
V.  n  *n  n  n 


3  gH  On  «>nH  /  .’p„H  \| 

-  u*  *«nH  \  sinh2*inH/ 


c«»hp„(y*H) 

- : - □ —  cos  -r  1 7.  -  b) 

coshfi  H  2b 


SPC  "’"‘“‘•V''  ""iisSJn-l" 


«n‘l  for  n  >  I  , 

It  is  of  interest  to  note  that,  for  steady  flow  in  a  canal, 
the  mean  potentials  far  upstream  and  far  downstream  arc 
different.  This  mean-potential  lump  between  the  two 
infinities,  ire.,  x  *  t  «>,  defines  the  so-called  blockage 
[tara meter  winch  is  discujcd  by  Newman  (147(0  for  the 
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twodimensional  case.  The  potential  jump  is  defined  hy  the 
difference  in  the  two  constants  at  both  infinities.  In  his 
two-dimensional  analysis.  Newman  t 1 *>76)  pointed  out  that 
the  potential  jump  V  is  related  to  the  doublet  strength. 
(UH/2ir)#i.  by 


In  presenting  our  numerical  results,  we  will  make  use 
of  the  water-depth  Fronde  number  F„  and  the  ship  length 
Fronde  number  F, .  respectively  Uctincd  by: 


<4.'ri 


where  H  and  t.  are  the  water  depth  ami  the  ship  length, 
respectively. 

In  most  of  our  computations,  two  sets  of  Imitc-clcmcnl 
mcslt  subdivisions  were  used:  a  rather  coarse  mesh  subdivi¬ 
sion.  with  500  elements  and  ’(>  nodes  1 10.  5.  ami  10 
elements  along  the  x.  y.  ami  /  axis,  respectively!  md  a  line 
inesli,  with  1120  total  elements  ami  I4‘)f.  total  node* 

(16  x  7  x  10  elements  along  the  .x.  y  ami  /  axes'  In  both 
sets  of  mesh  subdivisions,  the  approximately  40  •  igenlunc 
lions  were  taken  (10  I  roc  wave  terms  were  taken'  I  he 
average  CPU  execution  time  for  each  i-lomlc  numlx'i  on  the 
Texas  Instrument  Advanced  Scientific  Comput-  .it  Hu- 
Naval  Research  l  aboratory  was  5(>  and  °o  « 
for  the  coarse  and  fine  meshes,  respectively. 

(The  costs  were  approximately.  SIO.(H)  and  *>  MM)U. 
respectively. ) 

5.  .RESULTS  AND  DISCUSSIONS 

We  present  some  test  results  in  this  section.  5p«.u  o  ally, 
a  pressure  distribution  on  the  free  surface  is  treated  hr  and 
a  parabolic  ship  moving  along  the  center  of  a  canal  in  i.  ited 
next.  Throughout  the  compulations,  only  half  of  tin-  aid 
domain,  i.c..  0  <  /  <  |>  is  considered  due  to  the  symm.  * « v 
with  respect  to  the  xy-plane.  Mere  the  width  of  tlu-  ul 
W  is  given  as  W  »  2h. 


*li 


Figure  2  -  Wave  Resistance  uf  a  Prmurr  Dwtribution 
IB/L  «  I.  H/L  •  0  5.  W/L  -  2) 


Pr  assure  Distribution  on  the  Free  Surface 


A  rectangular  pressure  distribution  on  the  free  surface 
was  used  to  test  the  present  numerical  method  since  there 
exist  analytic  expressions  for  this  simple  geometry.  The 
pressure  distribution  is  riven  as 


p0tx.  /)  =  pu  for  I  x  |  <  ■-  and  I  / 1  <  ~ 


I.  ti 

Putx./)*0  lor  1x1  >~  or  |/|>  — 


wiiere  I  and  H  arc  the  length  and  beam  u-ivctively  and  p„ 
is  a  constant.  Ihe  wave  resistance  for  this  case  is  given  in 
Newman  &  Poole  1 1  *>(>21  as 


P  -w , 


x  =  -  —  Y'  -  - 

»-  «  „4r, 

«0H  siir  j  sin-'  —  |i„H  l.in  li  /u„H 
2  p  H  -  v  H  •  tan  h  n  H  -  i>  H  •  p  II  •  »:ec  h ■  p  H 


(5.2) 


where  f„  is  defined  earlier  in  (4.7).  v  =  g'U-.  and  where  ptl 
are  the  positive  real  roots  ol  equation  (.4.20)  with  "2b' 
replaced  by  ‘|>\  i.c..  W/2.  since  the  symmetry  with  respect 
to  the  xy-plane  is  used  in  the  above  formula. 


In  Figure  2  and  Table  I.  our  numerical  results  arc 
compared  with  the  analytic  results  given  by  (5.2).  As  shown 
in  Table  I.  finer  finite-element  meshes  wore  used  for  ihe  low 
Fronde  numbers.  Fable  I  shows  that  the  accuracy  of  the 
numerical  results  improves  if  liner  Onitc-ch'incnt  meshes  are 
used  and  that  liner  meshes  should  be  used  as  the  Fronde 
number  decreases.  I  lie  comparison  m  Figure  2  shows  good 
agreement  Ivtwccu  the  numerical  and  analytic  results  for 
the  higher  Fronde  numbers.  I  he  slight  disagreement  shown 
for  Ihe  low  Froudc-numhcr  cases  results  from  insufficiently 
fine  finite-element  meshes.  It  is  of  interest  to  note  that  the 
blockage  parameter  p  defined  in  t4..K»  was  a  constant 
throughout  the  entire  I  romk -number  range  tested: 

H  -  P„  >gU.  for  H/'l  -  0.5.  H/l  -  I.  and  W/L  =  2. 


Table  1  -  Comparison  of  (he  Wave  Resistance.  pgX/l*02  B, 
Computed  by  the  Numerical  and  Analytic  Methods  for 
(he  Pressure  Distribution  on  Ihe  Free  Sun  ace 
IB/L  -  I.  H/L  -  0.5.  W/L  «  2) 


fh 

Nunwical  Rviulti 

An*1ytic  RmuIU 

(100 

776  Nod»» 

1496  Nod** 

0975 

0  0660 

0.066) 

0960 

0.0671 

00070 

0.926 

0.0678 

00677 

0.900 

0.0692 

0  0680 

0.0660 

0.976 

0.0692 

0  0679 

0.860 

0.0676 

00671 

0.926 

a 066) 

00666 

0.900 

0.0639 

0  0633 

0.0632 

0.700 

00443 

0  0419 

0.0416 

0600 

0.0077 

0  0072 

00069 

0600 

00290 

0  0364 

0.0362 

0  46b 

00670 

00649 

03 


lii  order  to  investigate  surface  effect  ships  iSfcS).  we 
also  tested  the  pressure  distribution  with  infinitely  thin  side 
plates.  The  computed  wave  resistance  with  side  plates  was 
approximately  double  the  wave  resistance  without  the  side 
hull  plates  when  the  draft  of  the  side  plates  was  T  =  0.02  L 
for  FL  **  0.9$.  We  have  some  reservations  with  regard  to 
these  numerical  values,  because  we  did  not  take  very  line 
meshes  and  because  we  did  not  take  into  account  the  Kutta 
condition  along  the  edge  of  the  side  plates.  Neglect  of  the 
Kutta  condition  resulted  in  an  infinite  cross  velocity  along 
the  plate  edge... 

Parabolic  Ship 

Computations  have  been  made  for  a  parabolic  ship 
moving  along  the  centerline  of  a  canal.  A  mathematical  hull 
surface  fix.  /.)  with  symmetry  about  the  x-  and  /-axes  and 
w;,,i  rectangular  caws  section  is  defined  by 


^//oxMe)  =  k-(i)  1S-5' 

where  K  is  a  constant  of  0(  I ).  By  assuming  that  the  ship 
is  thin.  i.c.. 


one  can  see  from  (5.5)  that  the  line  integral  in  (.T9)  can  be 
ignored  since  it  is  of  0(B/L).  Similarly  one  can  also  show 
that  the  rest  of  the  integral  terms  in  (.1.9)  should  be  retained 
since  they  are  of  0(1)  in  the  nondimensional  forms. 

The  computed  wave  resistance  using  both  the  linear 
and  exact  boundary  conditions  on  the  hull  surface  are  shown 
in  figure  .1  and  also  given  in  Table  2. 


f(x,  z)  *  z  t  5  j^l  -  (jfij  J  *  o,  for  o  >  y  >  -T.  ( 5.3) 

Here  B  and  L  are  the  beam  and  length  of  the  ship, 
respectively.  The  draft  of  the  ship  is  T  and  the  depth  and 
width  of  a  canal  arc  H  and  W,  respectively.  This  hull  form 
was  chosen  since  there  exist  extensive  results  for  this  model 
in  a  canal  by  Kirsch  ( 1966).  We  made  two  sets  of  computa¬ 
tions.  one  using  the  linearized  hull  boundary  condition  on 
the  eenterplane.  and  the  other  U'  ng  (he  exact  hull  l  oundary 
condition.  In  both  cases  the  line  ..itegrul  along  ro.  the 
intersection  between  the  ship  hull  and  the  free  surface,  in 
(3.9)  is  ignored.  We  will  give  here  a  brief  discussion  for  why 
this  line  integral  may  be  ignored  under  certain  assumptions. 

It  is  convenient  to  nondimensionalize  the  functional  F0 
defined  in  (3.9)  by  Ull.\  U\, 


Then  the  line  integral  along  the  intersection  boundary  ro. 
from  (3.9).  can  be  written  us 


Table  2  -  Computed  Wave  Resistance*  Obtained 
by  Using  the  Linear  and  Exact  Hull 
Conditions  for  a  Parabolic  Ship 
(B/L-0.2.  T/L  *  0.1.  H/L  ■  0.3.  W/L  *  I) 


PL 

Linear  Boundary 
Condition 

Exact  Hull 
Boundary 

726  Nodes 

149v  Node* 

1496  Nooat 

0.000 

0.9666 

0.670 

1.0250 

0.630 

3.3013 

3.4155 

6.8229 

0.600 

2.7704 

2.6390 

3.2690 

0.476 

2.2606 

2.3287 

2.7362 

0.450 

1.7636 

1.7844 

2  4412 

0.425 

1  3647 

1  2240 

1.4026 

0.400 

0.7371 

0.360 

0.1791 

0.300 

0  ?Q56 

'The  nondi  men  liona  I  wave  retittance  it  defined  at 


FifUM  J  -  Wb*i  Reekrtnc*  of  a  Parabolic  SlKp  in  •  Canal 

(•/I.  ■  0.2.  T/L  *  0.1.  H/L  •  0.J,  W/L"  I) 
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The  linear  results  arc  compared  with  those  obtained  by 
Kirsch  (1966)  in  Figure  3.  The  agreement  is  good,  for  both 
sub-critical  and  super-critical  flows.  However,  the  results 
obtained  by  using  the  exact  hull  boundary  condition  are 
higher  than  those  obtained  by  using  the  linear  hull  condition 
on  the  ccnterpiane.  This  qualitative  tendency  can  also  he 
observed  in  the  results  shown  by  Inui  <1957.  p.  348:  see  also 
Wehauscn,  1973.  p.  195). 

The  velocity  potentials  and  the  free-surlace  elevations 
along  the  ship  hull  surface,  the  canal  ccnterpiane  forward  and 
aft  of  the  hull,  and  along  the  canal  side  walls  for  F,  =  0.5  arc 
shown  in  Figure  4.  The  mean  potential  jump  is  also  shown  in 
Figure  4.  It  is  of  interest  to  note  that  the  zeroth-mode  free 
wave  ti.e..  p„H  =  Kt)H  =  0.790284  in  Table  3>  is  dominant 
along  the  canal  side  walls  whereas  along  the  hull  surface,  the 
highermode  free  waves  are  significant  as  we"  as  the  zeroth 
mode  (the  lowest  mode).  It  appears  that  the  higher-mode 
free  waves  have  not  quite  propagated  to  the  side  walls  even 
though  all  modes  of  free  waves  <  as  well  as  the  local- 
disturbance  terms)  have  been  generated  by  the  hull  surface. 

As  a  part  of  the  numerical  solution,  we  also  obtained 
the  coefficients  of  the  eigenfunctions  (the  free-wave  terms 


as  well  as  the  local-disturbance  terms!.  The  coefficients  of 
the  ten-mode  free  waves  (from  the  lowest  mode)  are  given 
in  Table  3  for  FL  =  0.5.  and  for  the  linear  and  exact  hull 
conditions,  respectively.  It  is  of  great  interest  to  note  that 
the  results  in  Table  3  provide  not  only  the  wave  resistance 
from  (4.71.  hut  also  provide  the  wave  amplitude  spectrum 
for  discrete  wave  numbers.  This  wave  amplitude  spectrum 
is  an  intermediate  result  commonly  obtained  in  the  towing 
tank  wave  measurement  by  the  transverse  or  longitudinal 
wave-cut  methods.  Therefore,  since  this  method  can 
simulate  closely  the  towing  tank  experiments,  it  can  be 
regarded  as  a  numerical  (owing-tank  experiment*. 

Hie  velocity  vectors.  V(Ux  +0).  on  the  hull  surface 
ti.e..  the  tangential  velocity)  arc  computed  from  the  poten¬ 
tial  obtained  using  the  exact  hull  boundary  condition.  They 
arc  shown  in  Figure  5a  for  a  Fronde  number.  F(  =  0.5.  The 
side  of  the  hull  surface  is  divided  into  three  panels  along  the 
depth  and  ten  panels  along  the  length.  The  corresponding 
Unite  element  nodes  in  the  body  plan  are  shown  in  Figure 
5b.  The  accuracy  of  the  velocity  vectors  can  easily  be 
improved  by  taking  finer  meshes  (panels).  Such  results  can 
then  be  used  as  input  values  for  computation  of  the  viscous 
boundary  layer  on  a  ship  hull. 


Table  3  -  The  Coefficients  of  the  Downstream 
Free  Waves  in  (4.1 1  for  FL  =  0.5 
(B/L  *  0.2,  T/L  *0.1.  H/L  *  0.3,  W/L  -  I) 


n 

KnH 

Linear ired  Condition 
(On  the  Centerplane) 

Exact  Hull  Condition 

bn/UH 

b./UH 

0 

0.790284 

0.790284 

0435529 

0.736219 

0  372829 

0  728139 

1 

2.569032 

!  745526 

-0014165 

0 116152 

0.01 7700 

0.026130 

2 

4.417158 

2301966 

-0.028785 

-0.007874 

0030042 

0.057346 

3 

6.288606 

2.74661! 

-0.000609 

0000673 

-0  05449? 

-0.000575 

4 

8.163657 

3.129918 

-0  003859 

-0  008078 

0.007485 

-0010914 

6 

10.043858 

3.471690 

0.310669 

0.000794 

-0  008729 

-0  006545 

6 

1 1 .82563? 

3  782968 

-0.005156 

0  006877 

0019083 

-0.015158 

7 

13808326 

4.070625 

-0.001105 

-0  003588 

0  008250 

0030843 

8 

16691678 

4.33934: 

0.000982 

0.0003K 

-0019694 

-0  008766 

0 

17.678206 

4.602412 

0000723 

-0000285 

-0.00812? 

-0002158 

Figure  4  -  TV  Velocity  Potentials  and  Free  Surface  Elevations 
(B/L  -  0.2.  T/L  -0.1.  M/L  -  0  3.  W/L  ■  1 1 
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Fiji  lire  >  —  la)  Velocity  Profiles  and 

ll»)  Finite  Element  Nodes  on  the  Body  Plan 


Figure  6  -  Pressure  Coefficient  on  the  Bottom 

ly  •  -H.  i  *  Oi 

tB/L  -  0  2.  T/L  ■  0  I .  H/l  ■  0.3,  W'L  -  1 1 


Hie  pressure  coefficient  (  p  (defined  in  t4  51>  on  the 
canal  bottom  below  the  centerline  ty  •  -  II  and  /  ■  i»  lor 
F|  *  0.  S  is  shown  in  Figure  «*  I  he  negative  peak  pressure 
iKtiin  underneath  the  stem.  lire  oscillatory  behavior  of  the 
pressure  corf  relent  appears  downstream  of  the  hull  and  is 
not  shown  in  (his  figure  I  his  is  because  the  zeroth  mode 
I  the  most  significant  term)  tree  ware  w  very  long  in  this 
case. 

I  he  Nockajp  parameter  n  for  the  ship  hull  is  given  in 
I  able  4  It  is  of  interest  to  note  that  the  value  of  ft  i * 
constant,  throughout  the  Froude  numbers  tested,  when 
using  the  linear  hull  boundary  condition.  This  is  similar  to 
the  case  of  the  pressure  dislnhulion  on  the  free  surface 


Table  4  -  Blockage  Parameter  ft  of  a 
Para oo lie  Ship  in  a  Canal 
(B/L  “  0.2.  T/L  a  0.1.  H/L  *  0.3.  W/L  -  I) 


mm 

Exact  Mull  Boundary  Condition 

B 

(M06  Nodes) 

053 

0.15749 

0  50 

0.15809 

0475 

0  15026 

0450 

0 16223 

0425 

U  16604 

With  lb*  imaariiad  Boundary  Condition  on 
tha  Oniarplana,  ft  *  0  14815  throughout 
•II  the  f  roods  numbers  its  lad 

discussed  earlier.  However,  when  the  exact  hull  boundary 
condition  is  used,  the  values  of  ft  no  longer  remain  constant, 
as  shown  in  I  able  4.  It  would  he  interesting  to  investigate 
the  relation,  if  any,  he' tween  the  blockage  parameter 
discussed  here  and  that  employed  when  analyzing  lowing 
tank  experiments-  In  the  la  iter  case  one  can  find  extensive 
discussions  and  empirical  formulas  in  the  recent  proceeding* 
of  the  International  lowing  lank  Conference. 

t  JONCLUOING  REMARKS 

As  the  prelimmai)  lest  results  show  m  the  previous 
action,  the  present  numerical  method  provides  ail  the 
information  m  (lie  potential  Row  accurately  If  a  sufficiently 
large  number  of  finite-clement  meshes  are  used.  If  one 
thinks  of  the  fact  that  the  capacity  of  computers  ii.e..  the 
mam  central  con  memory)  it  geitit^  larger  and  the  CPU 
execution  time  is  becoming  lesa  and  less  as  time  goes  on,  it 
■rents  worthwhile  to  lack**  quite  complicated  problems  by 
the  present  numerical  method.  The  present  computations 
required  approximately  3b  and  seconds  of  CPU  time 
(coaling  SI 0.00  and  $20.00)  respectively  for  72b  nodes  and 


1496  nodes.  Since  we  can  no;  claim  that  the  present 
computer  program  is  Ihe  most  efficient  to  use  as  a  produc¬ 
tion  computer-program,  one  can  easily  reduce  the  cost  more 
significantly  by  optimizing  the  present  code. 

It  should  be  emphasized  that  the  following  additional 
investigations  can  and  should  he  readily  undertaken; 

1 1 >  Inclusion  in  the  method  of  the  line-integral  term  given 
in  <5.5*. 

<2)  Extension  of  the  method  to  solve  the  exact  nonlinear 
steady-flow  problem  by  satisfying  the  exact  free-surface 
condition  locally  around  the  ship  and  by  using  the  eigen¬ 
functions  or  singularity  distributions  la  fundamental  source 
or  a  complete  Green  s  function)  around  the  juncture 
boundary  on  the  localized  finite  element  sub-domain. 

ACKNOWLEDGEMENTS 

litis  work  was  supported  by  the  Numerical  Naval 
Hydrodynamics  Program  at  the  David  W.  Taylor  Naval  Ship 
Research  and  Development  Center.  This  Program  is  jointly 
supported  by  the  DTNSRDC  and  the  Office  of  Naval 
Research.  The  author  also  thanks  Mr.  Richard  T.  Van  I  sel- 
finc  at  DTNSRIM  lor  his  assistance  in  convening  the 
origin. I  CDO  Computer  Program  to  the  Tl-ASC  Computer 
Program. 


REFERENCES 

Bai.  K.J.,  1975.  '.!  Localized  finite-Element  Method 
tor  the  Vnifitrin  How  problem  with  a  free  Surface. "  Proc. 
hirst  Int.  (onf.  Nunt.  Ship  Hydro..  Sponsored  by  the  David 
Taylor  Naval  Ship  RAD  Center  Bethesda.  Md. 

Bai  K.J..  1 97*  VI  Dualized  finite  !: lenient  Method 
for  Two-Dimensional  Steady  Potential  f  ines  with  a  free 
Surface."  (submitted  to  J.  of  Ship  Research). 

(  hen.  M  S,  and  Mei.  (  .(  1975,  t  ab  ulations  of  Two- 

Dimensional  Ship  Wares  he  a  Hybrid  Element  Met  hob  Hased 
on  Variational  Principles.  ’  Proc.  hirst  Int  (  onf.  Num 
Ship  Hydrodynamics.  Sponsored  by  David  Taylor  Naval  Ship 
Research  and  Development  Center.  Bethesda.  95-1  II 

Inui.  fakao,  1957,  "Study  on  Ware-Making  Resistant e 
of  Ships."  Soc.  Nav.  Architects  Japan.  60th  Anmv.,  Scr.  2 

I  7.)  355. 

Kirsch.  Maria.  |9t»«*s  ", Shallow  Water  and  Channel 
Effects  on  Wave  Resistant  e"  J.  Ship  Res..  Vol  10.  No  V 

164-  tfil. 

Mei.  (X  and  Chen.  H.S.,  1976.  "A  Hybrid  Element 
Method  for  Steady  Linearized  f*ee-Surfacc  blows.  "  Int,  J 
Nuiner.  Method  in  h.ngrg .  10.  1153-  1175. 

Newman.  J.N.,  1976.  "DLukage  with  a  The  Surface. 

J.  Ship  Res.,  Vol  20.  No.  4,  199-203. 

Newman.  J  N.  and  Poole.  I  .A.P.,  l%».  The  Wave 
Resistant  f  of  a  Moving  Pressure  Distribution  in  j  (  anal.  ' 
SchilTiicchnik.  Vol.  9.  21-  26. 

Wehausr-n.  J  V  .  1973.  "The  lCai*e  Resistance  of  Ships.  " 
Advance*  in  Appl.  Mechanic*.  13.  91  -  245. 

WiUon.  F  I  .  1972.  "SoliJ  Sap.  IJC  ShSM  7|.|9. 
Structural  Engines  ring  lab  .  Umv  ot  (  alii  .,  Berkeley.  Col. 


nr 


NUMERICAL  SOLUTIONS  OF  TRANSIENT  THREE-DIMENSIONAL 
SHIMVAVE  PROBLEMS 

Samuel  Ohrlng  and  John  Talate 
David  W.  Taylor  Naval  Ship  Research  and  Development  Center 
Bethesda,  Maryland  20084 


Abstract 

An  efftde.it  3-U  finite  difference 
implicit  scheme  based  on  a  fast  direct  matrix 
solver  has  been  developed  to  obtain  transient 
solutions  of  the  flow  about  a  ship  translating 
with  uniform  speed  In  a  channel  from  its 
abrupt  start  In  calm  water.  Both  "thin  ship" 
and  exact  body  boundary  conditions  are  consid¬ 
ered.  The  problem  Is  linearized  in  terms  of 
the  free  stream  velocity.  Abrupt  changes  in 
the  ship's  uniform  translational  speed  are 
considered  in  addition  to  abrupt  starts  in 
calm  water.  The  present  method  can  also  handle 
ship  accelerations  and  decelerations.  Wigley 
hulls,  characterized  by  small  beam  and  draft- 
to-length  ratios,  have  been  used  to  represent 
the  ship.  For  Froude  numbers  based  on  ship 
length  .  n-e  .5  it  is  found  that  the  transient 
approach  tv  .  locally  -teady  state  about  the 
ship  from  an  abrupt  start  is  rapid.  This 
approach  becomes  significantly  slower  with 
decreasing  Froude  number  with  the  wave 
resistance  oscillating  in  time  about  a  mean 
value  which  is  approximately  the  steady  state 
value  of  the  appropriate  comparison  method, 

In  addition  to  a  hull  Integration  of 
pressure,  wave  resistance  has  also  been  com¬ 
puted  for  locally  steady  state  cases  by 
integrating  an  expression  aver  a  transverse 
plane  aft  of  ‘he  ship  based  on  energy  conserva¬ 
tion  for  the  steady  state  flow  region  upstream 
of  this  plane.  Wave  resistance  computed  from 
these  two  methods  as  well  as  wave  resistance 
versus  time  curves  and  ship  wave  profiles  for 
all  Froude  number  cases  considered  generally 
agree  well  with  available  comparison  methods 
(analytic,  observed,  etc.).  Energy  conserva¬ 
tion  is  monitored  and  wave  patterns  are 
computed  In  the  entire  channel  at  each  time 
step. 


I.  Introduction 

The  problem  of  wave  making  and  weve 
resistance  of  ships  hat  been  one  of  the  central 
area;  of  marine  rc  earch  fur  many  years.  The 
wave  leststance  of  an  accelerating  ship  has 
been  of  particular  Interest  in  connection  with 
towing-Unk  experlam.  tt.  This  paper  presents 
a  very  efficient  numerical  technique  for 
obtaining  the  transient  solution  about  a  ship 
translating  with  uniform  speed  in  a  channel 


from  an  abrupt  start  in  calm  water.  The  abrupt 
start  is  viewed  as  a  very  rapid  acceleration 
from  rest.  This  numerical  technique  can  easily 
handle  accelerations  and  decelerations  of  the 
ship  although  this  has  not  been  done  in  this 
paper.  However,  abrupt  changes  in  the  ships 
uniform  translational  speed  are  considered. 

The  numerical  technique  described  in  this 
paper,  in  addition  to  being  very  efficient,  has 
the  advantage  of  delivering  the  potential  flow 
solution  and  the  ship  wave  pattern  in  the  entire 
channel  at  each  time  step.  Such  a  solution 
permits  the  calculation  of  wave  resistance  from 
the  wave  energy.  Although  analytic  approaches 
to  the  accelerating  ship  problem  based  on  linear 
theory  exist  (see  refs.  [1]  through  [3]),  these 
approaches  must  ultimately  resort  to  numerical 
evaluation  of  certain  series  or  integrals  which 
require  a  Urge  amount  of  computation.  This  is 
especially  true  when  the  exact  body  condition 
is  satisfied.  Thus  the  development  of  an 
efficient  technique  [Such  as  that  in  the  present 
paper]  for  handling  these  ship  problems  is  well 
Justified. 

Both  the  "thin  ship"  and  exact  body 
boundary  conditions  are  conside.-ea  in  this 
paper.  Linearization  of  the  free  surface 
equations  with  respect  to  the  free  stream 
velocity  was  used.  The  numerical  technique 
used  is  based  on  fast,  direct  emtrix  solvers  for 
Laplrce's  equation.  For  the  “thin  ship"  body 
condition  the  fast  solver  is  diagonal  decomposi¬ 
tion  as  described  in  [A]  but  applied  to  second 
order  differencing.  For  the  exact  body 
condition  an  imbedding  chnique  is  used  as 
described  In  [5]  and  [6j.  The  numerical 
technique  used  at  each  time  step  couples  the 
fast  solution  of  Laplace's  equation  to  the 
solution  of  the  free  surface  equations 
accomplished  by  fourth-order  line  inversions 
The  coupling  ordinarily  Involves  a  few 
iterations  In  a  "predictor-corrector”  manner 
with  convergence  on  the  vertical  fluid  velocity 
at  the  free  surface.  Therefore  the  overall 
numerical  technique  is  implicit  in  time  and  is 
second  order  accurate.  Results  are  obtained 
with  this  technique  for  vtgley  ship  hulls 
characterized  by  small  beam  and  draft-to-length 
ratios  and  are  compared  with  those  of  other 
available  methods. 


II.  Mathematical  Formulation 

We  consider  a  right-handed  Cartesian 
coordinate  reference  frame  fixed  to  a  ship 
translating  with  uniform  speed  U  in  a  channel 
from  its  abrupt  start  In  calm  water  (Figure  1). 
(Note  that  the  origin  of  the  reference  frame 
is  placed  upstream  of  the  ship.) 


Li 


Figure  1.  The  Reference  Frame 


Assuming  potential  flow  of  an  incompress¬ 
ible  fluid  the  problem  (which  is  symmetric 
about  the  centerplane  za0  of  the  channel)  can 
be  represented  mathematically  jy  the  following 
set  of  equations: 


n  3  -n  +  A 

't  x  *y 

at  y-0  exterior  to 
the  ship 

0) 

♦t  *  -4X  -  n/Fr2 

at  y=0  exterior  to 
the  ship 

(2) 
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in  the  region  0 
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subject  to  the  boundary  conditions 
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y  z  J  h(x.y) 

W 

The  initial  conditions  representing  the  abrupt 
start  are 

n -  0;  ♦  -  0  at 

y-0  exterior  to  the 

(9) 

ship;  t*0 


All  variables  in  Equations  (1)  through  (9) 
have  been  nond 1  mens ional i zed  according  to  the 
scheme 

(x'.y'.l')  •  L(x,y,i)  f-Jjt 

(10) 

■  LU#  n'  •  In  h*  *  lh 


and  the  limits  Li,  L2.  and  h  of  the  computa¬ 
tional  region  D  (representing  half  the  channel) 
In  Figure  1  are  already  nondfmenslonal .  In 
Equation  (10)  the  primes  denote  dimensional 


variables,  ♦(x,y,z,t)  is  the  velocity  potential 
relative  to  a  non  moving  reference  frame, 
n(x,z,t)  is  the  free  surface  elevation,  t  is  the 
time,  h  is  the  hull  function,  and  L  is  the  length 
of  the  ship.  The  free  surface  equations  have 
been  linearized  in  terms  of  the  free  stream 
velocity  U  with  the  dimensionless  Froude  number 
Fr  *  U//gT,  where  g  is  the  gravitational 
acceleration.  In  Equation  (8)  n  refers  to  the 
direction  of  the  unit  outward  normal  vector 
from  the  ship  pointing  into  the  fluid.  When  the 
"thin  ship"  boundary  condition  is  used,  the 
exact  body  boundary  condition  of  Equation  (8) 
is  replaced  by 

♦ *  h  at  the  hull's  projection  (11) 
onto  the  centerplane  z=G 


The  wave  resistance  coefficient  is  given  by 

-  — —  *  2(  /  /  -p'n  dS)/(pU2Ld) 
pU2Ld  ship 


s  T  ^  <V*x)("x/nz)dxdy 


where  R'  is  dimensional  resistance,  p1  Is 
dimensional  dynamic  pressure,  p  is  the  constant 
density,  d  is  the  draft  of  the  ship,  nx,ny,  and 
nz  are  elements  of  the  unit  outward  normal 
vector  ft,  i.e.,  *  (n^.ny.n?-)*  and  A  is  the 

projection  of  the  ship's  surface  onto  the  center- 
plane  z=0.  The  nondimensional  dynamic  pressure 
p  within  the  linearization  Is  given  by 

P  *  *  -  (*f+0  03) 

plK  c  x 

It  should  be  noted  that  the  integrand  in  Equation 
(12)  is  evaluated  at  the  ship  hull,  although  the 
integration  is  performed  on  the  projection  A. 


For  steady  state  free  surface  flow  about  a 
ship  translating  wltn  constant  speed  U  In  a 
channel,  the  dimensional  wave  resistance  R'  is 
also  given  by 


as  derived  In  Lund-  rl].  Here  the  Integrations 
are  performed  on  a  ansverse  plane  aft  of  the 
ship  and  perpendicular  to  Its  motion  (W  is  the 
width  of  the  channel).  The  derivation  of  (14) 
is  based  on  considering  enei gy  conservation  in 
the  region  upstream  of  the  transverse  plane. 

Flow  in  this  region  is  assumed  to  be  steady. 
Nondimenslonallzing  R'  in  Equation  (14)  and 
considering  only  one-half  of  the  channel  because 
of  symmetry  In  the  centerplane  z-0  we  obtain 
the  wave  resistance  coefficient  Cq: 


,  w  0  ,  (15) 

-  $  I  I  HO  * 

0  -h  *  * 
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Have  resistance  computed  this  way  Is  usually 
considered  to  be  more  reliable  than  computing 
It  from  Integration  at  the  body  surface. 

Energy  conservation  can  be  used  to  check 
and  monitor  numerical  solutions.  The  non- 
dimensional  time  rate  of  work  performed  by  the 
ship  on  the  fluid  is  given  by 

dxdy  (,6) 

with  the  Integrand  evaluated  at  the  ship's 
surface.  The  nondlmenslonal  time  rates  of 
kinetic  and  potential  energy  of  the  fluid  are, 
respectively. 


"thin  ship"  condition  (Eq.  (11))  was  applied  on 
the  standard  grid  at  points  (xj.y^.zi,)  with 
j=31 ... . ,50;  1-1,. ..,8;  k*0  for  a  total  of  150 
points.  However,  the  ship  was  assumed  to 
extend  from  x  -  (30.5)(ax)  to  (50.5)(ax)  and 
from  y  ■  0  to  8.5(ay)  since  the  unit  normal 
vector  to  the  ship's  surface  Is  undefined  along 
lines  of  Intersection  of  the  ship  with  the 
centerplane  z-0.  (See  Figure  1.)  He  shall  call 
this  a  standard  ship  placement.  Those  cases 
with  different  ship  placements  will  have  the 
placements  described. 

The  free  surface  equations  (Eq.  (1)  and 
(2))  were  discretl.ed  In  accordance  with  Euler's 
modified  method,  l.e.,  they  were  replaced  by 
difference  equations  of  the  form 


"!f 1  *  nJ  +  Y  (FT'  +  fj)  (20) 

♦r  ■  ♦j*t<gti  <2,) 


In  Equations  (17)  and  (18)  FS  re'.rs  to  the  free 
surface  and  the  Integrand  of  the  second  Integra! 
In  Equation  (17)  Is  evaluated  at  the  ship's 
hull.  Energy  conservation  Is  expressed  as 

H  -  KE  +  PE  (19) 


111,  The  Numerical  Method 

The  ship  problem  was  discretized  with  a 
numerical  grid  defined  as  follows:  (xj.y^.z^ 

denotes  a  grid  point:  [x.*Jax,  yi-l(-Av), 
zu*kaz]  with  J-0,1,2,. . .  ,i-l ;  1-0,1  ,2,. . .  ,m-l ; 
k-0.1,2,...,n-l  where  (t-l)ax  *  Li, 

(m-l)(-ay)  ■  -h,  (n-l)az  ■  U.  (See  Figure  I.) 
For  most  cases  treated  1r  this  paper  the  grid 
parameters  for  what  we  shall  call  the  standard 
grid  are  ax  ■  ax  -  .05.  ay  ■  1/1J6,  l-l  ■  128, 
m-1  ■  128,  n-l  ■  16.  Thus  the  standard  grid 
represents  a  channel  6.4  ship  lengths  long, 
one  ship  length  deep  and  1.6  ship  lengths  wide. 
Hhen  different  grid  parameters  are  used,  they 
will  be  specified. 

The  numerical  method  consists  basically  of 
coupling  at  each  time  step  the  solution  of  '*'e 
free  surface  equations  to  the  solution  of 
Laplace's  equation  through  convergence  on  the 
vertical  velocity  at  the  free  surface  with  a 
few  Iterations.  Tlie  numerical  method,  when 
using  the  exact  body  condition  (Equation  (8)) 
is  a  substantial  alteration  of  the  numerical 
vet hod  for  the  "thin  ship"  condition,  Tnerr- 
fore  the  two  body  conditions  are  discussed 
separately  In  more  detail. 


Leplcce's  equation,  subject  to  the 
boundary  conditions  of  Equations  (4)  through 
(7)  and  (II),  was  solved  on  the  box  region  of 
Figure  I  by  the  diagonal  decomposition  tech¬ 
nique  described  In  [4]  but  applied  to  second- 
order  finite  differencing.  For  most  cases  the 


where  the  superscripts  refer  to  time  levels,  at 
Is  the  time  In- -ement,  F  and  G  are  finite 
difference  approximations  to  the  right-hand  sides 
of  Equations  (1)  and  (2)  respectively,  and  the 
subscript  j  refer,  to  the  jtn  grid  point  In  the 
x-dlrectlon.  (The  subscripts  1,k  have  been 
suppressed  since  1-0  and  k  can  be  considered 
fixed  because  Equations  (20)  and  (21)  Involve 
finite  differencing  only  in  the  x-dlrectlon.) 

The  derivatives  n,  and  In  F  and  G, 
respectively,  are  replaced  with  fourth-order 
central  differences.  Given  py  at  the  m  and  m+1 
levels,  Equations  (20)  and  (21)  can  be  viewed 
as  one-dimensional  finite  difference  equations 

m  |  I  1 

for  the  unknowns  nj  and  ,  respectively 

(for  k  fixed),  l.e.,  for  each  k,  k-0,...  ,n-l 
and  for  j-0,...,»-l.  Equations  (20)  and  (21) 
each  yield  a  set  of  simultaneous  linear 

equations  for  the  unknowns  and  4j*' , 
respectively,  which  are  solved  by  direct  Inver¬ 
sion  along  a  grid  line  In  the  x-dlrectlon. 

The  complete  numerical  scheme  for  each 
time  step  Is  described  as  follows.  Second- 

order  extrapolation  for  (4y)y,g  Is  followed  by 
line  Inversions  of  Equation  (20)  (for  all  lines 
k*0,...,n-l)  to  obtain  which  Is  then  used 
<n  the  line  Inversions  of  Equation  (21)  to 
obtain  ♦J**.  Subject  to  this  Dtrtchlet 
conultton  for  a  at  y*0,  Laplace's  equation  Is 
solved  to  give  a^  at  y-0.  This  constitutes 

one  Iteration  and  the  cycles  through  Equations 
(20),  (21)  and  Laplace's  equctlon  are  repeated, 

using  the  latest  volues  for  ♦  ,  u  .and 

1  J 

4  as  soon  at  they  are  ava'lablt.  The 
iteration  procass  Is  halted  after  the  Jth 
Iteration  when 

*ty'°  {a) 


BO 


where  «  c2-  For  a1'  ceses.c^and  e2 

were  .05  and  .001,  respectively.  The  complete 
numerical  scheme  Is  second-oruer  accurate  In 
tine  and  space. 

Exact  Body  Condition 

Laplace's  equation,  subject  to  the  boundary 
conditions  of  Equations  (4)  through  (8)  was 
solved  In  the  region  0  by  an  Imbedding  technique 
known  as  the  "capacitance  matrix"  technique 
[5], [6]  In  which  the  ship  was  Imbedded  In  the 
box  of  Figure  1.  Finite  difference  approxima¬ 
tions  to  this  boundary  value  problem  for 
Laplace's  equation  result  In  a  matrix  system  for 
a  which  is  perturbed  by  perturbed  finite 
difference  operators  or  "Irregular  stars"  in  the 
neighborhood  of  the  ship  bull.  The  foundation 
of  these  Irregular  stars  Is  quite  arbitrary  but 
mist.  Include  the  body  condition  of  Equation  (8). 
The  curvature  of  the  ship  hull  as  well  as  the 
body  condition  (Eq.  (8))  is  represented  In  our 
formulation  of  the  'rregular  stars  which  are 
second-order  accurate  and  given  In  [6].  In  all 
cases  having  the  exact  body  condition  the 
irregular  stars  were  centered  at  grid  points 
(xj.yi.tk)  with  j*31,...,50;  1*1, ...8;  k-1. 

(The  ship  had  standard  placement.)  Briefly  our 
formulation  of  the  Irregular  stars  (see  Fig.  2) 
consists  of  (11  Selecting  two  out  of  three  arc- 
length  directions  on  the  hull  surface  passing 
through  the  hull  contact  point  a  (which  Is  not 
a  grid  point)  of  the  Irregular  star  centered 
at  the  grid  point  0.  (Our  selection  was  S{  and 
S;>  which  lie  In  ilanes  parallel  to  the  y*0  and 
x-0  planes,  respectively. )  (11)  Taking  a  linear 

combination  cf  tlie  expressions  for  en,  gns  , 

♦nSj.  evaluated  at  the  point  a  to  eliminate 
the  cross  derivatives  (the  choice  of  enx  from 
among  any,  enj  Is  arbitrary). 

(Ill)  Replacing  the  derivatives  In  the  resultant 
linear  combination  by  finite  differences  centered 
at  the  grid  point  0  to  certain  orders  of 
accuracy  and  also  Incorporating  Laplace's 
equation.  This  formulation  cannot  be  used  If  at 
least  one  from  among  a„.  «  the 

point  a  Is  tero. 


Figure  2.  An  Irregular  Star 

The  perturbed  matrix  system  for  a  was 
solved  efficiently  using  an  algorithm  [5], [6] 
based  on  the  boodbury  formula  for  a  perturbed 
matrix.  This  algorithm  consists  essentially  of 


two  fast  direct  partial  solutions  of  the 
unperturbed  matrix  system  and  the  solution  of  a 
small  full  “capacitance"  matrix  system  whose 
order  Is  equal  to  the  number  of  Irregular 
stars.  The  direct  solver  for  the  two  solutions 
of  the  unperturbed  matrix  system  was  chosen  to 
be  that  of  [4]  but  applied  to  second-order 
differencing.  In  addition  to  the  160 
Irregular  stars  just  discussed  there  were  an 
additional  36  perturbed  Laplaclans  centered  on 
the  plane  2*0  surrounding  the  hull's  Inter¬ 
section  with  z*0  Thus  the  order  of  the 
"capacitance"  matrix  was  196.  Since  the  ship 
problem  we  are  considering  Is  time  dependent. 

It  was  necessary  only  to  compute  and  store  the 
Inverse  of  the  “capacitance”  matrix  Initially 
and  then  replace  the  solution  of  the 
"capacitance"  matrix  each  time  It  was  required 
by  multiplication  of  a  vector  "ith  this  Inverse. 


The  free  surface  equations  were  solved  by 
line  inversions  as  described  for  the  "thin 
ship”  condition.  However,  the  grid  line  along 
2*0  was  Interrupted  by  the  ship  and  required 
special  treatment.  Figure  3  shows  this 
Interruption  behind  the  stern  of  the  ship.  For 
the  derivatives  nx,  4X  at  the  point  0  In 

Figure  3,  upstream  differencing  given  by 


-4n 


bx 


1  *  ^  ♦  3HQ 
2h 


0(h2) 


(23) 


was  used;  the  sunscrlpts  refer  to  evaluation  at 
the  numbered  grla  points,  and  h»ax*A2.  The 
line  Inversion  of  the  shortened  line  behind  the 
stem  could  then  proceed  without  being  a  closed 
system.  Similar  considerations  would  apply  to 
other  grid  lines  that  might  be  Interrupted  by 
the  ship. 


Figure  3.  Grid  Neighborhood  of  Stern 
(Aerial  View) 

The  complete  numerical  scheme  for  each  time 
step  proceeds  Iteratively  as  for  the  "thin  ship" 
condition  and  Is  second-order  accurate  In  time 
and  space. 


IV.  Results 

The  results  discussed  in  this  section  were 
obtained  for  the  Mlgley  18Q5A  hull  [2]  given  by 

2  •  h(x.y)  ■  fa  (l-256yJ)(l-6.4(x-xc)2 

(Z«> 

♦  9.6(x-x£)  ) 

where  x.  Is  the  x-coordtnate  of  the  center  of 
the  ship.  For  all  Froude  number  cases  using 
the  standard  grid,  ship  placement  was  also 
standard  with  xc  •  2.025.  btien  other  grids  are 
used,  xc  Is  specified.  The  Wlgley  1805A  hull 


«1 


is  characterized  by  a  half-beam-to-length  ratio 
of  3/64  and  draft-to-length  ratio  of  1/16  so 
that,  on  the  standard  grid  representating  the 
half  channel  in  which  the  computation  takes 
place  (because  of  symmetry)  this  hull  is  not 
as  wide  as  the  mesh  space,  i.e.,  3/64<iz-.05. 

It  was  found  that  advancing  solutions  in 
time  caused  numerical  "noise"  to  emanate  from 
the  leading  edge  of  the  bow  which  is  singular. 
This  "noise"  caused  low-level  upstream  waves. 

To  prevent  this  emanation,  a  filtering  scheme 
based  on  [7]  was  applied  at  the  free  surface 
from  the  bow  to  the  upstream  boundary  at  each 
time  step  within  the  Iterative  process.  A 
second-order  filtering  function  [7],  which 
removes  the  shortest  wave  component  but 
preserves  the  longer  wave  components,  was  used 
for  e  *  n*  and  averaged  with  the  calculated 
n  *  nc  within  the  Iterative  process  for  each 
time  step.  This  weighted  averaging  at  grid 
points  (xi,0,2|()  upstream  of  the  bow's  leading 


edge  was 

tor  k°0,.. . , 

,n-l . 

n  ■ 

-9nc  +  -’-f 

for  j=28,29,30 

n  ■ 

,8nc  +  .2nf 

for  j=25,26.27 

n  * 

■7nc  +  .3nf 

for  3=22,23,24 

n  B 

,6nc  +  .4„f 

for  3=19,20,21 

*1  1 

•5nc  +  .5if 

for  3*0,..., 18 

The  same  weighted  averaging  was  applied  to  a  at 
y*0.  This  filtering  scheme  worked  very  nicely. 

The  solution  could  be  advanced  several 
units  in  time,  i.e.,  the  ship  could  be  advanced 
several  of  Its  lengths,  before  waves  reached 
the  downstream  boundary.  In  some  cases,  when 
necessary,  the  numerical  solution  was  advanced 
somewhat  beyond  this  point  in  time  without 
affecting  the  local  solution  about  the  ship. 
Results  for  the  "thin  ship"  condition  are 
presented  first;  for  the  exact  body  condition, 
second. 


"Thin  Sh Ip”  Condi t Ion 

Figures  4  through  16  represent  "thin  ship" 
condition  results. 

Figure  4  shows  wave  resistance  versus  time 
curves  tor  five  different  Froude  numbers. 
Analytic,  steady  state  values  are  taken  from 
[81,19] .  All  Froude  number  cases  Involved 
abruot  starts  from  rest  except  for  Fr  •  185 
which  Involved  an  abrupt  start  from  a  locally 
steady  state  solution  for  Fr  ■  .503.  After  the 
Initial  transient  effects,  the  oscillations  In 
the  wave  resistance  curves  about  the  steady 
state  values  are  of  constant  wave  length  tor 
each  Froude  number,  the  wave  length  Increasing 
with  Increasing  Froude  number.  In  addition  the 
amplitude  of  the  oscillations  decreases  with 
Increasing  Froude  number  and  with  Increasing 
time.  All  of  these  results  are  In  agieement 
with  an  asymptotic  expansion  for  large  time 
obtained  by  Wehausen  [3]  for  the  wave  resis¬ 
tance  of  a  thin  ship  started  abruptly  from  rest. 


This  asymptotic  expansion  up  to  terms  of  0(l/t2) 
gives  the  following  dimensional  wave  length  in 
dimensional  time  of  the  oscillations. 


Nondimensionally  the  wave  length  is 

>  =  8Fr2x  (27) 

The  wave  lengths  of  the  resistance  curves  in 
Figure  4  satisfy  Equation  (27)  fairly  closely. 
The  behavior  of  Fr  «  .385  Is  a  little  surprising 
since  it  was  not  an  abrupt  start  from  rest. 

The  analytic  values  of  resistance  in 
Figure  4  are  from  [8], [9]  and  are  for  Infinite 
fluid.  However  in  all  cases  the  channel  is 
so  wide  and  deep  that  these  analytic  values  are 
valid  for  comparison.  Have  resistance  Cg  In 
Figure  4  was  calculated  from  Equation  (12)  with 
nondimensional  time  representing  ship  lengths 
traveled.  All  cases  were  calculated  on  the 
standard  grid  with  standard  ship  placement 
except  Froude  numbers  .32  and  .385.  For  .32, 
ay  »  1/72,  m-1  *  64  with  the  other  grid  para¬ 
meters  those  of  the  standard  grid  while  the 
“thin  ship”  condition  was  applied  at  grid  points 

(xr.yp.Zy)  with  3*31 . 50;  i=l,...,4;  and 

k=u  with  xf  *  2.025.  For  .385,  the  parameter 
t-l*256;  trie  others  were  standard  with  the  "thin 
shin"  condition  applied  at  (xj.yt , ’.v)  with 
3*101 . 120;  1*1 . S;  and' Vo  with  xc*5.525. 

All  cases  were  run  on  the  IBM  360-91  in 
double  precision  with  time  step  at  *  .03 
(except  for  Fr  *  .32  run  on  the  CDC  6600).  A 
time  step  with  two  iterations  on  the  standard 
grid  took  1.21  seconds  on  the  IBM  360-91  so 
that  the  case  Fr  *  .503,  for  example,  used 
145  seconds  to  compute  120  time  steps  in  attain¬ 
ing  locally  steady  state.  Increasingly  less 
computer  time  is  required  to  attain  steady 
state  for  the  higher  Froude  number  cases. 

Finally,  we  mention  that  for  Fr  *  .32 
only  the  upstream  filtering  scheme  already 
discussed  was  applied  to  the  entire  free  surface 
with  the  weighted  average  o  *  ,5iy  +  .5of.  It 
was  felt  that  such  filtering  for  Fr  *  .32  only 
was  necessary  since  the  standard  grid  might  not 
resolve  the  shorter  waves  resulting  in  numerical 
noise.  The  calculation  of  resistance  and  wave 
profiles  for  this  case  Is  not  believed  to  be 
significantly  affected  by  the  filtering. 
Numerical  evidence  supporting  this  statement  Is 
presented  later  In  this  section. 

Approximately  steady  state  wave  resistance 
was  also  computed  for  Fr  *  .503  and  Fr  •  .557 
using  Equation  (15)  at  three  consecutive  trans¬ 
verse  planes  given  b;  •  Jnx(4x  *  .05)  with 
J"!25,  126,  and  127.  (These  two  Froude  number 
cases  were  also  run  on  a  grid,  standard  except 
for  t-t  •  256  with  the  "thin  ship"  condition 
applied  at  (xj.y^.ig);  J*101 .... ,120; 

1-1 ....  ,8;  k*0  with  xc  -  5.525.)  for  Fr  ■  .503, 
the  calculated  reMstance  values  at  planes 
J-125,  126,  and  127  were  CR  •  .005102,  .005108, 
and  .005006,  respectively.  This  compares  with 
the  cowputed  value  from  Equation  (12)  at  t  -  3 . 6 
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Figure  4.  Wave  Resistance  Versus  Time  for  Selected  Froude  Numbers 


of  Cr  "  .005092  and  the  analytic  value  of 
Cr  ■  .004825.  For  Fr  ■  .557,  the  calculated 
resistance  values  at  planes  J»1Z5 ,  126,  and  127 
were  Cr  •  .004568,  .004710,  and  .004734, 
respectively.  This  compares  with  th<  computed 
value  from  Equation  (12)  at  t  *  2.7  of 
Cr  •  .004551  and  the  analytic  value 
Cr  •  .004462.  In  these  computations  derivatives 
were  replaced  by  second  order  finite  differences 
In  Equations  (12)  and  (15)  and  Integrations  per¬ 
formed  by  the  rectangular  and  Simpson's  rule 
in  both  coordinate  directions  In  Equations  (12) 
and  (15),  respectively. 

Corresponding  to  Figure  4,  Figure  5  shows 
the  wave  profiles  at  the  ship  computed  for  the 


various  Froude  numbers  at  the  times  indicated. 
For  the  smaller  Froude  numbers  .32,  .385.  and 
.45  the  numerically  obtained  wave  profiles  at 
times  t  of  the  last  minimum  and  maximum  of  the 
corresponding  resistance  curves  are  compared. 

The  profiles  change  little  with  time,  and  what 
change  there  Is  occurs  mostly  in  the  stern  area. 
Analytic  steady  state  wave  profile  data  for 
Fr  •  .45  and  .557  were  not  available. 

Figure  6  shows  how  well  energy  Is  conserved 
in  the  channel .  Near  t*0,  changes  occur  so 
rapldlv  that  they  cannot  be  resolved  accurately 
by  the  numerical  scheme.  For  Froude  number  .32 
the  energy  loss  is  due  to  the  filtering  scheme 
already  discussed  as  applied  to  this  case.  rir 
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Figure  5.  Comparison  of  Numerical  end  Analytic 
Wave  Profiles  for  Selected  Froude  Numbers 


Fr  =  .45,  energy  is  not  conserved  as  well  after 
t  l  4.2  as  it  was  earlier  because  waves  have 
reached  the  downstream  boundary.  However,  this 
boundary  is  so  far  away  as  r^,  to  affect  the 
local  solution  about  the  ship.  The  quantities 
ft,  Kt,  and  P‘E  in  Equations  (16),  (17),  and  (18), 
respectively,  were  computed  numerically  with 
second-order  finite  differences  replacing 
derivatives  and  the  rectangular  and  Simpson’s 
rule  used  to  compute  the  integrals  at  the  body 
and  free  surface,  respectively. 

Free  surface  elevation  contour  values 
obtained  numerically  have  been  plotted  by 
compu-  :r  on  the  Stromberg  lari  son  4060  as  shown 
in  Figures  7,  8,  9,  and  10  for  Froude  numbers 
.32,  .385,  .503,  and  .557,  respectively.  The 
free  surface  of  the  channel  is  plotted  in  all 
pictures  for  a  region  extending  from  one-half 
a  ship  length  upstream  of  the  ship  to  two  and 
one-half  ship  lengths  downstream  of  the  ship  and 
from  sidewall  to  sidewall  of  the  channel 
(channel  walls  are  not  drawn).  The  ship  is 
traveling  to  the  left.  The  ranges  of  the  free 
surface  elevation  contour  values  plotted  are 
tabulated: 


Froude  No. 

Range 

.32 

-.000  to  .007 

.385 

-.017  to  .016 

.503 

-.020  to  .017 

.557 

-.021  to  .018 

Contour  values  were  incremented  by  .001.  Solid 
and  dotted  contour  lines  correspond  to  positive 
and  negative  contour  values,  respectively,  i.e., 
they  indicate  wave  crests  and  troughs, 
respectively.  Divergent  and  transverse  waves 
are  present  in  all  pictures.  Any  waves  up¬ 
stream  of  the  bow  in  any  of  the  pictures  are  of 
very  low  value  and  insignificant. 

In  addition  to  the  abrupt  start  from  rest 
for  Fr  *  .557,  Fr  *  .557  (in  the  same  manner 
as  the  Fr  *  .385  case)  was  also  abruptly 
started  from  a  locally  steady  state  solution 
obtained  numerically  for  Fr  »  .503.  The  two 
solutions  are  compared  In  Figures  11  and  12. 

The  steady  state  solutions  are  virtually 
Identical . 

Because  the  filtering  scheme  used  for 
Fr  •  .32  resulted  in  a  loss  of  energy,  it  was 
decided  to  determine  its  effect  on  a  higher 
Froude  number  such  as  Fr  ■  .503.  The  result 
was  a  significant  loss  of  energy  with  some  wave 
distortion.  However,  the  wave  resistance  Is 
affected  to  only  a  small  decree  as  shown  in 
Figure  13.  fhe  conclusion  is  thst  filtering 
over  the  entire  free  surface  for  the  higher 
Froude  numbers  is  not  necessary  and  should  not 
be  used  because  it  dampens  the  larger 
;*  tude  waves.  At  the  lower  Froude  numbers, 

ir  *  .32,  this  effect  is  diminished 
altnough  less  filtering  could  be  used. 

One  solution  for  an  abrupt  start  from  rest 
of  another  Wigley  hull  [10]  given  by 

*  -  M».y)  ■  ft  <l-Z56y«)(l-4(x-*c)')  (>8) 
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Figure  6.  Conservation  of  Energy  Versus  Time  for  Selected  Froude  Numbers 


for  Fr  *  .3162  was  obtained  on  the  same  grid 
used  for  Fr  *  .385.  This  hull  has  a  block 
coefficient  equal  to  .44  compared  to  .39  for 
the  hull  given  by  Equation  (24).  The  filtering 
scheme  for  Fr  »  .32  was  used  here  also.  Results 
are  presented  in  Figures  14,  15,  and  16.  Note 
that  wave  profiles  in  Figure  15  are  compared 
with  the  measured  (not  the  analytic)  wave  pro¬ 
file.  Contour  values  in  Figure  16  ranged  from 
-.010  to  .011  with  values  Incremented  by  .001. 

Exact  Body  Condition 

The  major  difficulty  in  editing  accurate 
flow  results  at  the  hull  surface  from  the  field 
solution  when  the  hull  is  imbedded  In  a 
Cartesian  grid  is  that  hull  surface  points  are 
generally  not  grid  points.  Thus  although  the 
numerical  scheme  (which  Is  subject  to  a  Neumann 
condition  for  a  at  the  hull  surface)  Is  second- 
order  accurate  at  field  grid  points  and  is 
efficient,  the  velocity  potential  a  and  surface 
elevation  n  at  the  hull  must  still  be 
accurately  determined..  These  quantities  are 
used  in  computing  Co.  W,  Kf,  and  PE  of 
Equations  (12),  (16),  (17),  and  (18). 
respectively.  They  therefore  can  significantly 
affect  the  computation  of  wave  resistance  and 
energy  conservation.  Determining  a  and  n  at 
the  hull  can  be  accomplished  through  finite 
differencing  of  Equations  (2),  (3),  and  (8) 
and/or  through  interpolation  to  desired  orders 
of  accuracy  depending  on  how  many  field  grid 
oolnts  one  is  willing  to  use.  We  have  chosen 


to  obtain  the  velocity  potential  a  at  the  hull 
by  applying  the  exact  body  condition  (Equation 
(8))  at  grid  point  0  (Figure  2)  using  finite 
differencing.  This  method  is  easy  to  imple¬ 
ment  but  only  first-order  accurate.  In 
Equations  (12),  (16),  (17).  and  (18)  the 
rectangular  rule  was  used  to  compute  hull 
Integrals;  a  double  application  of  the  trape¬ 
zoidal  rule  was  used  to  compute  the  remaining 
integrals.  Results  wee  obtained  for  Froude 
number  .32  (without  filtering)  and  for  Froude 
number  .503  on  the  standard  grid  with  standard 
ship  placement. 

Figure  17  shows  numerically  computed  wave 
resistance  C.p  (Equation  (12))  plotted  against 
time  and  compared  with  steady  state,  observed 
(free  to  trim)  results  (8).  The  time  behavior 
ot  Cq,  as  expected,  is  quite  similar  to  results 
already  discussed  for  the  "thin  ship"  condition, 
However,  for  both  Froude  numbers  Fr  ■  .32  and 
.503  the  numerical  editing  predicts  a  smaller 
wave  resistance  than  expected.  This  situation 
most  likely  would  be  improved  by  finer 
Cartesian  grid  resolution  about  the  body. 

On  the  IBM  360-91,  using  double  precision 
arithmetic,  it  touk  295.81  seconds  to  compute 
90  time  steps  (with  At  •  .03)  in  obtaining 
steady  state  for  Fr  ■  .503.  Almost  all  time 
steps  for  this  case  used  two  iterations.  Thus 
each  such  time  step  on  the  standard  grid 
required  3.18  seconds  of  computer  time.  Higher 
Froude  numbers  would  require  loss  total  computer 
time  in  achieving  steady  state,  lor  Fr  •  ,3?, 
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819.06  seconds  were  used  to  compute  170  time 
steps  (most  requiring  three  iterations)  with 
*  .03.  Preprocessing  the  capacitance  matr: 
(of  order  196)  and  Its  inverse  took  90.11 
seconds.  This  preprocessing  was  done  only  once 
since  it  is  independent  of  the  Froude  number. 


Approximately  steady  state  wave  resistance 
for  Fr  *  .503  at  t  2  2.7  was  also  computed  using 
Equation  (15)  at  three  consecutive  transverse 
planes  given  by  y <  =  jax  (ax  =  .05)  with  j  =  55, 
56,  and  57  (ship  placement  was  standard).  Since 
wave  resistance  Cr  (using  Equation  (15)),  is 
computed  to  second-order  accuracy  from  a  setond- 
order  accurate  field  solution,  this  calculation 
is  more  accurate  and  reliable  than  that  for 
obtaining  Cr  using  Equation  (12).  The  calcu¬ 
lated  resistance  values  at  planes  j  s  55,  56, 
and  57  were  CR  .00*265,  .004441,  and  .004811, 
respectively,  with  a  mean  value  of  .004506. 

This  value  compares  favorably  with  the  observed 
(fixed  to  trim)  value  of  Cr  b  .00444  and  with 
the  computed  value  from  Equation  (12)  at  t  =  2.7 
of  Cr  =  .003756. 

Wave  profiles  along  the  ship  hull  are  com¬ 
pared  in  Figure  18.  The  numerical  wave 
profiles  were  computed  from  the  following 
expression  obtained  by  taking  the  outward 
normal  derivative  of  Equation  (2)  at  the  body. 


-(Fr)2* 


nx  body 


(29) 


Second-order  differencing  for  nn  using  second- 
order  Lagrange  Interpolated  free  surface  values 
of  n  (with  »nx)|,ody  known  »''A'yt'c«"y)  was 
introduced  into  Equation  (29)  so  that  the 
unknown  ( n ) b0dy  cou'cl  solved  for  In  terms 

of  known  quantities.  It  Is  seen  In  Figure  18 
that  most  numerical  errors  occur  In  the  stern 
area  of  the  ship.  Also  most  of  the  change 
with  time  for  Fr  *  .32  Is  In  this  area  as  It 
was  for  the  "thin  ship"  condition 


Figure  19  shows  the  attempt  to  prove  energy 
conservation  In  the  channel.  It  Is  evident 
tnat  the  numerical  editing  has  failed  to 
resolv",  for  the  Initial  transient  effects,  the 
rate  of  work  and  energy  growth.  It  Is  likely 
that  the  discretisation.  Including  the  time 
step  (at  ■  .03)  ano  mesh  spacing,  was  too 
coarse  to  make  this  resolution  possible. 


Free  surface  elevation  contours  have  been 
dotted  by  computer  on  the  Ctlcomp  936  Plotter 
(Figures  20  and  21).  With  contour  values 
Incremented  by  .001  and  solid  and  dotted  lines 
Indicating  positive  and  negative  contour  values, 
respectively,  the  ranges  of  contour  values  for 
Fr  •  .32  and  .503  were  -.007  to  .010  and  -.017 
to  .022,  respectively.  As  expected,  the  wave 
patterns  produced  by  the  exact  body  condition 
are  similar  to  patterns  shown  earlier  In  this 
neper  for  the  "thin  ship"  condition. 


Figure  7.  Time  Sequence  of  free  Surface 
Contours  for  Fr  •  .32 
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Figure  1C.  Free  Surface  Contours  for  Fr  3  .557  at  t  =  2.7 
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Figure  13.  Wave  Resistance  Coefficient  Cr 
Versus  Time  for  Fr  -  .503 


Figure  11.  Wave  Resistance  Coefficient  Cfi 
Versus  Time  for  Fr  3  .557 
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Figure  12.  Numerical  Wave  Profiles 
for  Fr  *  .557 
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Figure  14.  Wave  Resistance  Versus  Time  for 
Fr  «  .3162  and  Hull  of  Eg.  (28) 
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Figure  15.  Comparison  of  Wave  Profiles  for 
Fr  ■-  .3162  and  Hull  of  tq.  (?!0 
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Figure  18.  Comparison  of  Wave  Profiles  for 
Selected  Froude  Numbers  (Exact  Body  Condition) 


Figure  lb.  Time  Sequence  cf  Free  Surface 
Contour:,  fo.  Fr  -  .3162  and  Hull  of  Lq.  (28) 


Figure  17.  Wave  Resistance  Versus  Time  for 
Selected  Froude  Numbers  (Exact  Body  Condi  Mon) 


Figure  19.  Conservation  of  Energy  Versus  Time 
for  Selected  Froude  Numbers  (Exact  Body  Condition) 
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Figure  20.  Time  Sequence  of  Free  Surface  Contours  for  Fr  •  .32 
(Exact  Body  Condition) 
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Ftjurt  21.  Tint  Snmjtne*  of  Fr»«  Surftct  Contoori  for  Fr  •  .503 
(Ex»ct  Body  Condition) 
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V.  Conclusions 

The  numerical  methods  used  In  this  paper 
have  proved  useful  In  efficiently  obtaining 
solutions  for  transient  ship  problems.  For 
problems  with  the  exact  body  condition,  finer 
Cartesian  grids  than  were  used  in  this  paper 
should  be  used  fo:  better  local  flow  resolution 
In  the  neighborhood  of  the  body.  Variants  of 
the  numerical  methods  used  In  this  paper  can  be 
applied  efficiently  on  locally  stretched  grids. 
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I  would  like  to  commence  with  a  few  words 
of  general  congratulations  *o  the  authors  pre¬ 
senting  papers  at  this  conference  using  direct  • 
numerical  computations,  whether  by  field 
methods  (finite  element  or  finite  difference)  or 
by  buundary-lntegral-equatlon  methods.  I  have 
found,  on  discussing  ship  hydrodynamic  problems 
with  my  mathematical  colleagues  In  the  area  of 
numerical  analysis,  a  lack  of  appreciation  of 
the  extreme  difficulty  faced  by  those  attempt¬ 
ing  direct  numerical  solution  for  free-surface 
problems.  Professional  numerical  analysts  tend 
to  be  rather  timid  characters,  who  are  ever- 
ready  to  tell  us  what  we  cannot  do  for  fear  of 
leaving  ton  large  an  error  term,  and  who  tend 
to  confine  themselves  to  well-behaved  and  under¬ 
stood  functions,  difference  schemas  or  kernels. 
Our  problems  are  beset  with  difficulties  In¬ 
volved  with  the  non-linearity  and  unknown  shape 
of  the  free  surface,  with  rapid  variability  and 
singularity  of  the  kernel  functions,  and  with 
the  radiation  condition  at  Infinity.  Many 
herculean  successful  or  almost  successful  ef¬ 
forts  have  been  made,  a  number  of  which  are 
reported  In  this  meeting,  Including  the  papers 
by  Bal  and  by  Ohrlng  and  Telste  In  this  session. 

The  organizers  have  perhaps  been  a  little 
perverse  In  asking  me.  a  known  enemy  of  the 
Neumann-Kelvln  problem,  to  be  the  official  dis¬ 
cusser  of  three  papers  In  which  this  approxima¬ 
tion  Is  used,  at  least  In  part.  Before 
returning  to  more  complimentary  discussion, 
let  me  state  once  again  my  extreme  view  on  this 
topic. 

There  Is  no  rational  Justification  for 
linearizing  the  free-surface  condition  for  non- 
thln  surface-piercing  bodies.  If  the  body  Is 
bluff,  It  makes  big  waves.  If  this  Is  not  tha 
case,  then  not  only  the  free-surface  condition, 
but  also  the  body  boundary  condition,  should 
be  linearized  for  consistency. 

Now  an  Inconsistent  problem  Is  not  neces¬ 
sarily  an  Incorrect  one.  The  Neumann-Kelvln 
problem  must  give  results  at  least  as  good  as 
Mlchell's  theory;  It  ma£  give  better  results. 

In  the  spirit  of  pjre  scientific  research  there 


is  no  reason  why  It  should  not  be  tried,  just  in 
case  this  happens.  As  a  mathematician,  I  can 
only  applaud  such  efforts.  However,  It  Is  an 
expensive  undertaking,  both  in  professional  time 
and  computer  t(me,  so  that  one  would  exDect  any 
proposals  for  research  on  such  an  irrational  but 
mathematically  Interesting  approach  to  be  sub¬ 
ject  to  a  searching  evaluation,  compared  to 
other  perhaps  more  rational  approaches. 

In  addition,  there  Is  serious  doubt  that  a 
bounded  solution  of  the  Neumann-Kelvln  problem 
even  exists  for  the  surface-piercing  case.  If 
true,  this  would  be  an  Instance  of  nature  making 
us  pay  for  being  Irrational.  For  example,  the 
free-surface  elevation  at  a  forward  stagnation 
point  is  necessarily  UV2g,  and  Is  not  small 
unless  the  Froude  number  Is  small.  Hence 
linearization  cannot  be  justified  near  such  a 
point.  It  seems  likely  that  the  price  to  be 
paid  for  such  a  forbidden  action  Is  a  singu¬ 
larity  In  the  Neumann-Kelvln  problem,  at  the 
very  least,  or  at  worst  a  lack  of  existence  of 
any  solution  at  all . 

Doubts  of  this  sort  have  been  expressed  in 
the  past  by  workers  such  as  Brard,  and  Dr.  Bern's 
fine  paper  here  Is  a  continuation  of  research 
along  the  lines  of  Brard.  However,  the  present 
paper  confines  Itself  to  submerged  bodies.  In 
that  case  there  Is  no  such  localized  singularity, 
and  few  of  us  would  have  doubted  existence  of 
the  solution  to  the  Neumar.n-Kelvin  problem.  I 
am  sure  that  Dr.  Dern  Is  as  keon  as  I  am  to  see 
this  Issue  settled  for  the  surface-piercing  case. 

1  also  draw  Dr.  Bern's  attention  to  an 
existence  question  with  the  full  non-linear  con¬ 
dition.  For  example.  In  the  paper  by  Vanden 
Broeck  and  myself  at  this  conference,  we  spe¬ 
culate  on  non-existence  for  a  particular  class 
of  near-bow  problems.  However,  our  evidence  Is 
purely  numerical,  and  of  course  one  can  never 
prove  non-existence  numerically;  rather  one  can 
only  demonstrate  one's  failure  to  find  solutions. 
Careful  function-space  analysis  such  as  that  in 
the  present  paper  by  Dern  could  perhaps  settle 
this  Issue  also. 

The  paper  by  Dr.  Bai  continues  his  success¬ 
ful  series  of  studies  of  free-surface  problems 
using  the  finite-element  method.  The  most 
notable  feature  of  the  present  paper  Is  a  full- 
fledged  attack  on  a  three-dimensional  problem 
for  a  translating  ship,  a  heroic  achievement. 
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The  "localized"  sense  of  the  title  refers  to  the 
fact  that  the  finite  elements  can  be  terminated 
on  control  surfaces  quite  close  to  the  ship, 
the  region  exterior  to  these  surfaces  being  re¬ 
presented  by  series  of  eigenfunctions  whose 
coefficients  are  appended  to  the  list  of  nodal 
unknowns.  This  aporoach  seems  to  me  clearly 
superior  to  one  where  mesh  elements  must  In  prin¬ 
ciple  continue  to  infinity. 

No  details  are  given  of  the  "matrix  inver¬ 
sion"  or  linear-equatlon-solutton  procedure  used. 
As  mentioned  In  my  discussion  of  the  1974  paper 
of  Bal  and  Yeung  at  the  10th  Symposium  on  Naval 
Hydrodynamics,  relative-efficiency  comparison 
between  field  and  boundary  discretization  methods 
depends  crucially  on  the  efficiency  of  iterative 
inversion  of  the  large  (order  of  thousands)  but 
sparse  matrices  In  the  former,  compared  to 
direct  inversion  of  the  much  smaller  (order  of 
hundreds)  dense  matrices  In  the  latter  method. 
This  question  applies  also  to  the  paper  by 
Ohrlng  and  Telste  who  simply  describe  their  in¬ 
version  as  a  “fast"  Laplace  solver.  As  a  pro¬ 
ponent  of  boundary-integral-equation  methods,  I 
tend  to  be  skeptical  of  claims  for  speed  for 
field  methods,  which  necessarily  involve  an  or¬ 
der  of  magnitude  more  unknowns  due  to  the  extra 
dimension.  However,  I  am  prepared  to  bo  con¬ 
vinced,  providing  the  "time  to  invert"  varies 
as  not  more  than  the  3/2  power  of  the  number  of 
unknowns  in  two  dimensions,  or  tne  second  power 
In  three  dimensions.  These  estimates  assume  a 
conservative  ns  time  to  Invert  a  small  dense 
matrix  of  order  n;  any  Improvement  on  that  time 
would  make  it  even  harder  for  the  large-sparse- 
matrix  methods  to  compete. 

Both  Bat  and  Ohrlng  and  Telste,  use  the 
Neumann-Kelvln  approximation  Implicitly,  when 
they  solve  with  the  exact  body  condition,  but 
linearized  free-surface  condition.  I  am  sure 
all  would  accept  that  they  would  really  pre¬ 
fer  to  use  the  exact  free-surface  condition,  but 
want  first  to  try  their  method  on  a  simpler 
problem,  and  I  certainly  have  no  quarrel  with 
such  an  approach.  In  both  papers,  linearized 
body-boundary  conditions  are  also  used  as  test 
cases.  Of  course  there  Is  no  need  to  use  direct 
numerical  methods  for  such  problems,  since 
analytic  solutions  either  are  already  available, 
or  are  easy  to  compute  by  just  evaluating  Inte¬ 
grals. 

In  contrast  to  the  paper  by  Bal,  In  that  by 
Ohrlng  and  Telste  the  finite-difference  mesh 
must  be  truncated  at  an  effective  Infinity.  I 
am  surprised  at  the  accuracy  obtained  by  Ohrlng 
and  Telste  with  truncation  points  as  close  to 
the  ship  as  they  chose.  Further  evidence  as  to 
the  effect  of  changing  the  truncation  points 
wou’d  be  welcome.  Of  course,  the  fact  that  they 
are  solving  a  transient  problem  helps;  the  choice 
of  truncation  point  then  mainly  affects  the 
transition  to  steady  state.  In  both  numerical 
papers,  1  would  have  liked  to  have  seen  also 
evidence  regarding  the  effect  of  reducing  the 
mesh  spacing. 

In  conclusion,  In  spite  of  doubts  expressed 
above  about  the  significance  of  the  Neumann- 
Kelvln  problem,  l  feel  that  the  papers  under  dis¬ 
cussion  represent  a  worthwhile  advance  In  our 


knowledge  in  this  area.  I  have  the  greatest  re¬ 
spect  for  authors  such  as  Dem  who  are  able  to 
pursue  deep  mathematical  analysis  to  a  rigorous 
existence  conclusion,  and  for  the  other  authors 
In  this  session,  whose  tenacity  in  the  numeri¬ 
cal  area  is  no  less  remarkable. 


Discussion 

by  T.  Francis  Ogilvie 

I  agree  with  Tuck  that  the  authors  at  this 
meeting  have  not  presented  good  reasons  for 
undertaking  the  monstrous  chore  of  solving  the 
Kelvin-Neumann  problem  numerically.  But  I  feci 
that  Tuck's  negative  comments  are  too  strong. 
There  are  some  good  reasons  to  expect  that  the 
solution  of  the  Kelvin-Neumann  problem  may  be 
decidedly  more  accurate  than  the  solution  of  any 
of  the  usual  "consistent"  first  approximations. 

One  such  reason  is  that  information  has 
become  available  In  recent  years  showing  that 
diffraction  of  the  ship-generated  waves  by  the 
s h 1 ; -  itself  has  a  significant  effect  on,  say, 
wave  resistance.  This  effect  is  close  to  what 
Is  often  called  "sheltering  effect."  It  should 
be  possible  to  make  a  fairly  good  prediction  of 
such  diffraction  on  the  basis  of  a  model  In¬ 
volving  the  linearized  free-surface  conditions, 
and  the  Kelvin-Neumann  model  should  suffice  for 
this  purpose.  We  cannot  say  that  ether  higher- 
order  effects  In  thln-shlp  theory  are  not  also 
important.  But  we  do  know  that  this  one  dif¬ 
fraction  phenomenon  Is  Important  and  should  be 
included  In  our  theories.  This  Is  enough 
reason  by  itself  to  consider  the  possibility 
of  solving  the  Kelvin-Neumann  problem. 

If  the  advocates  of  the  Kelvin-Neumann  pro¬ 
blem  are  successful  and  If  the  results  are  an 
improvement  over  existing  procedures,  then  we 
might  better  spend  our  time  In  trying  to  justi¬ 
fy  the  problem  formulation  than  In  trying  to 
dispute  Its  valldltv. 


Discussion 
5y  L.  Landweber 

According  to  Dr.  Tuck,  the  Neuma in- Kelvin 
problem  Is  only  of  mathematical  Interest  and  of 
little  value  In  solving  the  exact  Irrotatlonal 
gravity-wave  problem,  in  a  recent  paper  by 
Francis  Noblesse,  It  Is  shown,  however,  that  the 
N.-K.  problem  can  serve  as  a  good  first  approxi¬ 
mation  In  an  Iteration  procedure  for  solving 
the  nonlinear  free-surface  problem.  (This  paper 
has  been  submitted  to  the  Journal  of  Ship  Re¬ 
search.)  He  shows  this  by  demonstrating  that 
the  nonlinear  terms  of  the  free-surface  boun¬ 
dary  conditions  are  small  relative  to  the  linear 
term-  even  for  the  observed  bow  wave,  at  low 
Froude  numbers. 

Prof.  Ursell  has  Indicated  that  Fredholm 
Integral  equations  of  the  first  kind  are  of 
little  value  because  a  theory  concerning  the 
existence  and  nature  of  their  solutions  Is  lack¬ 
ing.  Actually,  there  Is  a  theorem  due  to  Piccard 
which  g'ves  necessary  and  sufficient  conditions 
for  the  existence  of  a  solution  for  Fredholm 
Integral  equations  of  the  first  kind.  When  a 
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solution  exists,  this  theorem  displays  the  solu¬ 
tion,  but  this  Is  of  little  value  since  it  Is 
expressible  In  terms  of  the  eigenfunctions  and 
eigenvalues  of  the  kernel,  as  an  Infinite  series. 
It  has  been  shown,  however,  that  numerical  solu¬ 
tions  can  be  obtained  by  means  of  an  Iteration 
formula  which  can  give  useful  approximations, 
even  when  an  exact  solution  does  not  exist.  An 
example  of  this  Is  the  van  Karman  method  of 
solving  the  Irrotatlonal ,  axisymmetrlc  flow 
about  a  body  of  revolution,  which,  It  Is  known, 
gives  reasonably  good  solutions  when  a  moderate 
number  of  Intervals  Is  used,  but  yields  poor 
solutions  when  too  many  Intervals,  say  greater 
than  20,  are  employed. 


Author's  Reply 

by  Sam  Wring  and  John  G.  Telste 
to  discussion  by  E.O.  Tuck 

•mild  like  to  mention  an  imoortant  point 
that  wa:  no,.  emphasized  in  our  papt:'  and  there¬ 
fore  was  overlooked  In  Professor  Tuck's  dis¬ 
cussion  pertaining  to  the  computational  time  of 
field  methods.  The  high  speed  of  computation 
of  our  finite  difference  technique  is  due  in 
large  part  to  the  fact  that  only  a  very  small 
portion  of  the  grid,  mostly  In  the  nelf.nborhood 
of  the  ship  and  free  surface.  Is  "Inve-ted". 
Being  direct  (noniterative),  the  fast  Laplace 
solver  used  for  the  field  equation  permits  us  to 
do  this  as  shown  In  reference  4. 


Author's  Reply 
by  Kwang  June  Bal 
to  discussion  by  E.O.  Tuck 

I  would  like  to  thank  Prof.  Tuck  for  his 
cements.  I  would  like  to  reply  to  his  question 
about  matrix  Inversion.  In  my  paper,  Gaussian 
elimination  is  used  In  solving  the  matrix  equa¬ 
tion. 

The  number  of  operation-steps  required  for 
solving  a  banded  symmetric  matrix  Is  proportion 
al  to  NM2,  where  N  Is  the  total  number  of  un¬ 
knowns  and  M  Is  the  half  bandwidth.  As  an 
Illustration,  the  fluid  domain  Is  subdivided 
Into  4-polnt  quadrilateral  elements.  The  total 
number  of  nodes  are  I  and  J  along  the  x-  and 
y-axes,  respectively,  so  that  the  total  number 
of  unknowns  Is  N  »  I J.  The  half  bandwidth  M  Is 
approximately  I  (or  J  If  J<I).  The  time  to 
Invert  the  matrix  Is  then  proportional  to 
NI2SN2.  In  three  dimensions,  where  K  Is  the 
number  of  nodes  along  the  z-axls,  the  half  band¬ 
width  becomes  M  *  JK6N2/3,  where  N  »  IJK,  and 
the  time  to  Invert  Is  proportional  to  N(JK)2< 
N7/3.  In  practical  ship  problems,  JK  Is  consi¬ 
derably  lets  than  N2/3,  since  a  ship  Is  much 
longer  along  the  x-axIs  than  along  the  y-  or 
z-axes.  Furthermore,  all  the  matrix  elements 
are  zero  except  the  nine  non-zero  elements  In 
two  dimensions.  In  other  words,  this  banded  ma¬ 
trix  Is  still  very  sparse.  This  fact  can  be 
taken  Into  consideration  In  the  computer  program 
by  using  an  ‘If  test'  to  reduce  the  computation 
time  substantially.  Another  feature  In  the 
finite-element  method  Is  that  the  time  to  com¬ 
pute  the  matrix  elements  Is  much  less  than  the 
time  to  Invert  the  matrix.  Therefore,  the  n lea¬ 


der  of  operation  steps  In  t.he  present  method  Is 
comparable  to  or  less  than  N2/3  In  two  dimensions 
and  N2  In  three  dimensions.  However,  one  should 
not  emphasize  too  much  the  time  to  Invert  the 
matrix  by  considering  only  the  total  number  of 
unknowns.  There  are  more  Important  factors  that 
govern  the  computation  time:  they  are,  for 
example,  the  size  of  the  central-core  memory 
space,  the  time  In  1/0  operations  when  an  out- 
of-core  memory  Is  used,  and  any  capability  or 
features  such  as  the  vectorized  execution  used 
In  the  present  computer  program  written  for  the 
ASC  of  Texas  Instruments  Company. 
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NUMERICAL  SOLUTION  OF  THE  NEUMANhFKELVIN  PROBLEM 
BY  THE  METHOD  OF  SINGULARITIES 
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Ecole  Nation*!®  Sup$rleura  de  Mfccenlque 
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Abstract 


We  present  the  main  lines  of  the  method  used 
for  setting  up  the  computer  programs  giving  an 
estimate  of  the  wave  resistance  of  a  surface 
ship  moving  at  constant  speed  in  calm  water.  We 
use  the  Neumann-Kelvin  model  based  on  the  follo¬ 
wing  hypothesis  :  the  fluid  flow  derives  from  an 
harmonic  potential  i  the  free  surface  condition 
is  linearised  and  written  on  the  horizontal  pla¬ 
ne  which  is  the  water  level  at  forward  infinity. 
The  gliding  condition  on  the  hull  is  exactly  sa¬ 
tisfied.  The  problem  is  solved  bv  the  method  of 
Kelvin  singularities  distributed  over  the 
hull  surface.  Their  density  is  obtained  by 
solving  a  Fredholm  integral  equation.  The  sur¬ 
face  ship  case  is  treated  using  the  notion  of 
line  integral.  The  numerical  solution  of  this 
equation  ir  approximately  obtained  by  consider¬ 
ing  the  hull  as  a  Juxtaposition  of  plane  polyg¬ 
onal  elements,  bearing  a  constant  singularity 
distribution.  The  wave  resistance  is  computed  by 
the  Havelock  formula.  We  perfected  three  computer 
programs  using  respectively  sources,  normal  di¬ 
poles  and  mixed  distributions.  The  computing 
times  being  extremely  long,  we  have  only  made 
tests  on  the  easier  caseof  a  completely  submer¬ 
ged  ellipsoid.  The  stability  of  the  results  is 
obtained  if  the  hull  is  discretised  with  a  very 
large  number  of  elements. 

1.  Introduction 


If  the  influences  of  boundary  layer  and  wake 
are  neglected,  the  problem  of  evaluating  the 
wave  resistance  of  a  ship  moving  at  constant 
speed  C  on  calm  water,  la  reduced  to  determining 
an  harmonic  potential  function  4,  defined  in  the 
whole  liquid  domain  and  satisfying  the  following 
boundary  conditions 
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■  C.n  on  the  free  surface  (S)  whos 
equation  la  x-h(x,y)  (1 


(1.3) 


4  -*■  0  us  x  ♦  « 

♦  +  o  as  i  +  -  ■ 


(t.4) 

(1.5) 


symbols  are  explain*  7  «n  figure  (1). 


The  equation  (1.1)  expresses  the  gliding  condi¬ 
tion  over  the  hull  (E). 

The  equation  (1.2)  expresses  that  the  free  sur¬ 
face  is  a  material  surface. 

The  eguation  (1.3)  is  the  Bernoulli  equation 
in  which  the  pressure  is  a  constant  over  the 
free  surface. 

The  equation  (1,4)  is  the  non-radiation  condi¬ 
tion  which  expresses  that  the  fluid  stays  still 
at  forward  infinity. 

The  equation  (1.5)  expresses  the*-  th  fluid  does 
not  move  at  very  large  depth. 


The  xOy  plane  is  the  horizontal  plane  which  Is 
the  water  level  at  forward  infinity. 

The  Ox  axis,  situated  in  the  longitudinal  plane 
of  symmetry,  is  directed  towards  the  ship’s  bow. 
The  Oz  axis  is  the  upward  vertical - 
The  free-aurface  equation  is  :  z  -  h(x,y)  -  0. 

4  "  4(x,y,z)  is  the  absolute  potential  expressed 
In  the  (0,xyz)  coordinate  xyster.',  attached  to 
t.he  ship. 

The  '  tee-surface  conditions  (1.2)  and  (1.3)  can 
be  replaced  by  the  following  conditions,  in 
which  V  Is  the  absolute  speed  modulus  s 
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In  spite  of  the  great  simplification  which 
consists  in  classing  the  real  flow  as  a  perfect 
fluid  flow,  the  free  boundary  problem,  defined 
by  the  system  of  equations  (1)  is  still  too 
complex  to  be  numerically  solved.  It.  is  there¬ 
fore  necessary  to  introduce  new  approximations 
simplifying  the  mathematical  model.  The  one  we 
adopted  is  the  Neumann-Kelvii  model  [l]  which  is 
Dased  on  the  following  hypotnesi.s  : 


-  The  fluid,  considered  as  a  perfect  one,  is 
the  seat  of  a  flow  deriving  from  an  harmonic 
potential  j  this  flow  is  steady  with  respect  to 
the  coordinate  system  attached  to  the  ship. 

-  The  camber  of  the  free  surface  elevation  is 
small  enough  to  be  able  to  write  the  boundary 
condition,  not  on  the  real  free  surface,  but  on 
the  plane  z  *  0  which  is  the  water  level  at  for¬ 
ward  infinity. 

-  The  absolute  speeds  are  small  enough  so  that 
squares  are  negligible  over  the  whole  free  surface. 
In  fact,  we  also  neglect  the  derivatives  of  the 
absolute  speed  squared;  this  approximation  is 

v«ry  doubtful  In  ry-e  vicinity  of  the  ship  bow. 

On  the  other  hand,  the  gliding  condition  is 
exactly  satisfied  over  the  hull. 

The  equations  of  the  simplified  problem  are  : 
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(4.?) 

The  non- radiation  condition  at  forward  infi¬ 
nity  is  Implicitly  expressed  by  allowing  the 
fluid  to  be  slightly  energy-dissipativef?]. 


The  equation  (4.4)  can  be  suppressed  and  the 
equation  (4.3)  i6  then  replaced  by  the  free  sur¬ 
face  condition  corresponding  to  nearly  perfect 
fluids  s 
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where  t  Is  a  fictitious  viscous  coefficient, 
v*»ry  small  and  essentially  greater  than  zero. 


The  second  f rue  surface  condition  , 
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is  no  longer  expressed  in  the  boundary  problem  ; 
this  will  b*  used  at  the  end  of  the  computations 
when  the  potential  is  already  determined,  in 
order  to  evaluate  the  free  surface  elevation. 


To  solve  the  Neumann-Kelvin  problem,  we  uaed 
the  method  of  singular! tiee. 


TI.  Computing  method 

The  idea  on  which  the  method  of  singularities 
is  based  is  suggested  by  the  fact  that  all  the 
equations,  formulating  the  Neumann-Kelvin  pro¬ 
blem,  are  linear  ones.  The  potential  function  4 
can  be  considered  as  a  superposition  of  elemen¬ 
tary  solutions  'f  satisfying  the  Laplace  equa¬ 
tion,  the  free  surface  condition  as  well  as  the 
conditions  at  infinity. 

These  elementary  potentials  can  bo  generated 
by  Kelvin  singularities  such  as  sources,  dipoles 
vortices  or  multipoles,  placed  either  on  the 
ship  hull  (I)  or  inside  it.  The  singularity  dis¬ 
tribution  must  be  determined,  in  each  particular 
case,  in  such  a  manner  that  the  gliding  condition 
is  satisfied  in  each  point  of  the  surface  (E) . 

When  this  is  so,  the  singularity  distribution  i3 
said  to  be  ’’kinematically  equivalent  to  the  moving 
hull".  Here,  we  only  considered  superficial  dis¬ 
tributions  of  sources  and  normal  dipoles. 

To  sum  up,  to  use  the  method  of  singularities 
we  will  have  first  to  solve  a  Kelvin  problem 
consisting  in  building  elementary  operaLors  yc 
neratirg  harmonic  potentials  satisfying  automa¬ 
tically  the  linearised  free  surface  condition 
and  the  conditions  at  infinity. 


Then,  in  mixing  these  operators,  we  will  sa¬ 
tisfy  the  gliding  condition  over  the  given  hull; 
this  last  problem  is  an  exterior  Neumann  pro¬ 
blem. 

In  the  exposition,  we  use  the  following  symbols 


4  *  4  ( M)  , 


C  -  C  i 

L 

n 


x 


the  absolute  potential  in  H(x,y,z)  ex¬ 
pressed  in  t)ie  coordinate  system  at¬ 
tached  to  the  hull, 
the  speed  of  the  ship. 

an  arbitrary  reference  length 

the  outward  normal  to  the  hull  surface 

<E) 


the  wave  number  associated  with  the 
speed  C 

the  nondimen s ional  wave  number 


the  Froude 


number 


o  -  o(M’)fthe  superficial  density  of  sources  at 
H1  lx*  ,y‘  ,  z1)  on  the  hull  surface. 

M  •  u(*T),  t)»e  superficial  density  of  normal 
dipoles  in  M* . 

11(8, k)  ,  the  Kochin  function. 

V,(8,k)  »  the  modified  Kochin  function. 

A 

f(0,k)  ,  the  direct  Fourier  transform  of  a 

tunc t ion  f(x,y) 

p  ,  the  mass  density  of  the  fluid. 


Hi.  Kelvin  operators 


Kelvin  aource 

So  is  called  a  point  singularity,  placed 
at  H'U’  »  y'  .  <  0) ,  generating  in  aach  point 

M  of  the  apace  z  <  0  an  harmonic  potential  whose 
particularities  are  t 

It  automatically  aatiafiea  the  llneariaad 
free  surface  condition 

It  goes  to  zero  ai  x  *  “  and  z  ♦  -  • 
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Its  principal  value  as  H  -*  M'  is  such  that 


*  (M) 
o 


.  -  -2- 

4ir 


1 


which  is  the  potential  generated  by  a  source  of 
intensity  Q  in  an  unbounded  liquid. 


The  potential  $  having  these  properties  can 
be  expressed  by  : 

♦  (M)  *  (M)  +  'f(M)  (6) 

with 


1 


s  <- 

4  it  |  MM1  f 


I* 


’il5 


(7) 


Cko 

— —  R  \  sec^S  e‘\  dO  .if  y-y'  ‘>  0 

”c  ei  . 

2 

n 

r  2 

-  R  \  s>'c  b  e  *d0  ,if  y-y’  <  0 

ttC  e  \  1 


3„  r. 


(16) 


„  -1  x-X ' , 

P  ■  -  tg  ( - p)» 

y-y 


M!  is  the  point  symmetric  to  M  with  respect  to 
tne  plane  2*0. 


'flu)  «  ~%Re 


k(2  *7.'  + 


kdk  (8) 


k-k  sec  0  ♦  i (0) 


agsuroi ng 


J3  »  (x-x*  )co3  0  +  (y-y' )  sin  0. 


(9) 


We  show,  after  some  elementary  calculations, 
that  hP  goes  rapidly  to  **=*ro  when  we  go  far  from 
the  source  in  any  direction  ;  its  asymptotic  va¬ 
lue  is  equal  to 


9 

2i. 


C 

g 


x-x ' 


(x-x’)  +  (y-y* 


h*5  ,  decreasing  at  least  as  ~y  when 
elevation  of  the  nearfield  waves. 


is  the 


Calculating  the  integral  corresponding  to  the 
variable  k,  we  finally  obtain  : 

'MM)  “  ~  z5r  (JmFJ  *  JwwfF1 


2^ 


with 

;  =  in 


2n  d 
9ec  9 


[•‘‘H 


d0  (JO) 


’  )cos  0  +  (y-y1 ) si n  0 


*  kQ  sec20^  z+z‘  +  l  £(x-x 

^6* |  f C)  being  a  function  we  call  "modified  ex 
ponential  integral"  which  is  related  to  the 
classical  exponential  integral  by  : 

'ij  (O  =  Ej  (r.)  ,  if  Im(C)  >  0  [ 

'f  j  <0  a  Ej(t)  -  2in  ,  if  Ira (t)  <  0 

where 

f“.-t 

Arg  C 


The  r-'Jor  advantage  .ti  introducing  this  modified 
exponential  integral  is  that  the  poten¬ 

tial  *  can  be  expressed  by  an  integral  defined 
inside  an  interval  independent  of  the  relative 
position  of  M  and  M’  »  moreover,  the  integral 
kernel  la  continued  inside  this  interval.  There 
1b  no  particular  care  to  be  taken  in  differen¬ 
tiating  or  integrating  under  the  integral  aign. 


From  (5)  and  (10),  the  wave  elevation  is  : 
h  -  hp  +  h*  (14) 


The  asymptotic  expression  of  h  is  obtained 
by  using  the  stationary  phase  method;  h*  goes 
to  zero  as  1/r  outside  the  Kelvin  dihedral,  as 
l/ZT-nsi*  it  and  as  only  * - on  the  bounda- 

c  \fr 

ry  of  this  dihedral,  h  ,  which  goes  to  zero 
much  slower  than  hP,is  the  elevation  of  the  far- 
field  waves. 

The  figure  (2a)  shows  the  free  surface  eleva¬ 
tion  corresponding  to  a  point  source,  immer¬ 
sed  at  a  depth  H,  moving  v  constant  speed  such 
as  kQH  =-  1  ,  and  having  a  c-  ■  nt.ant  intensity 

Q  K  j  C  H?.  On  the  figure  (2h),  ve  have  drawn 

the  contribution  of  the  nearfield  waves  ;  we  can 
see  that  the  corresponding  elevation  is  locali¬ 
sed  in  the  vicinity  of  the  source  projection  onto 
the  plane  z  *  0.  This  remark  will  bo  used  later 
on . 
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For  a  source  distribution  of  intensity  o  (M‘ ) . 
localised  in  a  domain  ( $  )t completely  submerged, 
we  have  : 


kfz+i  (x  cos  0  +  y  sin  6  )] 

X  — - - - - -  k  dk 

k  -  k  sec  0  ♦  i  (0) 
o 

where  !!(9,k)  is  the  Kochin  function: 

H(0,k)«  "4V  \  0  (M,) 

V 

x  ^k£z'  -i  <x’  cos  0  +  y'  sinG)]d^ 


(21) 

(M’) 


^  Let  mx  ,  m.,,  ,  m2  he  the  components  of  a  dipole 
m  having  a  constant  intensity  and  a  fixed  direc¬ 
tion,  mo  ving  with  an  horizontal  constant  speed 
C  -  C  i* 

Wp  can  inunediately  express  every  quantity  fd 
depending  linearly  on  m  knowing  the  expression 
of  the  same  quantify  due  to  a  source  of  intensi¬ 
ty  Q  ;  we  only  have  to  use  the  relation  : 

1 

f,j  =  m  .  c,radM,  if).  <’8| 

In  particular,  the  potential,  obtained  from  the 
formula  UC),  is  : 


Wave  field  generated  by  a  singularity  dlatrlbu- 
t  Ion 

1 .  Kochin  function 

Let  un  recall  tne  following  formulas  corres¬ 
ponding  to  the  potential  due  to  a  Kelvin  source: 


In  the  case  of  a  dipole  distribution  of  density 
MM'),  the  potential  is  still  given  by  the 
formula  (20)  if  H(0,k)  is  replaced  by  : 


H(0,k) 


x  fk(l'-ll»'  cosOt  y'  sin  ). 


Particularly,  if  we  consider,  on  a  surface  (£) 
with  a  normal  vector  n,  a  si>erficlal  distribu¬ 
tion  of  sources^and  normal  d',»les  of  intensi¬ 
ties  0 (M* )  and  u(M')  -  u(M').n(M')  respectively 
we  have  : 

H(0,k)  -  -  —  |  d(H') 

X  ek(V  -  tlx-  cos  0  r  y'  sin  oQ  dI:(M, , 


(23) 


x  •1"OI]dt(M') 

"h1 

or  :  ft 

H(6,k)  -  II  o(H') 

x  cos  6  fy'  sin  8>]  dC(MM 


(23') 

li<M'  (,>'  cos  6  +  q’  sin  P)J 


a  r 
2-2  * 


k(t+  z'  ♦  lu>) 

* - 5 - k  dk 

k  -  k  «kc  *  ♦  i (0) 
o 


X  .*[*•-1  (*•«.«  ty  .in  8)]dI:(in  t 


p'  ,  q*  ,  r'  being  the  components  of  the  normal 
vector  ft (M' ) . 
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Th«?  two  last  integrals  can  be  modified  using 
the  Green- Riemann  equation  in  the  domains  (SL) 
and  (SF)  where  they  are  respectively  defined. 

Thus,  we  have: 

"  2  2 

(e,k)  =  -  k  CCS  9 .❖j  < e ,k> 

iff  «  1 

--  [u—eiw*  '-d 


For  a  superficial  normal  dipole  distribution 
of  intensity  u,  we  have  : 


3 x  "  5x  =  ~13<:  '  > 


)  {7.1  j 


w  -i,.  (x  oos  9  +  y  sin  0)  . 

X  e  dy 

the  contour  (c)  being  described  in  the  positive 
direction. 


From  the  defining  formula  (35),  the  modified 
Kochin  function  is  then  expressed  by  : 

2„ 


(  is  the  unit  vector  tangent  to  the  contour  (c) 
oriented  in  the  positive  direction. 

s  =  n  ('  is  the  unit  vector *normal  to  n  and  to 
i  such  tnat  the  trihedral  (£,  7,  "s)  is  right- 


1 


4  .k 
.  i , 


*1  I  ik  cos  0  ♦  (— 

1  1  1  ?x 


w  -ik (x  cos  0  ■»  ’•  sin  9)  , 

X  e  dy 


The  equation  (29)  can  be  general i 
same  proof  :  one  always  ha?: 


(37) 

..mg  the 


The  potential  6f  ,  associated  with  the  line 
integral,  is  expressed  from  (20)  and  (39)  : 


(29) 


■"f 


( f  j  -  $  j )  dy  ’  R  \  i  sec  0  dO 


even  if  the  singularity  distribution  ends 
on  the  plane  z  "0. 

Substituting  in  (37),  we  obtain  : 

itie.k) 

with 

6H( 0, k) 


w  -lk(x  con  0  *  y  sin  0)  , 
X  o  dy 


The  line  integral  611(0, k)  appears  to  be  a 
cortection  which  has  to  be  made  to  the  classi¬ 
cal  Kochin  function  to  obtain  the  "nodi  fled 
Kochin  function’’. 


k-k  sec  *  i \0) 


--  H(0,k) 

♦  6H(0,k) 

(  iH) 

sec20  { 

4nk  \ 

£  ik  o)S0(*j  -  $  j) 

.,1 
<)  X 

<i 

2" 

»♦!  ( 
n.<iv'  b"_ 

|  st'C*  O  till 

1  . 

The  terms  ($. 


a*  w 

*  .  '  and(-~  -  ~)  in  6H(0,k) 


Until  integrals  corresponding  to  the  variable  k 
can  be  informed  using  the  modified  exponent  ia) 
integral  s  in  fact,  we  have  : 


1  "“"'.lx  )x 

are  directly  related  to  the  nature  of  ouper Ti¬ 
dal  singular lty  choaen  for  generating  the 
potential  ♦! 

For  a  siyerf  <clal  source  distribution  of  in¬ 
tensity  o ,  we  v imply  have  : 


i 


k-k  sec  0  ♦  i  (0) 


-  o  ( n .  1  ) 


‘  Jk-ko 

ilk  ■>"  't,  ,  «.l 


where  f.  is  now  :  r  -  k  sec  O  (z  *  iu) 


n  la  the  outward  normal  to  the  surface  (!)  In  a 
point  b« longing  to  the  contour  (c) , 
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m 


bearing  a  uniform  singularity  distribution  ;  the 
elements  numbered  from  1  to  M,  ending  at  the 
free  surface/  cut.  out  of  the  waterline  M  ele¬ 
ments  of  art  l  j. 

Thus,  in  the  case  of  superficial  distribution 
of  sources,  the  integral  equation  (49)  is  repla¬ 
ced  by  the  following  linear  system  of  N  equa¬ 
tions  with  N  unxnowns,  the  glidinq  condition 
being  satisfied  at  the  center  of  each  ele¬ 
ment  Si  : 


But  ir.  the  particular  case  of  a  hull  surface 
ending  perpendicularly  at  the  free  surface, 
this  stratagem  doesn't  work;  in  fact,  the  inte¬ 
gral  which  depends  on  (/Hi)  ,  di  sappears  due 

3s  M'  „ 

to  the  fact  that  the  product  (s.ix)  is  zero. 

Up  to  now,  we  limit  ourselves  in  considering 
hulls  having  this  characteristic  :  thus,  we  are 
not  able  to  assert  that  the  proposed  stratagem 
can  be  easily  used  to  solve  the  general  case. 


C  o.  x13  -  <C.n\ 


5 .  Explicit  form  of  the  influence  coeffl- 
cients 


i  -  1,2...  N  (50) 


K(M4  ,  M’ ).  df.  (M1 ) 


xM  *  1  x(Mi  . 


(60) 


(61? 


The  coefficients  are  called  "influence 
coefficlentVf  the  element  sj  upon  the  point  ; 
likewise,  is  the  influence  er.-.fficUnt  of 
the  arc  f-j  upon  the  point  K^. 


In  the  case  of  a  superficial  distribution  of 
normal  dipoles,  an  additional  difficulty  appears 
<hm  to  the  fact  that,  in  the  line  integral, 
then-  are  terms  depending  not  only  on  the  densi¬ 
ty  u(M*),  but  also  on  the  derivatives; 


and  (|^) 


M' 


rt' 

Concerning  the  term 


(|jr)  IJIM.M’)  ,i)f  (M' 


Before  writing  a  computer  program  solving  the 
Neumann  Kelvin  problem,  we  have  co  perform  ana¬ 
lytical  computations  as  completely  as  possible 
in  order  to  .  .  form  numerically  only  the  quadra¬ 
tures  which  are  absolutely  necessary. 

The  surface  and  the  line  integrals  occurring 
inside  the  influence  co1  ficients  corresponding 
to  source  or  dipole  distributions  cannot  be 
exactly  computed  unless  the  elements  are  pla¬ 
ne  polygons 1  elements. 

The  hull  surface  (£)  will  thus  be  discretised 
taking  care  of  this  necessity  ;  besides,  it 
seems  that  this  approximation,  which  is  discre- 
tising  the  hull  into  plane  elements,  is  consis¬ 
tent  with  the  one  which  is  assuming  that  the 
singularity  density  remains  constant  on  each  of 
these  elements. 


Whatever  the  type  of  singularity  adopted, 
all  influence  coefficients  are  practically 
computed  in  the  same  way.  Thus,  we  only  explain 
the  method  used  io  express  the  coefficient  Kj  4 
occurring  in  the  linear  system  (59);  from  equa¬ 
tions  (Ji5h  ( UY /  and  (60),  this  is: 


which  is  1*  equations  (55)  and  (58),  the  diffi¬ 
culty  is  irvnediatly  removed  in  integrating 
by  parts  ;  as  u  is  a  uniform  function,  at  least, 
foi  a  symmetrical  hull  moving  without  incidence 
we  simply  have  : 


with 


(|jr)  iMM.M'J.df  <M') 

M‘ 


S 

k  .  ~9  u 

1)  .  ? 

|3[v 

1  'pt  <os  0  *  q  t  9  in  9 )  | 

2n 

I. 

On  the  other  hand,  the  contribution  of  the  ter 


,<)  H , 

(r- 1  is  »>•.'♦.  so  easy  to  compute. 

M‘ 

A  way  which  could  be  use-.  to  solve  the  diacr-'- 
tiaed  problem  la  to  cons', der  the  terms  (&UJ  for 

*«  , 

1  >>  J  '  M  as  additional  unknown*  f  at  that  mo¬ 
ment,  the  condition  •  C*  or  ♦  *  -  0  should  b* 
satisfied  :vot  only  at  the  center  of  the  element 
Sj  but  alto  at  tlie  middle  of  the  *<  Tment  f 4 . 

Thia  should  give  a  Une-r  system  of  N*H  equa¬ 
tion*  with  N+M  unknowns. 


0(c)  tir  ( N* , 


<M) 


*ro  of  the  noHBAl  vector 

nt'Kt)  ,  Glc)  Vf»  the  function  e^  %  (4'  and  G(c) 
Its  second  derivative. 


The.-  cnefri  lent  kj,  is  simply  the  normal 
speed  v«n*rat»d.  In  the  jx-int  on  the  element 
■  i  ,  by  the  element  a.  and  it*  eymroetrlcal  one  a' 
with  respect  to  the  plane  it  they  are  bea-^ 

ring  a  constant  distribution  of  ordinary  sources 
vith  a  unit  intensity. 


IH 


This  coefficient,  which  occurs  also  in  solving 
the  problem  of  a  moving  solid  inside  an  unboun¬ 
ded  fluid,  is  easily  computed  from  the  Hess  and 
Smith  formulas. 

x 

Then,  we  only  have  to  put  the  coefficient  k^j 
into  a  form  as  sophisticated  as  possible;  as 
it  cannot  be  expressed  in  an  analytical  form, 
we  compute  only  the  surface  integral: 


1(0) 


GU)  d£(H') 


(65) 


Let  0  be  any  point  of  the  element  Sj  and  Pj  a 
moving  point  of  it.  The  equation  of  the  element 
plane  is  then  : 


n .  .  OP ,  °  0 

J  j 


WV  +  Vyj'yo>  *  vw  * 0  ,6,6) 

nj  ,  whose  components  arc  pj  qj  ,  is  the  unit 
vector  normal  to  the  element. 


2  q 
cos*fl  j 

k  _2 


ir  ^  cos  6 


2  2n 
q  .  +  r  cos  0 
3 


The  comparison  of  (69)  and  (70)  gives  a  way  to 
express  I  in  a  form  vnich  is  always  valid: 


°  JcL 


(Pj  -  ir_.  cos  0)dy_j 


n 


(71) 


This  equation  is  valid  for  any  plane  element 
cf  any  shape  :  we  go  on  with  the  computations  in 
the  case  of  polyqonal  elements. 

The  contour  C,  is  then  made  of  m  segments  s-j^ 
whose  ends  .  P3,k+1  are  numbered  from  1  to 

m,  turning  in  the  positive  direction  j  I  is 
then  : 


n 


J.k 


(72) 


On  s^  ,  the  variable  t,  : 

i,  -  kQ  sec^O  zi+2j  +  i  [(*j“X^)cos  0 

+  (Yj-y^sin  e]  j-  (67) 

is  only  a  function  of  two  independent  variables. 

To  begin  with,  let  assume  i  O  ;  from  (66) 
we  can  write  s 

x,  -  - (y . -y  )  ♦  (z.-z  ) 

1  o  P,  y3  yo  Pj  j  O 

00  that  (.  could  be  considered  as  a  function  of 
tvo  independant  variables  y^  ,  iy 

Therefore,  the  surfaco  integral  I  can  be  writ¬ 
ten  in  the  form; 


1  j ,k "  <virj sin01 


i,k+l 


G(f.)  dx 


jA 


-  (p^  -  ir^  cos  0) 


j 

yj,k+l 

yJ.k 


G ( C )  dy 


On  a  straight,  element,  t,  is  a  linear  function 
of  one  of  the  variables  Xj  ,  yj  or  z<  ;  we  have, 
in  part. icular,on  the  segment  s.  .  ,  if 

-  ci.k  *°> 


“l.ei  '  "j.k 


COS 

k 


p, »«-  G,r-»  ds 


We  can  use  the  Stokes  formula;  we  obtain: 
2 


cos  _  _ 

k  p ,  +  i  1  cos  O 
o  ) 


COM2  9 

k  2  2  2 


G(rJ  dy^  (6B) 


C(C)  dy. 


i 

C  being  the  contour  of  the  element  descri¬ 
bed  in  the  positive  direction  determined  by  the 
normal  vector  n.. 


If  q*  +  0, 


"1  • 

can  write  in  the  same  way 


dy 


yi,k.i  *),k 


*  r-),k+l 

and  therefor**  : 


at. 


1 A 


■»■[ 


(q^  -  i r ^  sin  0)  (x 


),k«l  ”  H J.k* 


-  (p^  -  Ir ^  co»  0) (y 


),k.l  "  y),k)  j 


Ml  *i' 

X - Ikil1— 


^JLi’ 


117 


§im- 


Por  '■j.ktl  '  cj,|t  ’  °<  *e  Ww  = 


sources  of  unit  strength  from  the  defining 
equation  (21),  we  hive  . 


-  Virjc°*<»,yj,k+1-yj(lt>]  itv 

c-nv,  we  can  write  the  influence  coeffl- 

Ji 

=  r 

[r1  +  l(picosetqi  sin  0)  ^ 


VW  -  e 


iff 


This  integral  can  be  compared  to  the  one  in  : 


X  ^.(6)  sec  0  d0 


-  \\  c(c)  dE 


which  is  computed  to  evaluate  the  influence 
coefficients. 

The  results  can  be  transposed  without  new  com¬ 
putation  using  the  following  substitutions  : 


m  . 

V9’ 


-  Vir} 


^Ij-l  (*}  cos  0  +  y^  sin  0  )  J 


From  (71)  we  deduce  : 


,  _ t _  r,  ,  7  h-,  , 


lf  Cl.k*l'Cl,k  ”  e 


Kii.k  -“‘s.k’ 

"H-'r-'l  • 

).k+l  <j,k  J 

if  K>«i  ‘  {j,y|  <  c  , 


e  U  e  nineties!  constant.  generally  equal  to 


6-  COjiEUtitlon  of  the  wave  resistance 

th*  •***•*«  distribution 
kinematically  equivalent  to  the  hull,  the  wave 
rest.fcence  le  calculated  using  Havelock's  “r- 

*w’8,okn|  _  *«c38  jU(«,ko  eec20)JJ  d0  (77) 

'I 

In  which  H  (*,ko  w2,)  .  H,„  „  th.  v.lu# 
taken  by  the  'modified  kochln  function-  for 


;  '  *o  “c  *•  10  *'*rt  »tth.  we  writ,  the  v.lue 
*1 f0'  *"  “  •  element  s,  ,  completely 

submerged,  bmarlng  a  constant  distribution  of 


-  (p5  -  ir^  cos  0  Idy^  j 


and,  in  the  caae  of  a  polygonal  clement  with  m 
sides  : 


^’"nSh-^^w 

-  (P3  -  lrj  OOS0)  <V}(lrtl-y1(k>J  HJ  k 

\k-~~ 

'J,K+1  c3,k 

lt  |cJ.k+l*«j.k|> e 

.  (78) 

“j,k- 

if  |cj.k*r'j,k|  -<c 

e 

S,k  *  ko  ,,<:28  [,3,k'1Uj,k®"#  *y3,k*ln9>) 

obt*ln  ’  In  W.y,  the  contribution  of 

a  completely  enlarged  el«ent  bearing  a  cons- 
tant  distribution  of  normal  dipoles  t 

H',0, 

'  ro*',y3,kel-yJ,k>]  »j,h 


*16 


is  the  function  defined  in  equa- 


where  B^  ^ 
tion  (78) . 

Finally,  for  a  segment  /  belonging  to  the 
contour  c,  intersection  of  the  hull  with  the  pla¬ 
ne  z  “  0,  we  lave  frome  (39>,  140)  and  (41)  : 

*  for  a  s\g*»rflcial  distribution  of  sources 
of  unit  strength  : 


\w  "'<TrVy3*i'Y}1  ”j  , 


(90) 


with  : 

Vr^*3*03’  - 
3  s+i  s 


"“ivi-sr* 


H,  -i  1+14e  J)  ,  for  ICj^-CjI*  r 


"j  '  2 


>  (81) 


C.  *  -  ifc  sec'  0  (x .  oos  8  +  y  sin  0) 
j  °  j  j 


4F(0) 


Figure  7 


This  case  corresponds  to  an  influence  coeffi¬ 
cient  due  to  a  rectangular  element,  bearing  a 
constant  distribution  of  normal  dipoles,  whose 
vertices  are  : 


X1 

*-•  -  0.01 

Y1 

*•  -  0.2 

zi  ’ 

-  0.02 

*2 

**  +  0.01 

*2 

-  -  0.2 

Z2  ' 

-  0.02 

*3 

a  +  0.01 

*2 

-  -  0.  2 

Z3  * 

-  0.01 

*4 

»  -  0.01 

V4 

a  -  0.2 

*4  - 

-  0.01 

+  FOr  a  superficial  distribution  of  normal  di¬ 
poles  of  unit  density,  when  the  hull  is  perpen¬ 
dicular  to  the  plane  z  «  0  : 


The  influenced  point  is  : 


0.0)5 


It  (6)  -  -  --  8ec  -  (y  -y  )H 
j' 4*  VYj+l  Yj'  j 


i  ixi4i -*i»  r  ci4i  hi 

Pj TvViT L*  -  J 


being  again  the  function  defined  in  for¬ 
mula  (81). 


(82) 


IV.  Solution  of  the  dlscretlsed  problem 


Thera  is  no  peculiar  difficulty  in  establi¬ 
shing  the  computer  program  solving  the  Neumann 
Kelvin  problem  for  a  singularity  distribution 
made  of  sources,  normal  dipoles  or  mixed.  Howe¬ 
ver,  the  computing  times  are  extremely  long,  due 
to  the  fact  that  each  Influence  coefficient  is 
Qlven  by  an  integral  whose  kernel  r(C)  is  a 
very  oscillatory  function  of  the  variable  8; 
when  the  influencing  element  Sj  and  the  influen¬ 
ced  point  Mi  are  situated  near  the  free  surface 
the  high  frequency  oscillations  occur  when  the 
kernel  values  are  still  of  importance.  On  figu¬ 
re  (7),  we  show  the  kernel  variations  we  had 
to  consider  in  e  concrete  example. 


the  wave  number  being  K0  -  25. 

It  appears  that  the  influence  coefficient  com¬ 
putation  needs  a  lot  of  care;  when  we  study 
the  whole  hull,  there  exists  a  great  diversity 
in  the  ten  thousands  of  functions  we  have  to 
integrate. 

To  achieve  the  computations,  we  used  various 
stratagems*  and  we  tested  a  great  number  of  clas¬ 
sical  quadrature  methods  j  but,  up  to  now,  the 
computing  time  necessary  to  solve  the  problem 
is  atill  very  Important  for  any  chosen  solution. 

We  then  realise  that  It  is  very  disappointing 
to  spend  a  lot  of  computing  ^ime  for  a  result 
showing  great  discrepancies  depending  on  the 
singularity  type  and  the  way  of  dtscretising  the 
hull  surface. 


*  .  To  compute  separately  the  farfield  and 
the  nearfield  contributions. 

.  To  use  asymptotic  formulas  valid  when  the 
influenced  point  in  very  far  from  the  influen¬ 
cing  element. 

.  To  integrate  by  parts  in  order  to  put 
r{0}dP  under  the  foru  nil  d[o(B)],  where  P<0> 
is  a  function  having  no  xapld  variations. 
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To  our  knowledge,  only  the  Japan  researchers, 
using  superficial  distributions  of  singulari¬ 
ties  made  of  sources,  gave  coherent  results  able 
to  be  compared  with  experiments  however,  their 
papers  are  generally  illustrated  by  curves  sho¬ 
wing  a  very  few  number  of  points  obtained  by 
numerical  computations.  We  may,  therefore,  ima¬ 
gine  that,  if  their  programs  are  operational, 
they  must  spend  important  computing  times,  even 
on  big  computers. 

A  priori,  the  resultant  dispersion,  observed 
using  our  own  programs,  can  be  due  to  one  of  the 
following  facts  : 

.  The  Neumann  Kelvin  problem  is  not,  mathema¬ 
tically,  well  formulated  since  we  are  not 
sure  t'^at  it  does  admit  on*  solution  ;  the  solu¬ 
tions  obtained  numerically  are  then  without, 
sense. 

.  The  computation  of  the  influence  coeffi¬ 
cients  has  not.  been  performed  with  enough  accu¬ 
racy  in  every  '’ases;  it  is  not  totally  exclu¬ 
ded  that  peculiar  difficulties  could  escape  for 
certain  relative  dispositions  of  the  influen¬ 
cing  element  and  the  influenced  point  Mj. 

Now,  it  is  sufficient  to  render  the  solution 
completely  aberrant  if  only  one  influence  coef¬ 
ficient  is  not  very  well  computed. 

.  The  Neumann  Kelvin  problem  needs  a  very  finely 
discretised  huil  surface. 

In  order  to  localise  the  difficulties,  we  gave 
up,  for  the  moment,  the  idea  of  solving  the  case 
of  a  surface  ship.  In  fact,  when  we  consider  a 
completely  submerged  hull,  we  get  rid  of  the 
two  first  difficulties,  pointed  out  above. 

On  the  one  hand,  we  are  nearly  sure  that  the 
Neumann  Kelvin  problem  ha9  a  unique  solution*. 

On  the  other  hand,  the  Influence  coefficient 
computation  is  much  easier  than  in  the  case  of 
a  surface  ship  ;  the  computing  times  becoming 
reasonable,  it  is  then  possible  to  perform  sys¬ 
tematic  testa. 

To  achieve  those  tests,  ve  adopted  elongated 
ellipsoids  of  rewlution  j  they  are  placed  near 
the  free  surface  In  order  to  obtain  a  signifi¬ 
cant  wave  resistance  when  they  move  in  a  direc¬ 
tion  parallel  to  their  revolution  axis-  The 
ellipsoids  are  disc.'etlsed  with  plane  elements 
such  as  shown  on  figure  (8). 

The  computer  programs  are  those  established 
for  solving  the  case  of  surface  ships  j  we  sim¬ 
ply  suppressed  the  special  instructions  for 
elements  ending  on  the  irut*  surface,  we  denoted  by 
(S),  (D),  (S+D)  the  programs  solving  the  problem 
with  sources,  normal  dipoles  and  mixed  Green 
distribution  respectively. 


«  Kochln  showed  the  uniqueness  of  tho  solution 
except  for  some  values  of  he  Froucte  number. 


Stability  of  Numerical  Results 

Here,  we  are  looking  for  the  numerical  results 
sensitivity  to  the  way  of  discretising  the  hull. 

The  tests  are  made  on  an  ellipsoid  of  length 
L  =  14  meters,  of  main  radius  r  •*  1  meter,  who¬ 
se  revolution  axis  is  submerged  to  the  depth 
H  *  2  meters. 

The  table  (I)  sums  up  the  results  obtained 

J2  C2 

*  gL  “  0-5  t  Ry  is  the  wave  resistance 

expressed  in  kgf,  N  is  the  number  of  elements 
in  the  ellipsoid  discretisation. 

Table  I 


\v 

N  \ 

Program  S 

Program  D 

Program 

S+D 

60 

888 

715 

70B 

144 

920 

781 

703 

192 

894 

782 

786 

It  appears  that  the  resultB  are  nearly  iden¬ 
tical  when  the  problem  Is  solved  with  a  dipole 
distribution  or  with  a  mixed  distribution  j 
however,  the  wave  resistance  value  obtained 
with  a  source  distribution  is  very  different 
from  the  preceding  one. 

Besiden,  the  values  of  Rv,  given  by  the  pro¬ 
gram  (S)  and  the  program  (D) ,  are  very  rapidly 
varying  with  N. 

It  M>uld  be  obviously  of  a  great  interest  to 
see  if  R^  tends  to  the  same  limit,  whatever 
the  type  of  singularitiee  chosen,  when  the  hull 
is  discretised  with  morn  end  store  elements. 
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We  had  to  give  up  temporarily  this  idea,  the 
estinuted  computing  time  to  perform  this  work 
being  too  important  with  the  present  formula¬ 
tion. 

We  preferred  systematic  testa,  much  less 
expensive,  using  the  zero  Froude  number  hypothe¬ 
sis. 

The  wave  resistance  values,  obtained  always 
for  the  same  ellipsoid,  are  in  the  table  (II)  ; 
the  theoretical  value  given  in  the  last  colunn 
is  the  result  of  an  analytical  computation  per¬ 
formed  by  C.  Farell.  [*j 

Table  XI 

(zero  Froude  number  hypothesis) 


Table  III 


60 

144 

192 

288 

540 

924 

984 

969 

982 

986 

[Ry  analyti¬ 
cal 


b)  For  a  singularity  distribution  of  a  given 
type,  the  gap,  ARy  ,  between  the  values  computed 
at  exact  Froude  number  and  in  the  hypothesis  of 
zero  Froude  number,  seems  to  be  little  sens  1- 
e  to  the  hull  discretisation  (Table  IV) 


N  \ 

Program 

s 

Program 

D 

Program 

(S+D) 

Rw  Ana¬ 
lytical 

60 

!028 

320 

/ 

144 

1066 

901 

/ 

192 

1037 

9C1 

/ 

288 

1026 

938 

939 

982 

540 

1016 

956 

/ 

Table  IV 


N 

60 

144 

192 

&RW 

(sources) 

-  140 

-  146 

-  143 

&Rw 

(dipoles) 

-  105 

-  120 

-  119 

For  N  *  288,  we  again  remark  the  identity  of 
the  results  given  by  a  dipole  distribution  and 
a  mixed  distribution.  This  fact  cannot  be  a 
result  of  chance  since  both  curves  shoving  the 
variations  of  the  Kochin  function 
H(0,  sec^Q)  ■  H(0)  are  nearly  identical  along 

the  interval  -  y  <  0  <  ♦  y . 

This  is  the  reason  why  wo  did  not  use  any 
more  the  program  (S+D)  . 

Here  again,  the  1^  values,  not  the  same  ac- 
cor  ling  as  they  are  obtained  by  the  program  (5) 
or  (D),  are  rapidly  varying  with  N  j  for  N  » S'O 
there  is  still  a  divergence  of  6  %  between  the 
valueB  obtained  with  a  source  distribution  and 
with  a  dipole  distribution. 


1100 

1000 

900 

800 

700 


* 


B  B 


■  n 


O  Theory 

□  c.  Farell 


•  Sources  F  exact 
O  Sources  5  z£ro 
■  Doublets  ?  exact 
Q  Doublets  ?  z«ro 


X 


X 
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The  results  of  tableB  I  and  II  ere  also 
given  on  the  figure  (9) .  The  examination  of 
these  curves  suggests  the  following  remarks, 
which  can  very  well  be  coincidence  since  we  are 
not  yet  able  to  justify  them  j 

a)  With  the  zero  Froude  number  hypothesis,  the 
mean  wave  resistance,  ^  computed  by  making 

the  half  sun  of  the  values  obtained  with  a  sour¬ 
ce  distribution  and  a  dipole  distribution  is  not 
very  sensitive  to  the  hull  discretisation,  at 
least  for  N  i  144  (Table  III) . 


Figure  9 


Comparisons  with  experiments 

In  order  to  perform  these  comparisons,  we 
chose  an  ellipsoid  tested  by  c.  Farell  for  which 
he  gave  an  estimate  of  the  wave  resistance  coef¬ 
ficient  Cty, 
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The  geometrical  characteristics  of  this  el¬ 
lipsoid  are  the  following: 

L  ■  10  meters  ,  r  *  1  meter  ,  R  *  1.6  meter. 

The  points  computed  for  only  N  -  60  are  drawn 
on  the  figure  (10). 


These  results,  given  by  an  inexpensive  compu¬ 
tation,  show  that  theoretical  values,  though 
they  are  scattered  according  to  the  program  (S) 
or  (D)  used,  are  not  extremely  far  from  experi¬ 
mental  values,  as  they  should  be  in  computing 
them  with  the  zero  Frcude  number  hypothesis. 


V.  conclusions 

This  study  on  completely  submerged  hulls, 
even  if  it  seems  to  be  far  from  our  initial  goal 
gives  us  some  lessons  >  it  shows  that  : 

a)  the  difficulties,  met  in  the  case  of  a 
surface  ship,  are  not  totally  due  to  the  junc¬ 
tion  between  the  hull  and  the  free  surface. 

b)  to  compute  correctly  the  wave  resistance 
of  a  ship,  even  completely  submerged,  we^cannot 
be  satisfied  with  a  rough  discretisation  . 


•  When  we  determine,  with  enough  precision 
for  practical  use,  the  hydrodynamic  coeffi¬ 
cients  of  a  floating  Hndy  subject J  to  forced 
oscillations,  only  one  hundred  elements  are  ne¬ 
cessary  j  to  sol  vs  correctly  the  Neumann  Kolvin. 
problem,  the  hull  should  be  discretised  with 
at  least  Sou  elements. 


Due  to  these  facts,  we  modified  our  plan  of 
work.  To  start  with,  as  we  had  a  rather  poor, 
but  safe,  computing  tool,  we  tried  to  take  ad¬ 
vantage  of  it  immediately  in  order  to  compare 
the  results  with  experimental  data  ?  to  reach 
this  aim  as  fast  as  possible,  it  was  not  unrea¬ 
sonable  for  us  to  spend  a  lot  of  money  on  com¬ 
puters,  leaving  for  a  following  stage  the  un¬ 
inspiring  Job  of  improving  the  coat  of  our 
computer  program.  Now,  it  appsars  that  experi¬ 
mental  comparisons  are  not  significant  unless 
the  hull  is  very  well  discretised  »  hence,  we 
have  to  concentrate  on  the  following  points  : 

.  Find  a  new  formulation  of  the  influence 
coefficients,  in  order  to  Integrate  more  rapid¬ 
ly  the  very  oscillatory  functions.  For  that, 
many  solutions  are  available  j  actually,  we  are 
d eve lopping  two  computing  methods  based  on 
various  ideas. 

After  determining  the  discrete  singularity 
densities  kinematically  equivalent  to  the  hull, 
make  a  numerical  interpolation  in  order  to  be 
sure  that  instabilities  are  not  only  due  to  an 
inadequate  way  of  computing  the  Kochin  function  ; 
we  are  now  improving  a  program  performing  that 
numerical  interpolation. 

Finally,  the  computer  programs,  already  built, 
will  solve  the  Neumann  Kelvin  problem  if  there  * 
is  no  limitation  on  computing  time  or  on  compu¬ 
ting  cost. 

But  comparisons  with  experiments,  to  determine 
if  the  mathematical  model  represents  well 
physical  reality,  will  not  be  done  unless  nume¬ 
rics1  difficulties  are  overcome.  Even  if  this 
experience  were  unfavourable,  we  are  sure  that 
the  effort  made  to  solve  the  linear  problem  is 
useful;  in  fact,  to  improve  a  perturbation  me¬ 
thod,  whatever  its  principle  may  be,  to  take 
partially  care  of  non-linear  terms,  seems  to  be 
without  any  success  if  there  is  numerical  doubt, 
about  20  l, on  the  results  given  by  the  linear 
theory. 
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ABSTRACT 

A  singularity  distribution  method  has  been  developed 
to  calculate  the  motion  coefficients  and  wave  exciting 
forces  and  moments  for  ships  with  forward  speed.  This 
method  accounts  for  the  speed  effect  on  the  hull 
boundary  condition  as  well  as  its  effect  on  tne  free-surfacc 
boundary  condition.  Hence,  the  zero-speed  motion  compu¬ 
tation  and  the  wave  resistance  computation  are  two  limiting 
cases  of  the  present  calculations;  the  former  corresponds  to 
the  case  of  forward  speed  apj  aching  zero  while  the 
frequency  of  the  oscillation  remains  finite  and  the  latter 
corresponds  to  the  frequency  of  oscillation  approaching  zero 
while  the  forward  speed  remains  finite. 

Numerical  results  for  the  wave  resistance,  motion 
coefficients  and  wave  forces  arc  presented.  The  wave 
resistance  calculation  for  a  Wjglcy  hull  has  been  compared 
to  the  experimental  data  as  well  as  to  thin-ship  theory  results. 
Agreement  between  the  experiment  and  the  theories  is 
satisfactory. 

Motion  coefficients  and  wave  forces  for  a  Scries  ',0 
hull  have  been  computed  and  compared  to  experimental 
data  and  to  strip  theory  results.  The  present  calculations  are 
very  good  for  the  case  of  zero  speed  and  are  much  improved 
over  the  strip-theory  results  at  lower  frequencies.  For  the 
case  of  a  Froudc  number  of  0.2,  the  present  computations 
are  not  as  good  us  those  for  zero  speed.  Yet  the  results  are 
satisfactory  and  are  also  an  improvement  over  strip  theory 
predictions. 

INTRODUCTION 

Since  the  development  of  a  two-dimensional  roll¬ 
damping  theory  by  Uracil'  and  the  introduction  of  strip 
theory  to  ship  motions  by  Korvin  Kroukovsky,*  the  strip- 
theory  method  has  become  the  most  universally  used 
technique  for  analyzing  ship  motions.  The  most  extensively 
documented  six-degrve-of-frecdom  ship-motion  prediction 
procedure  based  on  strip  theory  was  developed  by  SuIvcm  " 
Tuck  and  Fultinsen.5  Good  agreement  between  strip-theoij 
predictions  and  experimental  data  hus  been  found  Tor  many 
classes  of  ships.  In  essence  strip  theory  converts  a  three- 
dimensional  body  into  hydrodynatr.icully  independent  two- 
dimensional  sections,  and  the  numerical  computations  of 
llow  about  these  independent  sections  are  quite  simple.  The 
computation  time  and  the  memory  space  required  for  strip- 
theory  computations  are  very  small  in  comparison  with 
those  required  for  three-dimensional  flow  calculations. 

Strip  theory  represented  a  very  practical  approach  to  the 
calculation  of  ship  motions  on  digital  computers  available 
ten  ycurs  ago  when  computations  for  a  three-dimensional 
body  in  a  I'rec-surfaee  were  impractical  if  not  impossible. 

Computer  technology  has  been  drastically  improved 
during  the  past  few  years.  Not  only  has  the  ..  nory  space 


been  expanded,  but  the  speed  of  computation  has  been 
increased  and  the  relative  cost  has  been  drastically  reduced. 
Wjth  further  improvements  of  the  computers,  the  computa¬ 
tional  advantages  of  strip  theory  will  become  less  and  less 
significant.  Techniques4--''6  for  calculating  three-dimensional 
ship  motions  have  been  under  development  for  a  number  of 
years;  while  general  application  of  some  of  these  techniques 
u.c  still  restricted  by  the  limitations  of  current-generation 
computers,  the  method  should  have  potential  for  practical 
applications  in  the  very  near  future. 

The  method  of  three-dimensional  singularity  distribu¬ 
tions  developed  by  Chang  and  Picn4-7  has  been  successfully 
applied  to  wave  resistance  and  time-dependent  motion 
computations  for  submerged  bodies.  Since  this  method  does 
not  require  a  large  memory  space,  it  is  workable  on 
most  presently  available  computers.  Extension  of  the 
singularity  method  to  the  calculation  of  ship  motions  at  zero 
forward  speed  is  trivial  while  its  application  »o  non-zero 
speed  cases  rc<,  res  modifications.  This  paper  presents 
calculations  of  motion  coefficients  and  wave-excitation  forces 
for  l  'dies  at  both  zero  and  non-zero  forward  speed.  Sample 
calculations  for  a  Scries  hO  hull,*  with  a  block  coefficient. 

C'B,  of  0.70.  are  compared  with  strip  theory  predictions  and 
experimental  data.  For  the  zero  speed  case  the  results  of 
the  motion-coefficient  comparison  indicate  that  the  present 
method  gives  good  results  with  a  small  number  of  control 
panels.  In  the  intermediate-frequency  region  computed 
motion  coefficients  agree  well  with  both  strip  theory  and 
experimental  data.  In  the  low  frequency  regior,  the 
computed  motion  coefficients  agree  well  with  experimental 
data  whereas  the  strip  theory  approximation  gives  less 
satisfactory  agreement.  A  comparison  of  wave-excitation 
forces  shows  good  agreement  between  the  present  and  strip- 
theory  calculations  and  experimental  data  over  a  wide  range 
of  wave  frequencies.  Comparisons  of  wave-excitation  moments 
show  deviations  between  the  two  theories  und  between  the 
theories  and  experiments.  This  discrepancy  may  be  due  to 
experimental  difficulties  in  determining  the  rotation  centers. 
Non-zero  speed  calculations  are  presented  for  Fronde 
number  0.2.  Agreement  with  experimental  data  ia 
not  as  good  aa  for  the  zero  forward-speed- case. 

If  the  steady  part  of  the  free-surfacc  effect  is  neglected, 
the  influence  of  ship  speed  on  the  calculation  of  unsteady 
hydrodynamics  forces  on  a  ship  appears  through  its 
m>  'ifications  of  the  pressure  calculation,  body-boundary 
con*  and  the  free-surfacc  condition.  Inclusion  of  the 
speeu  tfect  on  the  pressure  calculation  and  the  body 
bound.)  v  condition  is  simple  for  both  the  strip  theory 
approximation  and  the  three-dimensional  calculation. 

However,  the  speed  effect  on  the  five-surface  conditon  cur 
not  be  easily  n  luded  in  strip  theory.  Most  strip  theory 
calculations  fo.  non-zero  speed  cases  neglect  the  speed  terms 
in  the  frcc-surfavi  ondition  by  assuming  tht  frequency  is 
sufficiently  high,  s»  hat  u  d/dx)«w.  For  u  fully  three- 
dimensional  theory,  ii  effect  of  forward  speed  on  the 
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free- surface  condition  can  be  taken  into  account  by  modify¬ 
ing  the  fundamental  singularity.  In  comparison  to  the  zero- 
speed  case,  this  modification  only  leads  to  an  additional  line- 
singularity  distribution  at  the  intersection  of  the  ship  and 
the  free  surface.  Numerical  evaluation  of  the  modi  tied 
fundamental  singularity  i<:  similar  to  the  computations  of 
wave  resistance.  Hence,  the  effect  of  the  forward  speed  in 
the  frcc-surfacc  condition  only  increases  the  computation 
time  for  a  three-dimensional  theory  without  introducing  any 
complications.  This  contrasts  sharply  with  strip  theory. 
Forward-speed  computations  are  presented  here  both  with 
and  without  speed  modifications  to  the  frcc-surfacc  condition. 
!n  comparison  with  the  experimental  data,  the  calculations 
that  neglect  the  speed  effect  on  the  free  surface  arc  not 
good-  The  calculations  that  account  for  the  modified  free- 
surface  conditions  are  satisfactory  except  in  the  cases  of 
predicted  coefficients  of  pitch  and  roll  damping.  The 
discrepancies  between  the  calculated  and  the  experimental 
pitch  damping  coefficients  are  possibly  due  to  neglect  of 
the  steady  part  of  the  perturbing  potential  in  the  present 
calculation.  But  this  is  not  certain  at  the  present  time,  and 
requires  further  investigation. 

FORMULATION 


In  calculating  the  ship  motions  the  major  difficulty  is 
to  determine  the  hydrodynamic  forces  due  to  the  presence 
of  a  free  surface.  If  viscous  stresses  arc  neglected,  the 
hydrodynamic  forces,  FT  and  MT,  can  be  described  by  a 
pressure  field.  P,  determined  from  a  potential  field,  £ j; 
that  is 


FT  =  -  f  P  N  dS  andMT  =-  [  P^xNdS,  tl) 

A. 


with 


P/p  =  _,r_I,yv2, 


(2) 


where  SB  denotes  the  hull  surface  and  N  is  its  normal  vector 
directed  into  the  fluid,  ?  is  the  displacement  vector,  t  is  the 
time  parameter.  V  is  the  gradient  operator,  and  p  is  the 
density  of  the  fluid.  Thus,  the  analysis  of  ship  motions  can 
be  derived  from  solution  cf  a  potential  field  with  boundary 
conditions  specified  on  the  hull  surface,  SB,  and  the  free 
surface.  S,-.  The  boundary  conditions  corresponding  to  a 
ship  moving  forward  with  small  oscillatory  motions  in  other¬ 
wise  calm  water  have  been  given  by  Timman  and  Newman.9 
The  system  that  governs  the  potential  field,  ^r,  can  be 
summarized  as  follows. 


Let  (x,  y,  z)  be  the  right-hand  coordinate  system  with 
z  directed  vertically  upwards  and  origin  at  the  water  line  of 
the  center  plane  of  the  ship.  For  a  ship  moving  forward  in 
the  x-direction  with  speed  U  and  oscillating  at  a  frequency 
ui,  the  corresponding  potential  field,  ^  is  the  sum  of  two 
potential  fields:  a  time-independent  potential  field,  U0O, 
due  to  the  ship's  steady  forward  motion,  and  a  periodic 
potential  field,  0,  due  to  the  ships  oscillatory  motions.  If 
the  gradients  of  the  steady  potential,  U0O,  and  the  oscillatory 
potential,  0,  are  both  small,  the  system  of  equations  may  be 
linearized;  the  potential  fields  U^,  and  0  then  become 
uncoupled  and  can  be  solved  independently.  The  governing 
equations  can  be  written  as 

+r  -  U<x  +  ^H  (.1) 

with  Uplace  equations 

V24^*0  and  V2$*0  in  the  fluid,  (4) 

the  hull  boundary  conditions 

a  a  6 

g-n  (*+♦„)-  0  and  -  jj  t  -  £  <-  '“n,?!  +  Urn,?,)  on  Sa , 
**'  (5) 


and  the  frcc-surfacc  conditions 


dx2 


and 


(i<J  +  u£)! 


»  +  g^“0  =  O  atz  =  0. 
dz 


(6) 


is  the  gravitational 
acceleration 


(n,,n2,n3)=N  are  the  components  of 
the  normal  vector  N 

(n4.ns,n6)=  rxN  are  the  components  of 
the  normal  vector  with 
respect  to  the  rotational 
motion,  r  x  N 

(m, ,  m2, irij)  =  +  r-  V(x  +  0Q)  arc  the  normal  velocity 
n  gradients  of  the  steady 


(m4,m5.m6)=  rxm-V(x  +  0o)xN  are  the  rotational  parts 
of  the  (m,,m2,m3) 

and  an^  are  displacement 

amplitudes  of  the  linear 
and  rotational  oscillatory 
motions,  respectively. 


The  system  of  equations  (3)  to  (6)  is.  in  general, 
applicable  to  three-dimensional  ships.  If  a  ship  is  slender  and 
(U/u)(9/dx)  is  very  small,  one  may  neglect  the  x-dcrivativc 
terms  in  (4)  and  1 6)  and  reduce  the  problem  to  a  sequence 
of  computations  for  two-dimensional  sections.  This  is  the 
strip  theory  approximation.  It  should  be  noted  that  the 
neglect  of  (U/co)(3/9x)  on  the  free  surface  is  the  same  as  the 
neglect  of  the  speed  effect  on  the  free  surface,  since  the 
speed  term  appears  only  in  the  form  of  (U/oj)(9/3x).  The 
present  paper  will  not  assume  that  the  x-dcrivative  of  <p  Is 
small  and  <p  will  be  found  by  a  three-dimensional  source 
distribution  method.  Note  that  since  the  cross  products 
between  the  steady  potential  an!  the  oscillatory 
potential  are  of  higher  order,  0O  mav  be  neglected  in  the 
computations  of  mj  in  the  hull  boundary  condition  (5). 

For  the  results  presented  in  this  paper  this  simplification 
has  been  made. 


SOLUTION  FOR  POTENTIAL 

A  fundamental  singularity10’11  which  behaves  as  l/R 
and  satisfies  the  free-surface  condition  (6)  is 


dkF(d.k) 


♦  ^  f  di>  /"dkKi>.  k>  +  2*  f  dt>  /"dkFItf,  k), 

*  J v  A.  *  A/I  I  A, 


where 
F(i>,  k>* 


k |(i  ♦z0)  +  i(x-x0) co»d)  .  . 

ke  u  v  cos  l  k<y  -  y0)  sin  i)| 

gk  -  (u>  +  k  U  cos  A)2 


0  *  Uw/g, 

fo  ifP<j 

V  *  I 

I  ......  I 

[  arccos  —  i*  ^  >  4  . 


(H) 
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0 


k 


k3 


k 


4 


and 


/■■ ,  •  / — ,■  ■  I  —  ^  1  *  4/5  cos  $ 


/— r-  /— r-  1  +  \/  I  -  40  cos  0 

— W^T* — "• 


R2  =  (x  -  x0)2  +  (y  -  y0)2  +  (z-z0)2, 
R,2  *  (x-x0)2  +  <y-y0)2  +  <z  +  z0)2 . 


(xQ,  y0,  zQ)  is  the  position  of  a  singularity. 


With  this  fundamental  singularity,  from  Green’s  theorem,  and 
the  fact  that  the  potential  0  satisfies  a  radiation  condition 
at  infinity  and  the  frce-surface  condition  (6)  at  z  =  0,  it 
follows  that  the  potential  0  at  any  point  p  inside  the  fluid 
can  be  expressed12  as 


0(p) 


0(q)  -  0(q)  ^  G(p,  q)|  dS 


5B 

-  -  ^ 1 2icoUG(p.  q)  0(q)  -  U2G(p,  q)  ~  0tq) 
+  U20(q)  ~  G(p,  q)|  dyj  .  ( 


where  the  contour  integral  is  over  the  intersection  of  the 
hull  surface  SB  and  the  free  surface.  For  a  submerged  body 
or  the  zero  forward  speed  case,  the  contour  integral  vanishes 
identically.  Examination  of  equation  (9)  shows  that  the 
potential  0  is  the  sum  of  contributions  from  two  types  of 
surface  singularities  in  addition  to  the  contribution  from 
the  line  singularity:  one  source  distribution  and  one  doublet 
distribution.  These  two  surface  distributions  can  be  reduced 
to  cither  a  source  or  a  doublet  distribution  when  one  extends 
the  potential  field  into  the  ship  hull  and  applies  Green's 
theorem12  For  the  case  when  the  line  integral  vanishes,  it 
has  been  pointed  out  by  Oiang  and  Pien  that  the  doublet 
distribution  representation  is  a  more  direct  and  convenient 
approach.  However,  for  a  ship  at  nonzero  speed,  the 
presence  of  the  contour  integral  makes  it  uncertain  whether 
the  doublet  method  is  more  efficient  than  the  source 
method-  The  present  paper  converts  the  surface  distributions 
into  a  source  distribution  so  that  the  line  singularity  and  the 
surface  singularity  are  of  the  same  type.  Equation  (91  then 
becomes 


0(P> 


G(p.  q)Q(q)dS 


+  —  j  G(p,  q)  Q(q)  n,  (q)  dyj  ,  (10) 

where  Q  is  the  source  distribution  determined  from 
boundary  condition  (5). 

The  fundamental  singularity  G  defined  in  Eq  ( ,)  is  a 
function  of  parameters  0  »  U<*>/g  and  w2/g.  The  behavior 
of  this  function  is  similar  to  the  Kelvin  singularity  but 
produces  four  free  waves.10  A  schematic  representation  of 
its  wave  system  is  shown  in  Figure  I.  It  is  seen  that  with 
fi  <  1  /4  there  are  three  waves  downstream  and  one  wave 


£<1/4 


Figure  I  -  A  Schematic  Representation  of  the  Wave 
System  Associated  *vith  a  Moving  and  Oscillating 
Source  (from  reference  10) 


upstream.  When  /J>  1/4  the  wave  upstream  disappears  and 
waves  arc  only  downstream.  In  the  limiting  case  when 
(3  -*  0  while  w2/g  remains  Finite,  G  approaches  the 
fundamental  singularity  for  body  oscillations  at  zero  forward 
speed.  When  P~*  0  while  U2/g  remains  finite,  the 
singularity  G  approaches  the  Kelvin  singularity  for 
steady  motion  Thus,  the  solutions  for  0O  and  0  with  zero 
forward  speed  are  two  limiting  solutions  of  equations  (10) 
and  (5). 

CALCULATION  OF  U.-STw-.DY 

HYDRODYNAMIC  FORCES 

One  can  evaluate  the  hydrodynamic  force  and  moment 
from  equations  ( I)  and  (2)  after  the  potential  0  is  obtained 
from  (5)  and  ( 10).  These  hydrodynamic  forces  are  composed 
of  steady  and  unsteady  contributions  as  well  us  linear  and 
non  linear  contributions,  since  the  pressure  has  a  velocity- 
squared  term.  In  the  following  only  the  calculations  for  the 
linear  unsteady  force  will  be  discussed.  The  calculations  for 
steady  force  have  been  discussed  in  CTiang  and  Pien, 
reference  4. 

Substitution  of  equation  (3)  into  (2)  and  neglect  of  the 
non-linear  terms  in  0,  results  in 

P//>--iw*c-|w,-|UV(x«  *o)  ■  7*|  e'lwI 

-iu2|V(xt*0)|2.  Ill) 

where  the  last  term  on  the  right-hand  side  of  equation  (II) 
is  time-independent  and  associated  with  the  wave  resistance 
and  the  lift.  The  other  terms  in  equation  (I  I)  are  time 
dependent  due  to  multiplying  by  c'*401  and  give  rise  to 
unsteady  forces.  Now,  let  us  denote  the  amplitudes  of 
these  unsteady  forces  and  moments  y 
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f‘pj  {iu0  + U|V(x +0O>  •  V*l}l5dS  (12) 


and 


oj0  +  U(  V(x  +  0  )  *  V0|  j  rxNdS. 


(13) 


and  0  replaced  by  0*  +  0d  *n  *he  calculations  of  the 
unsteady  forces  given  in  equations  ( 1 6)  and  ( 1 7).  This  is 
because  0D  is  determined  in  the  same  manner  as  0  but  with 
different  hull  boundary  conditions.  The  diffraction  potential 
and  wave-excitation  forces  are  calculated  directly  in  the 
present  method,  while  the  strip-theory  approximation  calcu¬ 
lates  it  from  the  Haskind  relations. 


Then,  from  the  fact  that 


NUMERICAL  RESULTS 


^  <x  +  «0)  =  0  0nSB. 

one  has 

f-p/ {»w0  +  tJ[Vf(x  +  0O)  •  7r0j}  NdS  (14) 

SB 

and 

M  -p  |iw0  +  U(  Vr(x  +  0O)  •  VT^1 1  T  x  N  dS , 

(15) 

where  VT  denotes  the  gradient  along  the  hull  surface. 
Calculation  of  F  and  M  from  equations  ( 14)  and  ( i5)  will 
involve  the  calculation  of  gradients  of  V740  and  7r0  along 
the  ship  hull.  With  proper  choice  of  the  pan  Js  used  to 
rej  resent  the  three-dimensional  body,  the  calculations  for 
Vr  4,  and  Vr0  present  no  difficulties.  However,  with  a 
small  number  of  panels,  numerical  evaluation  of  VT  may  not 
obtain  sufficient  accuracy.  Alternative  expressions  for 
F  and  M,  which  do  not  contain  the  form  VT0,  have  been 
given  by  Tuck.11  They  are 

F  *  p  f  jiu>0  N  +  U0V  |  7(x  +  0Q)1  *N|dS 

+  *0)  (16) 

U0(?xV)|V(x  +  0o)l  -N 
}<1S 

►  pj U*7x(VU  t  *0)x<)t)  .  (17) 

where  the  contour  integral  is  over  the  intersection  of  the 
ship  hull  and  the  free  surface.  These  expressions  for 
F  and  M  are  especially  useful  for  thin  ships  where  the 
steady  potential  ^  and  the  contour  integral  may  both  be 
neglected.  The  common  strip-theory  calculation  for  non¬ 
zero  speed  possesses  this  advantage.  Also,  the  strip>theory 
approximation  replaces  the  potential  0  in  equations  (16)  and 
(17)  by  a  corresponding  zero-speed  two-dimensional 
potential.  This  is  because,  as  mentioned  previously,  the 
neglect  of  x-dcrivatives  is  equivalent  to  the  approximation  of 
zero  forward  speed  on  tire  free  surface. 

WAVE  EXCITATION  FORCE 

When  a  ship  moves  forward  in  a  given  wave  Held 

having  encounter  frequency  w#,  the  ship  creates 
not  only  the  potential  field  4  but  also  a  diffraction  Held, 

0b .  Since  the  wave  field  is  periodic,  the  system  determines 
the  diffraction  potential  0b ;  and  the  associated  wave  forces 
are  the  same  as  those  for  0,  hut  with  boundary  condition 
( 5)  replaced  by 

!;<*»♦  v°  °"s»  <■«) 


-  p  y  U0 


d  i  x  V(x 


and 


M  =  p  J'  |  iw0  rxN  + 
♦  00  V(x  +  0  )x  N 


Theoretically,  equations  ( 5),  ( 1 0),  ( 1 1 ),  ( 1 6),  and  ( 1 7) 
complete  the  formulation  of  linear  ship  motions  with  forward 
speed  Numerically,  further  approximations  are  necessary  in 
order  to  represent  a  three-dimensional  body  and  to  determine 
the  singularity  distribution.  For  the  present  computer  program, 
the  representation  of  a  ship  is  taken  to  be  the  same  as  that  for 
strip-theory  computations,  except  that  the  input  offsets  at  each 
station  are  further  connected  to  the  neighboring  stations  to 
form  three-dimensional  panels.14  In  the  determi nation  of  the 
singularity  distribution,  the  fundamental  singularity  is  evaluated 
using  the  method  developed  by  Chang  and  Pien,4  and  only 
minoi  modifications  are  made  in  the  fundamental  singularity. 

As  discussed  previously  the  wave  resistance  and  the  zero-speed 
motion  problems  are  the  two  limiting  cases  of  the  present 
computations.  The  computer  program  was  first  applied  to 
these  two  cases,  for  which  reliable  and  extensive  information 
is  available  for  comparison. 

A.  Wtvt  Resistance 

The  wave  resistance  of  a  submerged  body  has  been 
evaluated  by  Chang  and  Pica  from  a  doublet-distribution 
method.  The  present  program  with  tol//g  =  10'1  and 
to2/g  •  10  6  xg/U2  was  applied  to  the  calculation  of  the 
wave  resistance  of  a  submerged  sphere  and  the  results  were 
compared  to  those  of  Chang  and  Pien.  The  two  results  were 
shown  to  agree  well.  The  present  program  was  th-n  applied 
to  ship  forms.  The  resulting  wave  resistance  for  Wigley  Hull 
289215  is  shown  in  Figure  2.  In  comparison  with  the  experi¬ 
mental  data,  the  present  calculation  agrees  well  with  the 
data  for  a  fixed  model  at  high  Froude  numbers.  At  low 
Froudc  numbers  the  calculation  tends  to  agree  better  with 
the  data  for  the  model  which  is  free  to  trim,  As  pointed 
out  in  reference  I  5,  this  is  because  at  low  Froude  numbers 
the  experiments  for  model  2892  did  not  achieve  steady- 
state  flow  conditions.  In  comparison  with  the  results  of  thin- 
ship  theoretical  calculations,  the  present  calculations  show 
the  wave  resistance  to  have  less-pronounced  hollows.  This  is 
as  expected  because  in  thin-ship  theory  the  source  distribution 
is  pre-determined  and  neglects  the  interactions  among  the 
regularities,  (he  present  calculation  method  evaluates  the 
singularity  distribution  as  well  as  the  wave  resistance.  It 
includes  the  wave  interferences  between  the  singularities 
which  in  turn  smooth  out  the  hollows  in  the  wave  resists  nee 
curve.  More  comparisons  on  the  wave  resistance  computation 
will  be  reported  in  the  future. 

B.  Zero-Speed  Motion  Coefficients 

Carcfui  ship-inolion  experiments  have  been  conducted 
by  Gcrritsma14  and  Vugts1*  for  Scries  60,  ('a  “  0.70,  ship 
modcU  Hxperimental  data  as  well  as  strip-theory  predictions 
for  this  ship  model  are  given  by  both  Gerritsma  and  Vugts. 

It  is  known  that,  in  the  practical  frequency  region,  strip 
theory  yields  good  motion  predictions  for  this  class  of 
ships.”  Hence,  the  present  program  is  applied  to  the  same 
ship  for  verification.  Figure  3  presents  the  added-mass  and 
damping  coefficients.  The  strip-theory  results  shown  In 
Figure  5  were  taken  from  reference  1 7  and  the  present 
calculations  were  obtained  by  representing  the  half-ship  by 
49  panels. 

The  solid  lines  in  Figure  3  denote  the  atrip  theory 
predictions  while  the  filled  and  the  opened  symbols  denote 
the  results  of  the  present  calculation  and  the  measurements 
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FROUDE  NUMBER,  Ff  -  UA/^L 


Figure  2  -  Comparison  of  Measured  and  Calculated 
Wave  Resistance  for  Wigley  Hull  2H92 


respectively;  two  measurements  are  shown:  one  obtained 
for  the  whole  model,  □,  and  one  obtained  from  the  sum  of 
sectional  measurements,  O.  Motion  coefficients  are  pre¬ 
sented  for  added  mavses  of  pitch,  heave,  pitch  heave  and 
yaw,  and  for  damping  coefficients  of  pitch,  roll,  xway-ro'l 
and  sway.  It  is  seen  from  Figure  3  that  the  present  calcula¬ 
tions  of  added  mass  agree  very  well  with  the  experimental 
data  over  most  of  the  frequency  region  presented,  i.e.,  for 
values  of  w  from  2  to  6  sec'1.  This  is  in  contrast  to  the 
strip-theory  predictions  which  deviate  considerably  from  the 
measurements  except  for  the  pitch-heave  mode.  For  other 
modes  of  motion  at  frequencies  above  5  sec*1,  strip  theory 
predicts  fairly  good  motion  coefficients.  In  the  case  of 
damping,  the  present  calculations  of  pitch  agree  well  with 
the  experimental  data.  However,  for  other  modes  roll, 
sway  and  sway-roll,  the  predictions  are  not  very  good;  they 
are  especially  bod  for  the  roll  mode.  Calculated  dumping 
coefficients  for  the  sway  and  sway-roll  modes  agree  fairly 
well  with  the  measurements  for  »**<*  whole  nn>del  at 
frequencies  lower  than  4.5  sec1 .  at  higher  frequencies  the 
magnitudes  of  the  calculated  damping  coefficients  stait  to 
deviate  from  the  measured  values;  the  calcula.vj  values  are 
approximately  twenty  percent  lower  than  the  corresponding 
measurements  M  a  frequency  near  ft  sec*1.  The  agreement 
between  the  measured  and  calculated  roll  dampings  Is  worse 
than  that  for  sway  and  sway-roll  The  calculated  roll 
dampings  are  much  too  small;  nevertheless,  the  form  of  the 
roll  damping  as  a  function  of  frequency  resemble*  the  form 
of  the  measurements.  However,  In  examining  the  measure¬ 
ments,  It  U  seen  that  the  measured  results  obtained  from 
the  whole  model.  □,  and  the  measured  results  obtained 
from  the  sum  of  the  sections,  O.  art  also  very  different.  It 
seems  that  the  measured  roll  damping  coefficient*  may  not 
hr  sufficiently  reliable  for  verifying  the  ,Y  dictions.  more 
measurements  are  required  for  verification.  The  pitch 
damping  coefficients  predicted  by  strip  theory  are  not  very 
good,  the  strip-theory  prediction  shifts  the  frequency  of 
maximum  damping  from  5  sec'1  to  approximately  3. ft  see*1 
and  overpre Is  the  magnitude  of  the  damping  coefficient. 


At  the  predicted  maximum  frequency,  the  predicted  value  of 
the  damping  coefficient  from  strip  theoiy  is  approximately 
twice  as  large  as  the  measured  value.  The  strip  theory 
predicts  the  sway  and  sway-roll  damping  coefficients  very 
well  at  all  frequencies  including  the  low  frequencies.  The 
roll  damping  coefficient  predicted  by  strip  theory  does  not 
agree  with  the  measurement*  as  well  as  the  predictions  of 
the  present  three-dimensional  calculation  method  As 
mentioned  previously,  some  of  the  discrepancies  could  be 
due  to  experimental  difficulties. 

The  insufficiency  of  strip  theory  for  the  prediction  of 
motion  coefficients  at  low  frequencies  is  well  known.  It 
remains  to  he  shown  how  well  the  three  dimensional  calcula¬ 
tion  method  can  improve  the  prediction  and  how  important 
the  improvements  are  The  present  calculations  indicate  that 
the  three-dimensional  method  can  predict  motion  coefficients 
quite  well  even  with  u  small  number  of  panels  -  49  panels 
for  the  present  prediction*.  The  importance  of  the  improve¬ 
ment  is  certainly  dependent  upon  the  phenomenon  one  is 
observing  and  the  characteristics  of  the  ship  hull  For  hull 
forms  where  strip  theory  tails  to  apply  even  in  theory,  the 
need  for  the  three-dimensional  calculation  should  he  obvious. 

C.  Wave -Excitation  Force  with  Zero  Forward  Speed 

Wave  excitation  forces  and  moments  for  a  Scries  60. 
tg  -  0.70,  ship  model  were  also  me.,  irvd  by  flei.istsma1* 
and  Vugta.17  the  excitation  forces  an  t  moment*  for 
incoming  waves  at  30  degrees  and  I  20  degrees  are  shown  in 
Figure  4.  Figure  4  also  shows  the  results  of  calculations 
using  strip  theory  and  the  present  computational  method 
Fhe  symbolic  re  presentation*  in  Figure  4  arc  (he  same  as 
used  in  Figure  3  and  will  also  be  applied  later  to  Figures  5 
and  7.  It  U  *ten  from  the  figure  that  the  predictions  of 
strip  theory  and  the  present  computational  method  both 
agree  we!'  with  the  measurements  at  all  frequencies  ;md  all 
modes  ot  motions  except  roll  and  yaw.  For  yaw  moment, 
the  meajirtments  appear  to  agree  with  the  preaenf 
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Figure  3  -  Zero-Speed  Motion  Coefficients  for  Series  60,  C*  •  0.70  Hull  Model 


calculations  a  bit  better  than  with  the  strip-theory  calcula-  heading  of  30  degrees,  although  both  predictions  deviate  from 

lions;  however  the  measurements  are  rather  too  scattered  to  the  measurements  considerably.  For  a  wave  heading  of  120 

permit  derisive  conclusions.  In  the  companion  of  roll  degrees,  the  agreement  between  the  measuicmcnts  and  the 

moments,  the  three-dimensional  calculations  agree  well  with  present  three-dimensional  calculations  seem  to  be  improved, 

the  two-dimensional  strip-theory  calculation  for  a  wave  but  decisive  conclusions  may  not  be  drawn. 
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Figure  S  -  Motion  Coefficient!  with  Simple  Speed  Correction 
for  Serb*  60.  CB  -  0.70  Hull  Model  at  F,  -  0.20 


0.  Motion  Coefficients  with  Forward  Speed 

Reference  1 7  alto  provides  motion  coefficient!  for  a 
Series  60.  ■  0.70,  ihip  model  at  a  Froude  number  of 

Ol  2.  The  present  computation  program  ha;  thua  been 


applied  to  cal^dite  motion  coefficient!  at  thii  Froude 
number.  The  measurement!,  the  itrip-theory  prediction!  and 
the  remits  of  the  preaent  calculation!,  neglecting  the  iteady 
part  of  the  perturbing  motion,  are  presented  in  Figures  5 
and  7  for  compariaon. 


\ 
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As  has  been  mentioned,  the  forward  speed 
effects  on  the  computations  of  motion  coefficients  come 
from  the  free-surface  condition,  the  modifications  of  the 
body  boundary  condition,  and  the  modification  of  the 
computation  of  pressure  on  the  body  surface.  By  neglecting 
the  effect  from  the  free-surface  condition  the  motion 
coefficients  with  forward  speed  can  be  expressed  in  terms  of 
corresponding  zero-speed  coefficients.  The  formulae  for 
calculating  the  unsteady  hydrodynamic  forces,  equations 
(16)  and  (17).  then  lead  to  simple  speed  corrections,13  i.c., 
for  the  heave  added  mas«  and  sway  sway-roll  and  roll 
damping,  the  coefficients  are  speed  independent.  The  simple 
speed-correction  formulae  arc  applicable  to  strip-theory 
calculations  as  well  as  the  three-dimensional  computations. 
Thus,  neglect  of  the  speed  effect  on  the  free-surface  condition 
makes  the  method  for  computing  three-dimensional  motion 
coefficients  with  non-zero  forward  speed  the  same  as  that 
for  strip  theory,  except  that  the  two-dimensional  zero-speed 
coefficients  are  replaced  by  their  corresponding  three- 
dimensional  values.  Figure  5  shows  the  results  of  three- 
dimensional  calculations  using  the  simple  speed  corrections, 
it  is  seen  from  the  figure  that,  in  comparison  to  the  measure¬ 
ments,  the  present  results  denoted  by  •,  do  not  agree  very 
well  with  the  experimental  results,  denoted  by  □  and  O: 
this  contrasts  with  the  zero-speed  results,  where  the  compari¬ 
sons  were  quite  good  except  for  the  roll  damping  coefficients. 
The  predicted  magnitudes  of  the  added  masses  at  a  Frouile 
number  of  0.2  arc  too  high  in  comparison  to  the  measure¬ 
ments  whereas  the  predictions  for  zero  speed  were  very  good, 
as  was  shown  in  Figure  4. 

In  examining  the  strip-theory  predictions,  it  is  seen 
from  Figure  5  that  the  predictions  of  the  added  masses  for 
pitch  and  heave  at  Froude  number  0.2  are  good,  and  much 
better  than  the  corresponding  zero-speed  predictions.  In 
spite  of  the  fact  that  strip-theory  predictions  for  the  other 
modes  are  not  good,  it  is  clear  that  at  a  Froude  number  of 
0. 2,  the  strip-theory  predictions  of  pitch  and  heave  added 
masses  are  better  than  the  corresponding  three-dimensional 
predictions  which  employ  simple  speed  correi  l:»>ns.  This 
result  is  rather  astonishing  because,  to  the  order  of  the  linear 
approximation,  the  formulae  for  the  speed  corrections  are 
exact  and  the  three-dimensional  predictions  for  zero  speed 
have  been  shown  to  be  very  good.  Thus,  one  would  expect 
better  predictions  from  three-dimensional  calculations  than 
from  strip  theory,  whose  .ero-speed  predictions  for  heuve 
and  pitch  added  masses  have  been  shown  to  be  considerably 
lower  than  the  experimental  values.  In  order  to  better 
understand  the  reasons  for  this  contradiction,  the  measured 
added  musses  of  pitch  and  heave  at  Froude  numbers  of  0.0 
and  0.2  are  plotted  together  in  Figure  6.  It  is  seen  that 
from  a  Froude  number  of  0.0  to  a  Froude  number  of  0.2. 
the  added  masses  of  both  pitch  and  heave  are  significantly 
reduced,  except  at  high  frequencies  where  no  significant 
change  occurs.  One  may  conclude  fr  .'m  these  measurements 
that  the  speed  effect  on  the  pitch  and  reave  added  masses 
over  the  frequency  region  presented  is  t  j  reduce  their 
magnitudes.  Now,  if  one  examines  the  formulae  for  the  simple 
speed  corrections  to  pitch  and  heave  adued  masses,  it  will  be* 
found  that  the  heave  added  musses  arc  speed  independent 
whereas  the  pitch  added  masses  should  increase  with  increas¬ 
ing  speed  since  the  measured  heave  addl’d  masses  ut  zero 
Froude  number  take  on  positive  values.  This  implies  that 
the  behavior  of  the  measurements  does  not  follow  the  simple 
speed  corrections  for  pitch  and  heave  added  masses,  which 
may  explain  the  poor  three-dimensional  predictions  using 
correct  zero-speed  predictions.  It  is  then  clcur  why  the 
strip  theory  predictions  were  improved  at  a  Froude  number 
of  0.2:  the  zero-speed  predictions  from  strip  theory  were 
underestimated  so  that  when  the  measured  added  masses 
decreased  with  increasing  speed  the  agreement  between 
•strip  theory  und  experiment  became  better. 


-a - o-  Fr  =  0 

-a - Fr  -  0.20 


FREQUENCY.  iMmc'1! 

Figure  6  -  Measured  Pilch  and  Heaving  Added 
Masses  for  Froude  =  0.0  and  0.20 

Consideration  of  the  measurements  at  Froude 
numbers  of  0.0  and  0.2,  suggests  that  the  speed  effect  on 
the  free-surface  condition  may  not  be  neglected  in  the 
present  motion-coefficient  computations.  Motion  coefficients 
were,  thus,  recomputed  with  the  inclusion  of  the  speed  effect 
through  the  frce-surfacc  condition.  That  is.  one  computes 
the  perturbation  potential,  0,  from  the  fundamental 
singularity  distribution  using  the  exact  values  of  wll/g 
instead  of  setting  it  equal  to  a  very  small  number  as  in  the 
previous  calculations.  The  resulting  predictions  are  plotted 
as  Figure  7.  In  comparison  with  the  measurements,  the  predic¬ 
tions  of  added  masses  at  a  Froude  number  of  0.2  are  almost 
as  good  as  the  corresponding  zero-speed  predictions.  It  is 
interesting  to  note  that  the  curve  for  the  measured  added 
mass  for  yaw  has  changed  from  convex  at  zero  Froude 
number  to  concave  at  a  Froude  number  of  0.2  und  this 
change  of  characteristic  is  correctly  predicted  by  including 
the  speed  effect  of  the  free-surface  condition.  This  was  not 
predicted  from  either  strip  theory  nor  three-dimensional 
theory  when  using  simple  speed  corrections.  Note  that  the 
measured  values,  denoted  by  O,  arc  the  sum  of  sectional 
measurements  which  may  not  be  identical  to  the  measure¬ 
ments  for  the  whole  ship  model,  denoted  by  □;  for  example, 
for  the  yaw  added  mass,  the  values  of  the  measurements  □ 
at  zero  speed  arc  lower  than  the  values  of  the  corresponding 
sectional  sum  O.  In  view  of  this,  the  present  prediction  of 
yaw  added  man  might  have  been  considerably  improved  if  the 
measurements  D  had  been  available.  The  predictionr  of  sway 
roll  and  sway  damping  coefficients  at  a  Froude  number  of 
0.2  have  about  the  same  accuracies  as  their  corresponding 
zero  Froude-numbcr  predictions.  The  predictions  arc  not 
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Figure  7  -  Motion  Coefficient!  for  Series  60,  C#  •  0.70  «t  Fr  *  0,20 


only  better  thin  those  from  strip  theory,  which  are  ipeed 
independent,  but  also  resemble  fairly  weU  the  measured 
speed  effects  as  functions  of  frequencies;  that  is,  above  a 
frequency  of  about  S  sec*1  the  speed  effect  decreases  the 
values  of  the  damping  coefficient*  and  below  that  frequency 
the  speed  effect  increases  the  damping  coefficients.  The 


predictions  of  roll  damping  coefficients  do  not  appear  to  be 
good.  However,  the  speed  effect  in  increasing  the  roll 
damping  coefficient  at  low  valusi  of  frequency  is  clearly 
shown  in  both  the  experimental  results  and  the  prediction* 
The  comparison  between  the  predicted  and  measured  pitch 
damping  coefficient  it  not  good.  It  is  hard  to  understand 
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why  the  predicted  pitch  damping  coefficients  at  a  Froude 
number  of  0.2  arc  so  much  lower  than  the  measured  values 
in  view  of  the  fact  that  the  corresponding  zero-speed  predic¬ 
tions  arc  very  accurate.  To  check  the  present  numerical 
results  the  computer  program  was  applied  to  calculation  of 
the  pitch  damping  coefficients  for  a  modified  Wigley  hull18 
specified  by: 

’•"IHtIT!]?)' 

where  L,  B  and  D  arc  the  length,  breadti  and  draft  of  the 
hull,  respectively.  Figure  8  shows  comparison  of  pitch 
damping  coefficients  determined  by  the  press  M  calculation 
method,  measurements. and  the  thin*ship  calculations  by 
Newman. *9  It  is  seen  from  the  figure  that  the  present 
calculations  agree  quite  well  with  the  measurements  and  also 
agree  qualitatively  with  the  results  of  Newman,  which  wvre 
calculated  from  a  polynomial  representation  or  the  hull. 

It  seems,  then,  that  the  measured  pitch  damping  coefficients 
for  a  Series  60.  CB  *  0.70,  model  hull  at  a  Froude  number 
of  0.2  may  include  physical  effects  which  are  not  included 


Figure  8  -  Pilch  Damping  Coefficients 
for  a  Modified  Wigley  Hull 


in  the  present  mathematical  model,  e.g.,  the  steady  part  of 
the  perturbations.  non-Iincar  effects,  etc.  To  further  improve 
the  computation  of  pitch  damping  coefficients,  one  may 
have  to  include  these  additional  speed-dependent  terms. 

CONCLUDING  REMARKS 

A  computer  program  developed  for  calculating  the 
steady  and  unsteady  forces  on  a  ship  moving  in  waves  has 
been  described.  The  program  calculates  the  wave  resistance, 
lift,  motion  coefficients  and  wave  forces  from  a  source 
distribution  method.  Unlike  thin-ship  theory  and  strip 
theory  computations,  the  present  computations  employ  three- 
dimensional  source  singularities  which  satisfy  the  body 
boundary  condition  at  its  mean  position.  The  computer 
program  has  been  used  to  evaluate  the  wave  resistance  of  a 
Wigley  hull  tested  by  Shearer  and  the  motion  coefficients 
and  wave  forces  of  a  Series  60.  CB  =  0.7  ship  huli.  Compu¬ 
tations  were  also  made  for  a  modified  Wigley  hull  tested  by 
Golovato,  in  order  to  verify  pitch  damping  coefficient 
predictions. 

For  Wigley  Hull  2892,  in  the  Froude  number  range  of 
0.25  to  0.60,  it  has  been  shown  that  the  wave  resistance 
predicted  by  the  present  method  agrees  well  with  experi¬ 
mental  data.  It  has  also  been  shown  for  this  case  that  the 
wave  resistance  curve  predicted  by  the  present  method  has 
much  smaller  “humps”  and  “hollows”  than  those  predicted  by 
thin-ship  theoiy. 

\  major  effort  was  made  in  the  present  work  to 
investigate  the  possible  improvements  of  a  three-dimensional 

theory  for  li.,.  ...! . ...on  ol  ship  motion  coefficients  and  the 

wave  exciting  forces  and  moments.  It  was  found  from  the 
zero  forward  speed  calcuMions.  that,  for  most  of  the 
frequency  range,  the  agreement  between  the  added  mass 
coefficients  computed  by  the  oresent  method  and  the 
experimental  data  is  better  Ilian  for  strip  theory.  h\  general, 
the  damping  coefficients  and  the  exciting  forces  and 
moments  predicted  by  the  present  method  and  by  strip 
theory  are  shown  to  agree  well  with  experimental  data,  but 
for  the  pitch  damping  coefficient  it  was  found  that 
strip  theory  agrees  i  -'otlv  with  both  the  present  method 
and  the  experimental  u.ita.  For  the  roll  case  there  are  some 
unresolved  discrepancies  between  the  present  method,  strip 
ihcory  and  experiments. 

I  mally.  it  is  shown  that  the  simple-speed  correction 
normally  used  in  strip  theory  does  not  adequately  character¬ 
ize  the  actual  speed  effects  observed  in  the  measurements. 

The  speed  term  in  the  tree-surface  condition  has  to  tv 
included  in  order  to  obtain  reasonable  quantitative  and 
qualitative  predictions.  When  the  speed  terms  are  included 
in  the  free-surfaee  condition,  it  is  shown  that  the  present 
results  agree  quite  well  with  experimental  data  except  in 
the  cases  of  the  roll-damping  and  pitch-damping  coefficients, 
It  seems  that  the  discrepancy  in  t.he  predicted  pitch-damping 
coefficient  of  a  Series  60,  C’B  =  0.7.  hull  form  at  a  Froude 
number  of  0.20  may  result  from  some  physical  effects 
which  have  n.,.  been  included  in  the  present  mathematical 
model.  To  improve  the  predictions  for  the  pitch-damping 
coefficients  consideration  should  be  given  to  inclusion  of  the 
cions  pioduet  terms  lie  I  ween  the  oscillating  potential  ami  the 
steady  perturbation  potential  which  have  turn  neglected  i.i 
the  present  calculations. 

Use  numerical  resells  presented  in  this  paper  were 
obtained  from  the  Texus  Instrument  Advanced  Scientific 
<’ompuier  at  the  Naval  Research  laboratory.  The  computa¬ 
tion  time  for  a  zero  forward  s|H*ed  case  (or  zero  frequency 
case)  was  approximately  50  seconds  for  each  frequency  (or 
each  Froude  number).  The  cost  is  about  $15.  For  non-zero 
speed  and  non-zero  frequency  case  the  required  computing 
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time  and  cost  were  approximately  triple  the  zero-speed 
computing  time  and  cost. 

Although  these  calculations  were  performed  on  a  fast 
new-generetion  computer,  the  computer  program  was  devel¬ 
oped  for  more  conventional  computers  with  smaller  memory 
spaces  such  as  the  CDC  6600  or  IBM  360.  Therefore,  the 
present  computer  program  has  not  taken  full  advantages  of 
the  new  larger  computers.  If  one  modifies  the  present 
program  and  vectorizes  the  statements,  the  speed  of  the 
computations  will  be  increased.  It  is  expected  that  the 
computing  time  can  then  be  reduced  by  a  factor  of  about 
three  and  the  cost  will  be  reduced  to  approximately  $5. 00 
and  SI  5.00  for  each  zero-speed  run  and  each  non-zero  speed 
run.  respectively.  A  further  reduction  in  computation  time 
can  be  e-pec  ted  to  result  from  modifying  the  computations 
to  take  advantage  of  the  large  memory  space  of  new 
computers. 
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COMPUTATION  OF  THE  FIRST  AND  SECOND  ORDER  WAVE 
FORCES  ON  OSCILLATING  BODIES  IN  REGULAR  WAVES 


J.  f .  Pinkster  and  G.  van  Oortmerssen 
Netherlands  Ship  Model  Basin 
Wagenlngen,  1  he  Netherlands 


Abstract 

A  method  is  described  to  obtain  first 
order  wave  forces,  hydrodynamic  reaction 
foices,-  mean  second  order  wave  forces  on, 
as  well  as  tne  wave  induced  motions  of, 
floating  bodies  in  regular  waves  by  means 
of  linear  potential  theory.  The  first 
order  potential  function  which  describes 
the  flow  is  obtained  numerically  using  a 
singularity  distribution  on  the  wetted 
surface  of  the  body  in  its  equilibrium 
position.  Tne  mean  second  order  wave 
drift  force  is  calculated  by  means  of 
direct  integration  of  the  pressures  on 
che  hull  as  derived  from  the  first  order 
potential . 

Results  of  computations  are  presented 
for  a  pipe  lay-barge  and  compared  with 
the  results  of  model  tests.  The  agree¬ 
ment  between  theoretical  and  experimen¬ 
tal  results  appears  to  be  satisfactory. 

Introduction 

In  offshore  activities,  stationary 
vessels  play  an  important  role  as  work 
platforms,  storage  and  proruction  units. 
In  order  to  design  such  units  from  the 
point  of  view  of  vessel  motions  and  moor¬ 
ing  loads  induced  by  environmental 
forces,  prediction  of  the  behaviour  of 
the  vessels  is  essential. 

A  major  part  of  the  environmental 
forces  is  due  to  the  action  of  waves. 

The  forces  due  to  waves  may  be  split  into 
two  parts,  viz. 

-  oscillating  wave  forces  with  zero  mean 
and  frequency  equal  to  the  wave  fre¬ 
quency.  (First  order  wave  forces.) 

-  mean  and  slowly  varying  forces  with 
frequencies  below  wave  frequencies. 

(Low  frequency  second  order  wave  forces) 

The  first  order  wave  forces  are  respon¬ 
sible  for  the  well  known  ship  motions 
with  wave  frequencies.  The  second  order 
wave  forces  are,  in  many  instances,  the 
cause  of  low  frequency,  large  amplitude 
horizontal  motions  of  moored  vessels. 

This  low  frequency  behaviour  Is  of  impor¬ 
tance  from  the  point  of  view  of  mooring 
loads.  From  observations,  both  in  reality 
and  on  model  scale,  of  low  frequency  com¬ 
ponents  in  the  vertical  motions  of  for 
instance  gravity  platforms  during  towing 


and  submergence  and  submersibles ,  it  has 
becoi..'  obvious  that  second  order  wave 
excitir.g  loads  are  of  importance  here 
also. 

The  first  order  wave  exciting  loads 
and  motion  response  in  irregular  waves 
may  be  predicted  from  the  normal  fre¬ 
quency  * ransfer  functions  which  can  be 
obtainec  from  computations  or  tests  in 
monochrc matic  waves.  The  low  frequency 
wave  exciting  forces  in  irregular  waves 
should  be  determined  from  knowledge  of 
the  wave  excitation  in  bichromatic  waves 
(regular  wave  groups) .  See  for  instance 
Newman  [lj  and  Dalzell  [2]  . 

At  the  N.S.M.B.  a  program  is  being 
developed  to  predict  the  second  order 
wave  forces  in  bichromatic  waves.  The 
first  phase  of  this  development  com¬ 
prises  the  calculation  of  the  mean  sec¬ 
ond  order  forces  and  moments  in  regular 
waves.  In  this  paper,  results  are  pre¬ 
sented  of  calculations  of  first  order 
wave  loads  and  motions  and  mean  second 
order  forces  on  a  free  floating  vessel 
at  zero  forward  speed  and  compared  with 
the  results  of  model  tests.  First  and 
second  order  fluid  forces  can  be  ob¬ 
tained  from  a  first  order  approximation 
of  the  potential  function,  which  is  ob¬ 
tained  numerically  by  means  of  a  three- 
dimensional  singularity  distribution 
(Green's  functions)  on  the  body  surface 
in  its  equilibrium  position. 

This  technique  has  been  applied  fre¬ 
quently  during  the  last  few  years  for 
large  volume  structures  and  many  com¬ 
parisons  with  experimental  results  have 
been  reported.  See  for  instance  [3]  ,  [4]  . 

The  method  used  to  predict  the  mean  sec¬ 
ond  order  loads  is  based  on  a  direct  in¬ 
tegration  of  pressures  on  the  complete 
we tied  surface  of  the  body,  while  moat 
existing  methods  (Salvesen  [5]  ,  Michel- 

sen  and  Faltinsen  [6]  )  make  use  of  the 
far  field  behaviour  of  the  fluid.  The 
advantage  of  the  present  method  is  that 
it  provides  more  insight  into  the  phys¬ 
ical  processes  involved  and  will  allow 
evaluation  of  the  second  order  wave 
drift  foices  in  bichromatic  waves  [7]  . 
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Pescrlption  of  the  theory 
First  order  wave  loads  and  motions 

The  ship  is  considered  as  a  rigid 
body/  oscillating  sinusoidally  about  a 
state  of  rest,  in  response  to  excitation 
by  a  long  crested  regular  wave.  The  am¬ 
plitudes  of  the  motions  of  the  ship  as 
well  as  of  the  wave  are  supposed  to  be 
small  while  the  fluid  is  assumed  to  be 
ideal  and  irrotational .  A  right  handed, 
fixed  system  of  coordinates  OX1X2X3,  is 
defined  with  the  origin  in  the  mean  po¬ 
sition  of  the  centre  of  gravity  of  the 
body  and  the  0X3  axis  vertically  upwards. 
The  oscillating  motion  of  the  ship  in 
the  jt-k  mode  is  given  by: 


infinity. 

The  potential  function  'P.  can  be 
represented  by  a  continuous  distribution 
of  single  sources  or.  the  boundary  sur¬ 
face  S: 

'Pj(x1,  x2,  x3)-~r/f  OjUj,  a2,  a3)  , 

VV  V  X3 '  V  a2 '  a3)dS 


where  y^tx,,  x 2,  x3,  a2,  a3)  = 

=  The  Green's  function  of  a  source, 
singular  in  a  ,  a~,  a3 

a  ,  a»,  a*  =  the  vector,  des¬ 
cribing  S  J 

a -(a.,  a2,  a3)=  the  complex 
source^ strength 


in  which  5  .  is  the  amplitude  of  motion 
in  the  j^n^mode  and  u>  the  circular  fre¬ 
quency. 

The  motion  variables  x^/  X2  and  X3 
stand  for  the  translations,  surge, sway 
and  heave,  while  X4 ,  x$  and  xg  denote 
rotations  around  the  PXj ,  OX2  and  0X3 
axis  respectively. 

The  free  surface  at  great  distance 
from  the  ship  is  defined  by: 

r  _  _  ttik(x.  cos  a  -*•  sin  u)-iut 


where: 

C0=  amplitude  of  the  wave 
k  =  wave  number  =2tt/A,  where  \  is 
the  wave  length 
a  =  angle  of  incidence 

The  flow  field  can  be  characterized 
by  a  first  order  velocity  potential 

•Mx.,  x-,,  x, ,  t)  =  ‘P  (x,  ,  x~,  x,)e"ta>t 
J  .  z  j  (3) 

The  potential  function  »P  can  be  separated 
into  contributions  from  all  modes  of  mo¬ 
tion  and  from  the  incident  and  diffrac¬ 
ted  wave  fields: 

„  6 

'•>=  iu.rl'P  +  'P.l-iu.  z  %  (4) 

o  0  1  3  J 


For  the  Green's  function  a  function  is 
chosen  which  satisfies  the  Laplace  equa¬ 
tion  and  the  boundary  conditions  on  the 
sea  bottom,  in  the  free  surface  and  at 
infinity.  This  function  is  given  by 
(see  Wehausen  and  Laitone  [8]  ) : 


£sinh  £d  -  v  cosh  E.d 


cosh  +  c) 


4.  •  2 77  (*  -v  )  cosh  k  ;a-j+c)cosh  k  (x^c) 
+  1  1  2 

k  d  -  v  d  +  v 


in  which - n - - 

r^/tXj-ai)2  +  (x2-a2)^  +  (X3~a3) 2 

ri^/fxj-aj)2  Mx2-a2)2  +  ( A3H-2c+a3 ) 2 
R=/(x1-a1)2  +  (x2-a2)  ^ 

John  [9]  has  derived  the  following  series 
for  y,  which  is  the  analogue  of  (7): 

v2-k2 

_ ¥ _ *>  _  \r  I  -i  L.  lx, 


4(ii2+v2) 


.  <Y0(kR)-i  J0(kR) } 
cos  iii(x3+c)cos  i  ^ta-j+c) 


The  incident  wave  potential  is  given  by: 

.  cosh  k(x-i  +  c)  ..  , 

xp  _i _ J  ik  (x .  cos  a  + 

o**v  cosh  k ~d  e  +x,sin  a) 

2  (5) 

in  which: 2 
v  =  w  /g 

c  3  the  distance  from  the  origin 
to  the  sea  bed 
d  =  water  depth 

The  cases  j  =  1,  2,  . .  6  corre¬ 

spond  to  the  potentials  due  to  the  motion 
of  the  ship  in  the  jth  mode,  while  is 

the  potential  of  the  diffracted  waves. 
The  individual  potentials  are  all  solu¬ 
tions  of  the  Laplace  equation  which  sat¬ 
isfy  the  linearized  free  surface  condi¬ 
tion  and  the  boundary  conditions  on  the 
sea  floor,  on  the  body's  surface  and  at 


where  ut  are  the  positive  solutions  of: 


Although  these  two  representations  are 
equivalent,  one  of  the  two  may  have  pref¬ 
erence  for  numerical  computations,  de¬ 
pending  on  the  values  of  the  variables. 

In  general,  equation  (8)  is  the  most 
convenient  representation  for  calcula¬ 
tions,  but  when  R=0  the  value  of  K  be¬ 
comes  infinite,  and  therefore  equation 
(7)  must  be  used  when  R  is  small  or  zero. 

The  unknown  soiree  strength  function 
0  must  be  determined  such,  that  the 
boundary  condition  on  the  body's  surface 
S  is  fulfilled.  Due  to  the  linearization 
this  boundary  condition  is  applied  to 
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the  surface  xn  its  equilibrium  position 

v 

-*°j  (xl'  x2 '  x3,+^  ;;  °j(al'  a2'  a3! 

3  ° 

^Yj Uj ,x?,x3,a1  »a2#a3)  dS  - 

*  n .  for  j  -  1,  . .  6 

=  -  t-2  for  j  =  7  (10) 

“n 

nj  through  are  the  generalized  direc¬ 
tion  cosines  on  S0,  defined  by: 

n»  =  cos  (n,  Xj) 
n2  *  cos  (n,  X2) 
n^  »  cos  (n,  X3) 
n4  =  *2*13  "  x3n2 
n5  =  x3nl  ”  xln3 

06  =  *in2  “  x2nl  <H) 

To  solve  equation  (6)  numerically, 
the  surface  S  is  subdivided  into  a  num¬ 
ber  of  finite,  plane  elements  on  which 
the  source  strength  is  constant.  The 
boundary  condition  is  applied  in  o.*^  con¬ 
trol  point  on  each  element  being  the 
centre  of  the  element.  The  integral  equa¬ 
tion  (6)  then  reduces  to  a  set  of  alge¬ 
braic  equations  in  the  unknown  source 
strengths.  In  general,  the  Green  func¬ 
tion  y  may  be  computed  with  sufficient 
accuracy  as  if  the  source  strength  is 
concentrated  in  the  centre  (control 
point)  of  each  element.  When,  however, 
the  influence  of  an  element  on  its  own 
control  point  is  evaluated,  y  has  a  sin¬ 
gularity  of  the  type  1/r,  which  can  be 
removed  by  spreading  the  source  uniform¬ 
ly  over  the  panel.  When  the  influence  of 
a  panel  on  a  control  p-  ' 't  which  is  at  a 
close  distance  of  this  nel  and  not  ly¬ 
ing  in  the  same  plane,  is  considered, 
the  source  is  spread  uniformly  and  inte¬ 
grated  numerically  to  obtain  its  contri¬ 
bution  to  9  or  . 

After  solving  the  equations  for  the 
source  strengths,  the  first  order  po¬ 
tential  function  is  known.  The  pressure 
on  the  surface  S  can  then  be  found  from 
Bernoulli's  theorem.  The  linearized  hy¬ 
drodynamic  pressure  is  given  by: 


34> 


(12) 

Subsequently,  the  first  order  wave  ex¬ 
citing  forces  and  moments  can  be  found 
from: 

Xk  -  -pw2t ;o  rr  ('P^)  nk  dS  (13) 

So 

The  oscillating  hydrodynamic  forces 
(k»  1,2,  3)  and  moments  (k-  4,  5,  6)  in 
the  kth  direction  are: 

Fk  -  -p  u>2  l  C.  T.  n  dS  (14) 

*  j-l  J  S  J  k 

O 


According  to  common  practice  the  hy¬ 
drodynamic  forces  are  represented  by 
means  of  added  mass  and  damping  coeffi¬ 
cients: 


‘kj 

-0  Re  iff  t.  n.  dS) 

(15) 

O 

’kj  = 

-pw  Im  {//  V.  n.  dS) 

S  J  x 

(16) 

where: 

a.  .=  the  added  mass  coefficient  in  the 

k-mode  due  to  motion  in  the  i-mode 

b.  •=  the  damping  coefficient  xn  the  k- 
^  mode  due  to  motion  in  the  j-mode 

Finally,  the  motion  response  to 
first  order  excitation  is  computed  by 
means  of  the  well  known  equations  of 
motion  in  the  frequency  domain: 

6  2 

r  {-u  sin  (ut+Cj)  + 

+b.  .  w  cos  (ut  +e.) 

*  J  J 

+Ckj  sin  (yt+r  ^  =  Xk  3intut+6j.) 

k=l . 6  (17) 


in  which: 

Xk  =  wave  excited  force  in  the  ktn 

mode 

Cy  6k  =  phase  angles 

Mkj  is  an  inertia  matrix.  Since  the 
origin  of  the  system  of  axes  coincides 
with  the  centre  of  gravity  of  the  ship 
in  its  rest  position,  it  io  found  that 


m  *  mass  of  the  ship  . . 

Ik  =*  moment  of  inertia  in  the  k 
mode 

Ikj  *  product  of  inertia 
Mean  second  order  wave  loads 


In  vector  notation  the  mean  second 
order  wave  exciting  forces  and  moments 
about  the  fixed  OX1X2X3  system  of  co¬ 
ordinate  axes  are  as  follows: 


F(2) 


Hpg  Crll)2  n  dl  - 
WL 


/  /  “  %  p  }  1  ^  |  n  dS 

S 

o _ _ _ 

-//-p(x(1)  .v*(3>  )  K  as 
S°  ♦  h  <19> 
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and 


-$  >ipg  y(1)2  (X  »  nidi 
-11-  %p j vT( 1 5  j 2 (x  x  n)  ds 


-//- p  (x(1).  V***1  )  (x  x  n)  dS 

SJ2 _ _ 

+1H<1>  l  U)  -  (1),,  F(l) 

+IR  •  xa  xg  F  (20) 


where  the  heavy  bar  indicates  that  the 
time  average  has  to  be  taken*  The  above 
expressions  are  derived  in  the  appendix. 
In  the  above  expression  quantities 
marked  (1)  are  first  order  quantities 
derived  from  the  solution  of  the  linear 
problem  described  in  the  previous  sec¬ 
tion.  The  potential  l’*1)  is  composed  of 
the  first  order  potentials  of  the  undis¬ 
turbed  incoming  wave,  the  diffraction 
potential  and  the  potential  due  to  body 
motions.  The  relative  wave  height  £ 
at  a  point  along  the  mean  waterlineris 
composed  of  contributions  from  the  ver¬ 
tical  motion  of  the  point,  and  the  po¬ 
tentials  due  to  incoming  waves,  diffrac¬ 
tion  and  body  motions. 


Calculations  and  model  tests 


The  vessel 

Calculations  and  model  tests  were 
carried  out  for  a  lay  barge  type  vessel 
with  the  following  main  particulars. 


Length  150  m. 
Breadth  50  m. 
Draft  10  nu 
Displacement  73750  mJ 
KG  10  m. 
Radius  or  gyration  in  air 

Roll  20  m. 
Pitch  39  m. 
Yaw  39  m. 


A  body  plan  of  the  vessel  is  shown  in 
Fig  1.  The  water  depth  amounted  to  50  m. 

Model  tests  and  calculations  were 
carried  out  for  regular  waves  with  fre¬ 
quencies  ranging  from  0,3  rad/3ec  to 
1.1  rad/sec  and  wave  directions  of  90  , 
135°  and  180°. 

Calculations 


For  the  calculations  of  the  first 
order  wave  exciting  forces,  added  mass 
and  damping  coefficients,  first  order 
motion  responses  and  mean  second  order 
wave  drifting  forces  and  moments,  the 
mean  wetted  surface  of  the  vessel  was 
subdivided  in  138  facets  as  is  shown  in 
Fig  1.  For  the  calculation  of  the  rela¬ 
tive  wave  height  contribution  to  the 
mean  second  order  forces,  the  water  line 
was  subdivided  In  48  length  elements,  the 
lenth  of  each  element  corresponding  to 
the  length  of  the  facet  below.  The  rela¬ 
tive  wave  height  was  calculated  at  the 


half  length  of  each  line  element. 

The  calculations  were  carried  out 
for  15  frequencies.  The  average  compu¬ 
ting  time  of  the  FORTRAN  program  for  one 
frequency  amounted  to  210  seconds  on  a 
CDC  6600  computer. 

Model  tests 


The  model  tests  were  carried  out  in 
the  shallow  water  laboratory  of  the 
Netherlands  Ship  Model  Basin.  This  basin 
has  the  following  principal  dimensions: 

Length  210  m. 

Breadth  15.75  m. 

Water  depth  1.0  m. 

A  paddle  typ=  wave  generator  is  fitted 
at  one  end  of  the  basin.  A  perforated 
sloping  beach  at  the  other  end  of  the 
basin  serves  to  damp  out  the  waves. 

The  model  tests  were  carried  out 
with  a  scale  1  :  50  model. 

All  tests  were  carried  out  in  regu¬ 
lar  waves.  The  wave  amplitudes  varied 
slightly  with  the  wave  frequency.  T^e 
amplitudes  amounted  to  approximately 
1.0  m.  in  reality. 

The  following  te«:ts  were  carried  out: 

-  Tests  with  the  free-floating  model 
moored  between  soft  springs  to  deter¬ 
mine  the  freque  ^y  response  of  the  six 
ship  motions  anti  the  mean  longitudinal 
and  transverse  wave  drifting  forces 
and  yawing  moment.  The  test  set-up  is 
shown  in  Fig  2. 

-  Tests  with  a  captive  model  tn  deter¬ 
mine  the  frequency  response  of  the 
first  order  wave  excited  forces  and 
moments.  The  test  set-up  is  shown  in 
Fig  3. 

Measurements .  During  the  tests  with 
the  fiee-f loating  model,  the  linear  mo¬ 
tions  of  the  centre  of  gravity  of  the 
vessel  were  measured  by  means  of  an  op¬ 
tical  tracking  device  following  a  point 
light  source  mounted  in  G.  The  pitch  and 
roll  motions  were  measured  by  means  of 
gyroscopes  in  the  model.  The  yaw  motion 
was  measured  by  mean;  of  an  optical  de¬ 
vice  mounted  on  the  model  which  tracked 
a  fixed  light  source. 

The  mean  second  order  drifting  for¬ 
ces  and  yawing  moment  were  determined 
from  the  forces  measured  in  the  soft 
mooring  system.  Since  the  mean  yawing 
moment  is  derived  from  the  measured  lat¬ 
eral  forces  fore  ami  aft,  and  the  hori¬ 
zontal  rods  containing  the  force  trans¬ 
ducers  remain  at  a  fixed  distance  fore 
.  d  aft  of  the  centre  of  gravity  of  the 
vessel,  the  measured  yawing  moment  ap¬ 
plies  to  a  vertical  axis  through  G  and 
not  to  the  vertical  axis  OX3  of  the 
fixed  OX^XjXj  system  of  axes.  In  order 
to  make  a  proper  comparison  between  cal¬ 
culations  and  measurements,  the  calcula¬ 
tions  of  the  yawing  moment  are  carried 
out  for  the  same  axes.  This  means  that 
in  eqn.  (20)  the  last  term  Is  omitted. 
During  the  tests  with  the  captive  model, 
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the  model  was  connected  tc  a  rigid  six 
component  force  transducer  as  shown  in 
Fig  3.  The  forces  and  moments  measured 
in  the  transducers  were  transformed  to 
apply  to  the  body  axes  through  G.  Force 
measurements  were  carried  out  using 
strain  gauge  transducers. 

Test  conditions.  Both  series  of  tests 
were  carried  out  for  a  range  of  frequen¬ 
cies  from  0.3  rad/sec  to  1.1  rad/sec  full 
scale  and  for  wave  directions  of  90° 
(beam  waves),  )35°  (bow  quartering  waves) 
and  180°  (head  waves) 

Recording  and  analysis  of  measure¬ 
ments.  The  measured  signals  were  record- 
ecTon  FM  magnetic  tape  and  subjected  to 
harmonic  analysis. 

Results  of  Measurements  and  Calculations 

The  results  of  measurements  and  cal¬ 
culations  are  shown  in  Fig  4  through 
Fig  32.  In  Fig  33  and  Fig  34  a  break¬ 
down  is  given  of  the  calculated  mean 
longitudinal  and  transverse  drifting 
forces  in  head  waves  and  beam  waves  re¬ 
spectively  while  Fig  35  and  Fig  36  show 
the  calculated  mean  vertical  wave  drift¬ 
ing  forces. 

Discussion  of  the  results 

First  order  wave  exciting  forces  and  mo- 
men  tr 

In  general,  the  agreement  between 
calculations  and  measurements  is  good. 

In  all  cases  the  trends  suggested  by 
the  measurements  are  predicted  by  the 
calculations.  For  a  wave  direction  of 
l 80°  (head  waves)  the  agreement  is  bet¬ 
ter  than  for  the  other  wave  directions. 

First  order  motions 

Here  again  the  agreement  between  the¬ 
ory  and  experiment  is  good.  As  is  usual, 
the  roll  motions,  at  the  resonance  fre¬ 
quency  for  beam  waves  (90°)  and  quarter¬ 
ing  waves  (135°),  are  overestimated  by 
the  calculations  due  to  the  omission  of 
the  effect  of  viscous  damping  which  oc¬ 
curs  in  reality. 

Mean  second  order  wave  drifting  forces 
and  yaw  moment 

The  agreement  between  measurements 
and  calculations  is,  considering  the 
magnitude  of  the  forces  involved,  good. 
The  agreement  is  best  for  the  longitu¬ 
dinal  force  shown  in  Fig  32  for  a  wave 
direction  of  180°  (head  waves) . 

For  a  wave  direction  of  90°  (beam 
waves)  the  calculations  predict  a  high 
value  of  the  mean  lateral  force  at  roll 
resonance  (see  Fig  28) .  This  is  due  to 
the  fact  that  the  first  order  roll  mo¬ 
tion  is  overestimated  by  the  calcula¬ 
tions. 

For  waves  from  135°  (quartering 


waves) ,  the  mean  longitudinal  and  later¬ 
al  forces  and  yawing  moment  are  shown  in 
Fig  29  through  Fig  31.  The  calculated 
mean  longitudinal  force  predicts  peak 
values  at  roll  and  pitch  resonance  which 
appear  to  be  confirmed  by  the  measure¬ 
ments.  Some  scattering  of  the  measured 
data  occurs  at  higher  frequencies. 

The  calculated  mean  lateral  force 
predicts  a  peak  at  roll  resonance  only. 
Unfortunately,  no  measurements  were 
available  at  this  frequency  to  confirm 
this  peak.  Considering,  however,  the 
overall  agreement,  the  occurence  of  this 
peak  is  felt  to  be  realistic. 

The  experimental  values  of  the  mean 
yawing  moment  in  quartering  waves  (135^ 
are  calculated  from  the  difference  be¬ 
tween  the  lateral  forces  measured  fore 
and  aft  (see  Fig  2) .  This  yawing  moment 
is  small  and  consequently  the  accuracy 
of  the  measurements  is  less  for  this 
quantity. 

In  order  to  show  the  effect  of  the 
four  components  in  the  mean  wave  drift¬ 
ing  force  given  in  eqn.  (19),  a  break¬ 
down  of  the  mean  longitudinal  force  in 
head  waves  and  the  mean  lateral  force 
in  beam  waves  is  given  in  Fig  33  and 
Fig  34  respectively.  The  numerals  I  to 
IV  shown  in  these  Figures  refer  to  the 
first,  second,  third  and  fourth  terms 
in  equation  (19).  In  both  cases,  it  is 
seen  that  the  contribution  due  to  the 
relative  wave  height  is  dominant.  The 
contributions  due  to  the  product  of  mo¬ 
tion  and  angular  displacements  have,  as 
may  be  expected,  largest  values  when 
there  is  a  considerable  amount  of  mo¬ 
tion  response.  At  higher  frequencies 
these  contributions  vanish  and  only  the 
relative  wave  height  and  the  second  or¬ 
der  pressure  due  to  the  fluid  velocity 
remain.  For  frequencies  tending  to  in¬ 
finity  the  vessel  acts  as  a  vertical 
wall.  In  this  case  the  relative  wave 
height  concribution  is  double  the  velo¬ 
city  contribution,  the  sign  being  oppo¬ 
site.  This  i:’  confirmed  by  the  trend  of 
the  calculations . 

The  calculated  mean  vertical  drift 
forces  shown  in  Fig  35  and  Fig  36  are 
small  and  will  not  result  in  a  signifi¬ 
cant  change  in  draft  of  this  vessel.  In 
the  case  of  floating  structures  with 
relatively  small  waterplane  areas  the 
change  of  draft  due  to  this  force  need 
not  bo  insignificant  as  has  been  found 
from  model  tests. 

Conclusions 

The  results  of  the  investigation 
have  confirmed  again  that  accurate  pre¬ 
dictions  can  be  made  of  the  first  order 
motions  in  regular  waves  of  a  floating 
body  by  means  of  a  three  dimensional 
singularity  distribution  on  the  body 
surface  in  its  equilibrium  position. 

The  method  of  direct  integration 
over  the  wette \  part  of  the  hull  of  all 
contributions  to  the  second  order  wave 
exciting  forces  and  moments  leads  to 


140 


results  which  are  confirmed  to  a  large 
extent  by  the  results  of  the  model  tests. 

Results  of  calculations  show  that, 
in  the  case  of  horizontal  forces  on  the 
body ,  the  mean  second  order  wave  drift 
forces  are  predominantly  due  to  the  con¬ 
tribution  originating  from  the  relative 
wave  height.  Contributions  due  to  second 
order  pressures  on  the  hull  counteract 
the  relative  wave  height  contribution 
and  are  directed  into  the  incoming  waves. 
The  predominance  of  the  effect  of  the 
relative  wave  height  has  also  been  noted 
in  previous  investigations  concerning 
the  low  frequency  surge  motions  of  a  moor¬ 
ed  barge  in  irregular  waves  (see  ref  |7j. 

A  direct,  practical,  application  of 
the  theoretical  formulation  for  the  sec¬ 
ond  order  wave  drifting  forces  is  being 
investigated  at  present  at  the  NSMB. 

This  involves  the  instantaneous  evalua¬ 
tion  of  the  relative  wave  height  contri¬ 
bution  to  the  second  order,  low  frequen¬ 
cy,  longitudinal  and  lateral  forces  and 
yawi  ng  moment  through  the  measurement  of 
the  relative  wave  height  at  a  numbci  of 
points  along  the  waterline  of  a  station¬ 
ary  vessel  in  arbitrary  wave  conditions. 
In  this  way,  a  partial  wave  feed  forward 
control  signal  is  generated  which  may  be 
of  practical  use  in,  for  instance,  dy¬ 
namic  positioning  of  vessels  in  irregu¬ 
lar  waves. 
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Appendix:  Second  order  wave  forces  on  a 
body  floating  in  waves 

For  the  determination  of  the  second 
order  wave  drifting  forces  and  moments 
it  is  first  assumed  that  the  body  is 
floating  in  arbitrary  irregular  waves. 
Although  this  is  not  necessary  for  the 
determination  of  the  mean  drifting  force 
in  regular  waves,  it  has  been  followed 
here  since  the  expressions  derived  will 
be  more  general.  The  restriction  to 
regular  waves  will  be  introduced  at  the 
end. 

Co-ordinate  systems 

Use  is  made  of  three  systems  of  co¬ 
ordinate  axes  (see  Fig  37).  The  first  is 
a  right  handed  system  of  G*iX2X3  body 
axes  with  as  origin  the  centre  of  gra¬ 
vity  G  and  with  positive  Gx3  axis  ver¬ 
tically  upwards  in  the  mean  position  of 
the  oscillating  vessel.  The  surface  of 
the  hull  is  uniquely  defined  relative 
to  this  system  of  axes.  A  point  on  the 
surface  has  as  position  the  vector  x. 

The  orientation  of  a  surface  element  in 
this  system  of  axes  is  defined  by  the 
outward  pointing  normal  vector  n  .  In 
the  development  of  the  expressions  for 
the  wave  drifting  forces  we  assume  that 
the  motions  of  the  body  consist  of  a 
part  which  is  due  to  the  first  order 
wave  exciting  forces  (motions  indicated 
by  (1))  and  a  part  which  is  due  to  the 
second  order  wave  exciting  forces  (mo¬ 
tions  indicated  by  (2)). 

The  second  system  of  co-ordinate 
axes  is  a  GXjXjxi  system  with  the  centre 
of  gravity  as  origin.  The  Gx.  axis  coin¬ 
cides  with  the  Gx»  axis  of  tne  body  axes. 
The  GX3  axis  is  at  all  times  vertically 
upwards.  The  GX^  axis  is  at  all  times 
horizontal  and  at  right  angles  to  both 
Gx.  and  GXi  axes.  The  angular  displace¬ 
ments  of  tne  body  x.^x^.x,  (roll,  oitch, 
yaw)  are  about  the  Gxj,  GX2  and  GX^  axes 
respectively. 

The  third  system  of  co-ordinate  axes 
is  a  fixed  righthanded  OX^x^Xj  system 
which  coincides  with  the  Gx^xjXj  and 
GxiXjx}  systems  when  the  vessel  is  in 
the  mean  position.  The  linear  motions 
X  of  the  centre  of  gravity  of  the  vessel 
are  defined  relative  to  this  system  of 
axes . 

The  position  vector  relative  to  the 
fixed  system  of  axes  of  any  point  on 
the  hull  which  has  the  position  vector x 
relative  to  the  body  axes  follows  from 


and 

an  =  cos  x5  CO  o':  6 

al2  -  sin  x4  sinxs  cosxg  -  cosx4  sinx5 
aj3  =  cosx4  sinxs  cosxG  +  ainx4  sinxg 
321  =  cosx^  sinxg 

a22  "  sinx4  sinx5  sinxg  +  cosx4  cosxg 
a23  =  cosx4  sinxs  sinxg  -  sinx4  cosxg 
a31  =  “  sinx5 
a}2  -  sinx*  coax5 

a33  =  cosx4  COSX5  (ZJ) 


If  all  angular  displacement  are  zero  R 
becomes 

U  0  Ot 


R  =  R = 


0  1  0 
0  0  1 


(24) 


If  the  body  is  carrying  out  small  am¬ 
plitude  motions  the  linearized  (first 
order)  displacements  follow  front 
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If  the  body  is  carrying  out  motions  which 
are  a  combination  of  first  orcer  motions 
and  small,  low  frequency  motions  induced 
by  the  second  order  wave  drifting  forces, 
the  second  order  displacements  follow  from: 


(27) 
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Fluid  motions 

The  fluid  domain  is  bounded  by  the  free 
surface,  the  surface  of  the  body  and  the 
sea  floor.  Assuming  that  the  fluid  is 
i.nviscid,  irrotational,  homogeneous  and 
incompressible,  the  fluid  motion  may  be 
described  by  means  of  the  velocity  po¬ 
tential  4  [loj  : 

»  =  c$(U+EV2'  +  ...  (30) 


The  potentials  are  defined  relative  to 
the  fixed  system  of  OX.X-.X3  axes. 

The  first  order  potential  4*1'  con¬ 
sists  of  the  sum  of  three  potentials 
associated  with  the  undisturbed  incoming 
waves,  the  diffracted  waves  and  waves  due 
to  the  first  order  body  motion  respec¬ 
tively: 


►  (1>  -  *(1!*  •»>♦ 

w  d  b 


Both  the  first  and  second  order  poten¬ 
tial  must  satisfy  the  equation  of  con¬ 
tinuity  within  the  fluid  domain  and  to 
first  and  second  order  respectively  the 
boundary  condition  on  the  moving  sur¬ 
face  of  the  body  and  the  fixed  horizon¬ 
tal  surface  of  the  sea-floor. 

The  boundary  condition  at  the  mean 
free  surface  becomes: 


Using  the  small  amplitude  motion 
assumption  the  pressure  in  the  instan¬ 
taneous  position  may  be  given  in  terms 
of  the  derivatives  of  4  in  the  mean  po¬ 
sition.  Up  to  second  order  the  pressure 
p  becomes : 


p  *  p 

<°>  +EP(i»+Ey2) 

(36) 

where 

P(0,= 

-pg(Xj-d) 

(37) 

Pm- 

-pgx^>- 

(38) 

p!2,= 

-pgX(2)-  p(X(1)  .  yy 

(39) 

Up  to  now  we  have  assumed  that  the  point 
is  moving  within  the  fluid  domain.  The 
same  expression  will  be  used  to  deter¬ 
mine  the  pressure  on  a  point  on  the  hull 
of  the  body.  This  means  that  derivatives 
of  the  potentials  are  taken  at  the  mean 
position  of  the  hull  which  is  alterna¬ 
tely  within  and  outside  the  actual  fluid 
domain.  This  appears  to  he  permissible 
if  the  potential  functions  are  suffi¬ 
ciently  "smooth"  at  the  boundaries  (see 
ref.  [1 1]  ).  This  is  assumed  to  be  sat¬ 

isfied  in  this  care. 


For  derivation  of  eqn,  32  and  eqn.  33 
see  for  instance  ref.  [10]  . 

Since  this  paper  is  concerned  with 
the  first  order  and  mean  second  order 
forces  in  regular  waves  ,  the 
second  order  potential  4 (2)  contribution 
disappears,  (see  ref.  IS]).  For  further 
details  of  boundary  condition  for 
and  i t 8  components  see  for  instance 
ref.  [4]  . 


fluid  forces  on  the  body 


The  forces  exerted  on  the  body,  rel¬ 
ative  to  the  fixed  OXjX2X3  system  of 
axis  follow  from: 


F  =  -//  p  N  dS  (40) 

S 

where  S  is  the  instantaneous  wetted  sur¬ 
face  and  N  is  the  instantaneous  normal 
vector  of  the  surface  element  is  rela¬ 
tive  to  the  fixed  system  of  axes  and  p 
is  the  pressure  given  in  eqn.  36. 

Since  the  budy  is_moving  in  all  six 
degrees  of  freedom,  N  is  also  an  oscil¬ 
lating  quantity  of  the  following  form: 


N<°>  ♦  cN(U 


(41) 


Pressure  in  a  point  mooring  within  the 


We  consider  a  point,  within  the  fluid 
domain  with  mean  position  x'°)  relative 
to  the  fixed  system  of  axes  OX1X2X3.  We 
furthermore  assume  tliat  the  point  is 
carrying  out  small  oscillations  relative 
to  the  mean  position: 


where  N  is  the  normal  vector  relative 
to  the  fixed  system  of  axes  in  the  mean 
position  and  hence  equal  to  the  normal 
vector  n  relative  to  the  body  axes 
Gxjx^x  N*  is  an  oscillatory  compo¬ 
nent  or  N  due  to  first  order  oscillatory 
angular  displacements. 


x  .  X(o)+  EX(1>+e2X(2) 


The  pressure  in  the  moving  point  follows 
from  the  Bernoulli  equation: 

p"  -pg(X3  -  d)-p$t~v)| 2  (35) 

where  (X3  -  d)  denotes  itc  instantaneous 
vertical  distance  blow  the  mean  free  sur¬ 
face  and  ♦  and  itu  derivatives  taken 
at  the  instantaneous  position. 


in  which  R '  is  according  to  eqn.  26 
A  similar  equation  to  42  may  be  set 
up  for  N '  : 


(43) 


in  which  R  is  according  to  eqn.  28 
The  instantaneous  wetted  surface  S 
may  be  split  up  Into  a  mean  surface  S 
extending  up  to  the  mean  waterline  or 
the  vessel  and  an  oscillatory  part  a 
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which  is  continually  submerging  and 
emerging . 

The  expression  for  the  fluid  force 
then  becomes: 


F 


S 

o 


p  N  ds  -  //  p  N  dS 
s 


(44) 


Substitution  of  the  pressure  p  as  given 
in  eqn  36  and  the  normal  vector  N  given 
in  eqn.  41  gives: 


F=-//(p(0l+ep(1>+E2pt2>)(n  +  cN(!> 


+c:N(2)>dS  -  //(P(0>+Cp(1>+r2p(2>) 


tcN11^^12’  )  dS 


(45) 


Integration  of  the  various  components  in 
45  using  eqn.  37,  38,  39  and  42  and 
taking  into  acount  that  the  surface  s  is 
an  oscillating  quantity  gives  the  follow¬ 
ing  result  for  the  total  fluid  force  up 
to  the  second  order: 


F 


F(°)+cF(1,+c2F(2) 


(46) 


where. 

F(0'=  -It  -og(X,-d)n  dS  (47) 

So 

F<!)=  -If  -ngxO’ndS -//  -p*  ( i  ’  n  dS 

S0  2  So  2<48> 

F<?,=  ndl  -  V4> s  11 1  nds 

WL  S 

o 

-II-p  (X  ( 1 1  .  ( J1 )  pds-//-|.4  (2)  iidS 

S  3 

o  0 

+  R(1)  .p'1)./;.|,gx(2,ncis  (491 

S„ 

in  which:  ° 


x<2>»  x<2 


,(2) 


Jl) 


g 


i 


<(r> 


(50) 


and  R  is  according  to  eqn.  26 

Equation  47,  48  and  49  give  the  to¬ 
tal  hydrostatic,  first  order  and  second 
order  fluid  forces  acting  on  the  body 
oscillating  under  the  influence  of  waves . 
The  first  and  second  order  forces  F1 
and  contain  not  only  the  wave  ex¬ 

citing  forces  but  also  the  hydrostatic 
and  hydrodynamic  reaction  forces  due  to 
body  motions  in  first  and  second  order 
respectively.  As  such  the  term  contain¬ 
ing  Fl  In  eqn.  49  may  be  simplified  by 
using  the  following  relationship: 


K.X 


(U 


(51) 


where: 


and  X^are  the  first  order  notions  of 
the  boay  under  the  Influence  of  the  first 


(52) 


order  wave  forces  calculated  at  the 
centre  of  gravity  of  the  body.  From  the 
afore  going  it  is  clear  that  in  order 
to  be  able  to  determine  the  second  order 
force,  the  complete  solution  to  the 
first  order  excitation  must  be  known. 
The  method  used  for  this  is  discussed 
in  the  paper. 

Mean  second  order  force  in  regular  waves 


Up  to  now,  the  approach  has  been  as 
genera)  as  possible  in  that  no  restric¬ 
tions  were  placed  on  the  nature  of  in¬ 
coming  waves.  We  will  now  place  the  re¬ 
striction  that  the  incoming  waves  are 
regular.  In  that  case  the  contribution 
of  <J>  to  the  second  order  force  given 
in  eqn.  49  disappears  (see  ref.  [5J  ). 
We  will  also  disregard  the  second  order 
hydrostatic  reaction  term  since  this  is 
in  fact  a  reaction  force  due  to  second 
order  displacements  under  the  influence 
of  the  mean  second  order  wave  exciting 
force  which  then  follows  from: 

F(2)-  -^’ipgr.,')  ndl  -/Hp  i)111  ndl 
WL  11 

-II- p(X(1) )ndS+M.R(1) ,x(1! 

S°  (53) 

where  the  heavy  bar  indicates  the  time 
average  of  the  quantity  under  the  bar. 

Mean  second  order  momenta  in  regular 
waves 


The  mean  second  order  moments  about 
the  axes  of  the  fixed  OXJX2X3  system  of 
axes  are  found  by  the  same  development 
as  was  used  for  the  forces.  We  give  here 
the  final  results: 


M(2)— *SpgL<.1)2(xM1)di-//-U 

hi. 


(xxn)dS-//-p (X* 1  * ,V4  1 ) . (x«n)dS 


r"),?(D 


where: 


46 


64 


In  the  term  Involving  I,  refers  to 


(54) 


(55) 


the  first  order  angular  acceleration 
vector. and  Is  according  to  eqn.  26 

and  F*  according  to  eqn.  51. 


Nomenclature 


10  frequency  in  rad/sec. 

*.  firs!  order  linear  motions  for 

k-  1 ,2,3 

first  order  angular  motions 
_ I p  for  k-  4,5,6 

X  first  order  linear  motion  ,  o- 

.(II  tor  in  fixed  system  of  axes 

X1^  first  order  angular  motion  vac- 
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mean  free  surface  in  restposition . 


x(J) 
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k 

V 
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tor  about  Gx,X2xi  axes 
first  order  linear  motion  vec¬ 
tor  of  centre  of  gravity  in 
fixed  system  of  axes 
position  vector  of  a  point  re¬ 
lative  to  body  axes 
normal  vector  defined  relative 
to  body  axes 

normal  vector  defined  relative 
to  fixed  system  of  axes 
first  order  angular  motion 
about  Gx,X*X*  axes. for  k=4 ,  5, 
6.  Components  of  X  a 

Transformation  matrix  contain¬ 
ing  anoular  motions  about 
Gx  XX  axes 

position  vector  in  fixed  system 
of  axes 

constant  part  of  position  vec¬ 
tor  in  fixed  system  of  axes 
second  order  linear  motion 
vector  in  fixed  system  of  axes 
second  order  linear  displace¬ 
ments  in  fixed  system  of  axes 
-?$)k=  Components  of 

second  ord^r  angular  motion 
about  Gx.X^X*  axes  for  k=4,5,6 
due  to  secdna  order  wave  forces 
mass  of  body 
mass  moments  of  inertia 

products  of  inertia 

first  order  relative  wave 
height  in  a  point  along  the 
mean  waterline 
instantaneous  wetted  surface 
mean  wetted  surface 

periodically  emerging  and  sub¬ 
merging  part  of  wetted  surface 
S 

waterline 

element  of  surface  S,  S  or  s 
length  element  of  water?ine 
specific  mass  of  fluid 
acceleration  of  gravity 
first  order  wave  exciting  mo¬ 
ments  about  OX  ,  0X^f  OX ,  axes 
respectively  or  the^fixea 
system  of  axes 
total  potential  describing 
fluid  motion 

first  and  second  order  approx¬ 
imations  for  the  total  poten¬ 
tial  ♦ 

a  small  parameter  r  <<  1 

moan  second  order  wave  exci¬ 
ting  forces  along  the  OX.,OX2 
and  OX,  axes  respectively  ot: 
the  fixed  system  of  axes 
mean  second  order  wave  exci¬ 
ting  yaw  moment  about  n  ver¬ 
tical  axis  through  the  centre 
of  gravity  G  of  the  body 
wav©  amplitude 

wave  number 

displaced  volume  of  the  barge 
length  of  the  barge 
breadth  of  '  barge 
Vertical  distance  of  G  below 
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,j  amplitude  of  transverse  wave 
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FIG.  5:  AMPLITUDE  OF  VERTICAL  WAVE 
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FIG.  6:  AMPLITUDE  OF  ROLL. MOMENT 
WAVE  DIRECTION  90* 
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FIG,  7:  AMPLITUDE  OF  LONGITUDINAL  WAVE 
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FIG.  9:  AMPLITUDE  OF  VERTICAL  WAVE 
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FIG.  10:  AMPLITUDE  OF  ROLL  MOMENT 
WAVE  DIRECTION  135” 


FIG.  11:  AMPLITUDE  OF  PITCH  MOMENT 
WAVE  DIRECTION  135' 
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FIG,  12:  AMPLITUDE  OF  YAW  MOMENT 
WAVF  DIRECTION  135° 


FIG.  13:  AMPLITUDE  OF  LONGITUDINAL  WAVE 
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FIG.  14:  AMPLITUDE  OF  VERTICAL  WAVE 
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FIG.  15:  AMPLITUDE  OF  PITCH  MOMENT 
WAVE  DIRECTION  180’ 
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FIG,  16:  AMPLITUDE  OF  SWAY  MOTION 
WAVE  DIRECTION  90” 


FIG,  18:  AMPLITUDE  OF  ROLL  MOTION 
WAVE  DIRECTION  90* 


FIG.  17:  AMPLITUDE  OF  HEAVE  MOTION 
WAVE  DIRECTION  90° 
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FIG.  20:  AMPLITUDE  OF  SWAY  MOTION 
WAVE  DIRECTION  135” 


FIG,  21:  AMPLITUDE  OF  HEAVE  MOTION 
WAVE  DIRECTION  135“ 


FIG.  22:  AMPLITUDE  OF  ROLL  MOTION 
WAVE  DIRECTION  135' 


FIG.  23:  AMPLITUDE  OF  PITCH  MOTION 
WAVE  DIRECTION  135' 


FIG.  24:  AMPLITUDE  OF  YAW  MOTION 
WAVE  DIRECTION  135° 


FIG.  25:  AMPLITUDE  OF  SURGE  MOTION 
WAVE  DIRECTION  180° 


FIG.  26:  AMPLITUDE  OF  HEAVE  MOTION 
WAVE  DIRECTION  180° 


FIG.  27:  AMPLITUDE  OF  PITCH^MOT ION 
WAVE  DIRECTION  180’ 
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FIG.  28:  MEAN  TRANSVERSE  DRIFT  FORCE 
WAVE  DIRECTION  90" 


FIG.  29:  MEAN  LONGITUDINAL  DRIFT  FORCE 
WAVE  DIRECTION  135* 
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FIG.  30:  MEAN  TRANSVERSE  DRIFT  FORCE 
WAVE  DIRECTION  135* 
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FIG.  32:  MEAN  LONGITUDINAL  DRIFT  FORCE 
WAVE  DIRECTION  180‘ 
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FIG.  33:  COMPONENTS  OF  COMPUTED  MEAN 
TRANSVERSE  DRIFT  FORCE 
WAVE  DIRECTION  90* 


FIG,  34:  COMPONENTS  OF  COMPUTED  MEAN 
LONGITUDINAL  DRIFT  FORCE 
WAVE  DIRECTION  180* 
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I  shall  discuss  mainly  the  paper  by  Miss 
Chang  but  my  comments  are  in  fact  applicable  to 
several  other  papers  concerned  with  linear  equa¬ 
tions,  arid  perhaps  also  to  non-linear  equations. 
To  fix  ideas  I  shall  confine  myself  to  zero 
speed. 

To  derive  her  integral  equations.  Miss  Chang 
uses  interior  potentials.  In  particular,  let  us 
consider  the  Integral  rep-esentation  quoted  in 
her  abstract,  which  can  be  derived  in  the  follow¬ 
ing  way.  Let  *0  be  the  potential  function  de¬ 
fined  out.tde  the  body;  we  want  the  values  of  »0 
on  the  bouy.  Two  integral  relations  are  obtained 
by  aoplying  Green's  theorem  twice,  first  to  the 
wave  source  G  and  a  simple  potential  function 
defined  everywhere  inside  the  body,  secondly  to 
G  and  the  potential  function  defined  outside 
the  body.  (On  the  body  we  have  aa./nn  •  3<p  ./an. ) 
By  combining  the  two  integral  relations  the'di- 
pole  representation  given  in  the  abstract  Is  ob¬ 
tained:  The  interior  potential  * } {P )  can  be 
represented  by  a  distribution  of’ wave  dipoles 
ovei  ■  body  closed  by  a  lid,  and  the  dipole 
strei  cn  the  body  is  seen  to  involve  the 


Now  let  the  point  P  approach  he  boundary 
of  the  body  from  the  inside.  Then  the  represen¬ 
tation  becomes  an  integral  equation  which  is 
actually  a  Fredholm  equation  of  the  second  kind 
although  this  is  not  limned  lately  evident.  If 
P  were  not  made  to  approach  the  boundary,  then 
the  Integral  equation  would  be  an  equation  of 
the  first  kind. 

1  wish  to  make  the  follrwing  points. 

(I)  There  is  a  complete  mathematical  theory  for 
the  solution  of  equations  of  the  second  kind 
whereas  for  equations  of  the  first  kind  little 
is  known  about  existence  and  uniqueness  of  solu¬ 
tions. 

(II)  When  is  required  on  the  body  there  are 
infinitely  many  ways  of  formulating  equations  of 
the  second  kind  for  this  unknown  function.  (Miss 
Chang,  for  Instance,  uses  a  simple  interior  po¬ 
tential  defined  throughout  the  Interior  of  the 
body,  while  Sayer  and  myself  use  a  wave  source 


potential  which  is  singular  at  an  interior  point. 
Since  interior  potentials  have  no  actual  physical 
meaning  they  need  not  be  bounded  or  ever,  defined 
everywhere  Inside  the  body.)  These  equations 
may  have  very  different  numerical  properties, 
(ill)  The  solution  procedure  breaks  down  at  the 
irregular  frequencies  at  which  the  Fredholm  de¬ 
terminant  is  zero,  but  different  Integral  equa¬ 
tions  in  general  have  different  Fredholm 
determinants  and  different  Irregular  frequencies. 
With  some  care  the  equation  can  be  arranged  so 
that  the  Tredholm  determinant  is  not  zero  in  the 
frequency  range  of  interest.  (I  suspect  that 
at  zero  speed  Miss  Chang's  equation  does  lead 
to  irregular  frequencies.)  Much  less  is  known 
about  forward  speed. 

(iv)  At  the  present  time  many  workers,  includ¬ 
ing  Miss  Chang,  have  gained  much  valuable  ex¬ 
perience  with  various  formulations  of  wave 
problems,  all  mathematically  valid.  What  is 
desirable  now  is  a  comparative  study  of  the 
relative  merits  of  these  methods,  and  I  believe 
that  a  knowledge  of  mathematical  theory  will  be 
very  helpful  here.  In  our  paper  at  this  confer¬ 
ence,  Philip  Sayer  and  I  have  made  a  first  at¬ 
tempt  at  such  a  comparison;  see  our  Table  1.  We 
realize  that  this  is  only  a  modest  beginning. 

If  more  studies  of  this  kind  could  be  undertaken, 
by  Miss  Chang  and  other  experienced  workers 
present  here,  and  if  we  could  receive  reports 
at  later  conferences,  I  believe  that  these  would 
prove  to  be  of  great  value. 


Discussion 

By  J.N.  Newman 

of  paper  by  M.S,  Chang 

Ine  results  shown  in  this  paper  are  very 
Impressive,  but  not  too  surprising.  It  Is  well 
known  that  the  strip  theory  gives  good  predic¬ 
tions  of  ship  motion  characteristics  only  for 
high  frequencies,  and  for  zero  speed  the  compari¬ 
sons  shown  here  with  exact  three-dimensional 
calculations  are  qualitatively  similar  to  various 
previous  studies.  The  use  of  the  strip-theory 
forward-speed  corrections  in  conjunction  with 
the  three-dimensional  zero-speed  damping  and 
added-mass  coefficients  is  inconsistent,  and  the 
resulting  poor  comparison  with  experiments  is 
to  be  expected.  But,  Dr.  Chang  is  to  be  con¬ 
gratulated  for  going  on  to  solve  the  forward- 
speed  prob'em  with  the  correct  free-surfacc 
condition  and  source  potential.  The  resulting 
agreement  with  exper.ments  Is  generally  satis- 
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factory,  although  some  discrepancies  remain  to 
bo  explained.  On  the  whole,  this  is  a  milestone 
in  the  study  of  ship  motions,  and  the  author 
deserves  credit  for  this  accomplishment. 


Discussion 
by  H.  Maruo 

of  paper  by  M.S.  Chang 

The  author  has  carried  out  an  elaborate 
computation  using  the  method  of  singularity  dis¬ 
tributions  over  the  hull  surface  of  an  oscillat¬ 
ing  ship.  I  know  of  a  similar  calculation  that 
was  made  by  Takagi  of  Hitachi  Shipbuilding  Co. 

He  told  me  that  it  was  not  easy  to  attain  a 
satisfactory  accuracy  by  a  numerical  method  of 
this  kind  in  spite  of  the  tedious  and  time- 
consianing  calculation.  On  the  other  hand,  it 
is  known  that  the  strip  method  shows  deviations 
from  the  measured  result  at  lower  wave  numbers 
due  to  the  three-dimensional  effect.  Therefore 
some  improvement  of  the  calculation  method  is 
needed,  and  the  present  work  may  suffice  for  this 
purpose.  However,  from  the  practical  point  of 
view,  the  computer  time  should  be  as  short  as 
possible.  The  three-dimensional  effect  in  the 
hydrodynamic  forces  on  an  oscillating  ship  can 
be  taken  into  account  quite  easily  by  applica¬ 
tion  of  the  slender-ship  theory.  I  believe  this 
allows  much  simpler  computation  than  the  purely 
numerical  method  of  the  present  work.  Tha  basic 
formula  for  the  slender  ship  oscillating  with 
zero  forward  speed  is  the  following  expression 
for  the  velocity  potential: 

(20)  i  r 

♦  '  ♦  +  ?(!+Kz)  /  a^(x')N(K|x-x'|  )sgn(x 

-x' )dx, 

where  u 

N(u)  -  -  y  -  ln2u  *  2  j Hn (u ' )du ' 

*  7  Yo (u ' )du  '  "*  +  "1  f  Jo(u')du'. 

* O  *'0 

is  the  two-dimensional  solution  for  an 
oscillating  cylinder  and  a0(x)  is  the  source  term 
in  the  expansion  of  the  two-dimensional  poten¬ 
tial.  The  boundary-value  problem  on  the  hull 
surface  is  formulated  in  the  form 


carried  out  by  Kobayashi  of  Mitsui  Shipbuilding 
Co.  However,  his  results  suffer  from  strong 
criticism:  first,  that  the  formulation  is  not 
consistent,  and  second,  that  it  neglects  the 
line  Integral  that  must  appear  at  the  intersec¬ 
tion  of  the  hull  surface  and  the  undisturbed 
free  surface. 


Discussion 
by  Y.  Kayo 

of  paper  by  P.  Suevel,  G.  Delhomneau  ano 
J.P.  Cordonnier 


In  a  previous  paper  (Int.  Shipb.  Progress, 
vol.  21,  1974,  pp.  311-324),  one  of  the  authors 
proposed  a  wave-making  resistance  formula  when 
the  double-body  potential  is  used  as  the  zero- 
order  approximation: 
x 

Ry  *  8xpxJ|^jH(e,K0  sec2  e)|2  sec3  ede 


where 
H(e.x0  s 

exp  [ -lx 


sec2  a(x  cos 


9  x2lz*0 

+  y  sin  e)]  dxdy.(l) 


The  modified  Kochi n  function  H,  defined  above, 
is  determined  by  the  source  distribution 


which  is  spread  over  the  entire  free  surface 
z  »  D.  Since  the  double-body  potential  a,  is 
arbitrary  inside  the  body,  we  have  various 
values  of 


on  z  *  0  Inside  the  body.  Therefore  the  wave¬ 
making  resistance  deriv'd  from  (1)  is  indeter¬ 
minate. 

Since  the  fluid  domain  Inside  the  body  is 
Independent  of  the  exterior  one,  the  indeter¬ 
minacy  of  the  wave-making  resistance  can  be 
eliminated  by  the  proper  use  of  Green's  formula 
for  the  double-body  potential  field  inside  the 
body. 


il(2D)  *[l)(x)  -  W(x)J n 
in  1  • 

where  U(x)  is  the  relative  vertical  velocity  of 
a  section  anJ  nt  the  z-component  of  the  direc¬ 
tion  cosines  of  the  normal.  It  can  be  easily 
understood  that  the  three-dimensional  effect 
appears  in  the  function  W( x )  which  is  similar  to 
the  Induced  velocity  of  wing  theory.  I  calcu¬ 
lated  a  numerical  example  for  a  Series  60,  C  ■ 
0.7  model.  The  result  for  the  added  mass  ® 
and  damping  In  heave  is  shown  in  the  figure  and 
denoted  as  the  "improved  slender-ship  theory." 
The  "original  slender-ship  theory"  means  the 
result  obtained  by  the  formula  Introduced  in 
Newman's  review.  Thus  the  analytical  method 
of  the  sle,ider-shlp  formula  can  serve  as  an 
accurate  prediction  method  for  practical  pur¬ 
poses.  So  far  we  have  considered  the  case  of 
zero  forward  speed.  For  the  case  of  finite 
forward  speed,  similar  calculations  have  been 


The  result,  in  the  form  of  the  correspond¬ 
ing  Kochln  function,  is 


H(o,k  sec2  o) 

o 


z*0 


exp[-1«n  sec2  o (x  cos  »  +  y  sin  e)]dxdy(2) 

where  SL  is  the  free  surface  outside  the  body. 
This  Kochln  function  Is  independent  of  the  kind 
f  singularities  used  to  represent  the  double¬ 
body.  It  may  be  seen  that  the  wave-making 
resistance  from  (2)  is  determined  uniquely.  A 
detailed  discussion  of  this  method  can  be  found 
In  «\y  paper  entitled  "A  note  on  the  uniqueness 
of  wave-making  resistance  when  the  double-body 
potential  Is  used  as  the  zero-order  approxima¬ 
tion"  which  is  to  be  read  at  the  joint  meettng 
of  the  three  Japanese  Societies  of  Naval  Archi¬ 
tects  in  November  1977. 


158 


Discussion 
by  V.  Kusaka 

of  paper  by  P.  Guevel,  G.  Delhonmeau  and 
J.P.  Cordonnler 

The  discusser  wishes  to  express  his  respects 
to  the  authors  for  their  efforts  to  obtain  a 
numerical  solution  of  the  Neumann-Kelvln  problem. 
It  took  more  than  10  hours  of  computer  time  for 
the  discusser  to  obtain  only  one  solution  of 
this  problem  using  the  very  large  and  high-speed 
comcuter  HITAC  8800/8700.  As  the  authors  also 
point  out  In  their  paper,  it's  necessary  to  find 
out  the  new  formulation  of  the  Influence  coef¬ 
ficients.  However,  from  the  discusser's  experi¬ 
ence,  the  interpolation  method  seems  very 
dangerous  because  of  the  oscillatory  character¬ 
istic  of  that  coefficient. 

The  discusser  has  been  very  Interested  In 
the  uniqueness  of  the  solution  of  Neunann-Kelvln 
problem.  It  seems  very  difficult  to  prove 
uniqueness  by  mathematical  methods.  Consequently 
the  discusser  believes  It's  necessary  to  create 
numerical  techniques  that  can  convince  one  of  the 
uniqueness  of  this  problem. 


specified  on  the  closed  boundary  $B  +  Sp^. 

It  is  nice  to  see  that  the  heave-damping 
and  addea-mass  coefficients  obtained  by  Dr.  Maruo 
are  also  In  very  good  agreement  with  the  experi¬ 
mental  data.  However,  one  has  to  bear  In  mind 
that  slender-shlp  theory  Is  not  as  general  as 
three-dimensional  theory.  Mostly  It  will  not 
work  well  for  coefficients  for  horizontal  modes 
of  the  motion,  even  at  zero-forward  speed.  More¬ 
over,  In  my  opinion,  the  method  of  slender-shlp 
theory  Is  not  as  analytical  as  Dr.  Maruo  states 
It  to  be;  numerical  computations  using  slender- 
shlp  theory  require  the  evaluation  of  the  func¬ 
tions  J  ,  Y0,  and  H„,  which  is  similar  to 
evaluations  required  In  the  three-dimensional 
method. 


Author's  Reply 
by  M.5.  Chang 

to  discussions  by  F.  Ursell  and  H.  Maruo 

I  would  like  to  thank  both  discussers  of  my 
paper  for  their  Interesting  comments.  It  Is 
Interesting  that  Professor  Ursell,  as  a  formal 
discusser,  chooses  the  particular  subject  of 
"Irregular  frequency"  for  discussion.  I  believe 
that  Professor  Ursell  must  have  some  Interest¬ 
ing  thoughts  on  the  subject  and  I  look  forward 
to  reading  his  paper. 

The  problem  of  "Irregular  frequency"  as¬ 
sociated  with  the  two-dimensional  source  method 
has  teen  known  for  many  years.  Not  only  has 
the  cause  of  this  problem  been  known,  but  also 
Simple  remedies  have  been  established.  I  will 
not  discuss  this  In  detail  at  this  time.  How¬ 
ever,  It  Is  worthwhile  to  note  that  Professor 
Ursell 's  choice  of  using  the  Inner-potential 
method  to  demonstrate  his  point  appears  to  be 
misleading;  the  Inner-potential  method  that 
Dr.  Plen  and  I  applied  has  a  unique  Inner  poten¬ 
tial  and  Is  not  subject  to  the  problem  of 
“Irregular  frequency."  Our  Inr.er-potentlal 
method  determines  the  doublet  distribution  D(Q) 
from  an  Inner  potential  ei(P)  that  Is  specified 
on  the  closed  contour  ♦  SF)  by  the  equation 

♦,(P)  “  /  D(Q)K(P.q)d5(q);P,Q«SB*5F) 

VSF,  (1) 

From  potential  theory,  D  has  to  be  unique, 
unless  the  outside  potential  Is  non-unique.  One 
should  not  confuse  this  Inner-potential  method 
with  the  mathematical  model 

♦  ,(P)  -  /  D(0)K(P,q)dS(Q);  P ,Oc$0 
'  \  <2) 

for  In  the  latter  model,  e.(P)  Is  specified  only 
on  S-.  It  Is  wellknown  that  the  "Irregular 
frequency"  does  exist  In  this  »odel--because  In 
this  mathematical  model  the  Inner  potential  Is 


HYBRID  INTEGRAL-EQUATION  METHOD 
FOR THE 

STEADY  SHIP-WAVE  PROBLEM 


Ronald  W.  Yeung  and  Yann  C.  Bouger 
Massachusetts  Institute  of  Technology 
Cambridge,  Massachusetts 


ABSTRACT 

This  paper  presents  a  novel  integral- 
equation  technique  for  Bolving  the  steady- 
state  wave- resistance  problem.  The  free- 
surface  condition  is  linearized,  but  the  body 
condition  is  satisfied  exactly.  An  integral 
relation  describing  the  flow  Inside  an 
arbitrarily  truncated  internal  region  is  first 
obtained  by  applying  Green's  Theorem,  using 
only  the  simple  Bource  function  for  an 
infinite  fluid.  The  internal  flow  is  next 
matched  with  eigen  expansions  in  the  upstream 
and  downstream  outer  regions.  The  radiation 
condition  can  be  satisfied  exactly  simply  by 
a  proper  choice  of  the  solution  form  in  these 
outer  regions.  The  method  is  applied  to 
investigate  flows  about  both  lifting  and  non- 
lifting  two  dimensional  bodies.  Agreement 
with  existing  results  is  excellent.  The 
present  formulation  provides  a  simple  yet 
rational  basis  for  tackling  the  practical 
three-dimensional  ship-wave  problem. 

1.  INTRODUCTION 


The  practical  Importance  of  the  problem 
of  predicting  the  lift  and  drag  of  a  body 
moving  in  or  near  a  free  surface  is  well 
known.  Much  attention  has  been  devoted 
to  the  subject  matter  in  recent  literature. 
This  paper  describes  a  novel  Integral-equation 
formulation  for  tackling  the  steady-state 
problem  with  a  linearized  f  ree-aurf.jce  but 
exact  body  boundary  condition.  Emphasis  is 
placed  on  validating  the  numerical  formulation 
by  applying  it  to  obtain  flow  solutions  for 
various  two-dimensional  bodies.  The  formula¬ 
tion  permits  the  body  to  have  cirnilat lot* ,  if 
present.  The  extension  of  the  present  method 
to  three-dimensional  problems  will  also  be 
discussed. 

A  brief  review  of  the  literature 
pertinent  to  technlquen  used  In  solving  such 
Steady-flow  problems  Is  included  here.  By 
expanding  the  solution  In  an  Infinite  series 
of  wave  singular  it  lea  which  satU’fy  the  tree- 
nurfate  and  radiation  conditions.  Havelock 
(1916)  obtained  the  wave  resistance  and  lift 
force  on  a  circular  cylinder  In  a  uniform 
stream.  His  formulation  permits  the  b«>dy 
boundary  condition  to  he  satisfied  exactly. 

The  problem  of  the  flow  about  an  arbitrary 


cylinder  remained  unsolved  until  much  later  when 
the  modern  digital  computer  became  available. 
Glesing  and  Smith  (1967)  tackled  this  by 
distributing  on  the  body  contour  the  traditional 
wave  sources,  which  satisfies  the  free-surface 
condition.  By  applying  the  body  boundary 
condition,  an  integral  equation  for  the  source 
density  was  obtained.  This  was  solved 
numerically  and  they  presented  some  sample 
results  for  flow  about  hydrofoils,  including 
ones  with  slotted  flaps.  The  relative  Impor¬ 
tance  of  the  exact  body  boundary  condition 
versus  the  exact  free-surface  condition  was 
examined  by  Tuck  (1965)  and  Salvesen  (1969) . 

Both  noted  the  Importance  of  nonlinearities 
associated  with  the  free-surface  condition  vhen 
the  conventional  Froude  number  is  large.  But, 
for  Froude  numbers  associated  with  the  operation 
speeds  of  most  surface  vessels,  the  exact  satis¬ 
faction  of  the  body  condition  appears  important 
(fiadd,  1976). 

Recently,  a  number  of  numerical  methods, 
successfully  applied  In  other  branches  of 
applied  science,  are  being  employed  to  solve 
free-surface  flow  problems , with  the  aim  of 
tackling  the  fully  nonlinear  free-surface 
condition.  The  numerical  analysts  were  faced 
with  two  obstacles,  one  being  that  the  ftuid 
domain  la  infinite,  the  other  being  the 
difficulty  of  implementing  the  steady-state 
radiation  condition  numerically.  Most  workers 
circumvent  the  necessity  of  applying  a  radia¬ 
tion  condition  by  using  an  initial-value 
formulation;  see,  for  example,  Chan  & 

Stuhmlller  (1976)  and  Uaussllng  and  Van 
Eseltine  (1976).  However,  If  only  the  steady- 
state  results  are  desired,  such  a  formulation 
is  computationally  lengthy.  In  addition,  the 
final  steady-state  results  may  suffer  from 
the  problem  of  error  accumulation  and 
numerical  instability.  Horeover,  unless  a 
proper  flow-through  condition  Is  applied  at 
the  truncation  boundaries,  the  fluid  region 
used  in  the  calculations  will  have  to  be 
enlarged  aa  time  progresses.  Ha  1  and  Yeung 
(1974),  in  developing  a  finite-element  varia¬ 
tional  formulation  as  well  as  a  new  Integral- 
equation  technique  for  the  time-harmonic  zero 
forward-speed  problems.  Introduced  the  concept 
of  solution  matching  at  an  arbitrary  "radia¬ 
tion"  boundary  (see  also  Chen  and  Mel,  1974). 
But  the  extenelon  o!  such  a  technique  using  a 
finite-element  formulation  from  time-harmonic 
type  flows  to  the  tree  of  steady  forward 


motion  was  found  to  be  nontrivial.  Mei  and 
Chen  (1976)  considered  the  forvard-motion 
problem  as  the  sum  of  two  fictitious  problems 
that  were  complex  in  time:  a  radiation  and  a 
scattering  problem,  each  of  which  can  be 
solved  by  their  earlier  hybrid-element 
variational  method.  The  two  solutions  were 
then  combined  in  Buch  a  way  that  the  upstream 
waves  cancelled.  On  the  contrary,  Bai  (1975), 
who  also  used  finite- element  techniques  .found 
it  necessary  to  use  a  Galerkin*s  type  formu¬ 
lation  with  a  rather  unusual  choice  of  trial- 
function  and  test-function  spaces  before  he 
could  obtain  a  unique  solution  satisfying  the 
radiation  condition. 

In  this  work,  the  hybrid  integral- 
equation  technique  investigated  previously  by 
the  first  author  (Yeung,  1975)  for  time-har¬ 
monic  problems  is  extended  to  tackle  the 
steady-state  forward-speed  problem.  Most 
interestingly,  the  extension  turned  out  to  be 
rather  straightforward:  the  radiation  condi¬ 
tion  can  be  satisfied  explicitly  simply  by 
omitting  wave  functions  on  the  upstream  outer 
region.  Further,  the  problem  can  be  solved 
in  the  real  domain  without  resorting  to  any 
complex-time  formulation.  The  method  is 
thoroughly  tested  in  this  paper.  Tts  poten¬ 
tial  is  obvious.  The  remarkably  simple 
formulation  can  provide  a  rational  mathemati¬ 
cal  basis  for  solving  the  more  practical 
three-dimensional  Neumann-Kelvin  ship-wave 
problem. 


motion  and  ■fjinc^LO.'n.T  wit:.  • 

disturbed  ?  su’-rcce.  Let  (x,y,t)  be 
the  distun  p~  —  ti  ~  ’  at  ~  t  due  * 

the  motion  f  ay;  ' 
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for  (x.y 
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ir  th>  flu  it.  Thv  cinematic 

idl-  .  :e  -ati-  ted  on  the  body 
eiu 


(2.7) 


when  •  U  '°ed  <  the  body  and  n  a 

unit  rtxten  *ic  to  -te  fluid.  The  bottom 
condition  »  *«  sc* ’site*  is 


*—•  -  0  .  (2.3) 

1  y*-h 


In  this  m  ■;  coordinate  system,  the  linear¬ 
ized  fre*-  race  condition  tak's  the  following 

form: 

Vt  +  +  (2'4) 


2.  THE  BOUNDARY-VALUE  PROBLEM 

Consider  a  two-dimensional  body  under¬ 
going  uniform  translation  in  a  fluid  of  depth 
h  .  As  shown  in  Figure  1,  the  body 
coordinate  system  Oxy  is  chosen  with  the 
x-axis  pointing  opposite  to  the  direction  of 


where  g  Is  tb<  onstant  of  gravitational 
acceleration.  Kquation  (2.4)  is  valid  for  the 
general  case  when  the  motion  is  unsteady.  If 
the  body  undergoes  only  steady  translational 
motion  parallel  to  the  bottom,  then  (2.4) 
reduces  to 


Figure  l.  Coordinate  Systems  and  Notations 
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Kdt  (x,o)  +  $  ■  0, 
xx  y 


(2.5) 


For  such  a  case  of  steady  flow,  the 
radiation  condition  may  be  stated  mathe¬ 
matically  as 


♦  (x,y) 


fc-  +  o(  l) 
ic+  +  W(x,y) 


as  x  +  -  “ 


as  x  +  00 


(2.6) 


where  W(x,y)  corresponds  to  a  standing  wave 
pattern.  C*  are  constants  associated  with 
the  upalfcuM  and  downstream  ends.  It  is 
worthwhile  to  point  out  that  either  C“  , 
or  C+  ,  or  <{>  at  any  one  point  in  the  fluid 
can  be  specified  arbitrarily,  for  the 
boundary  value  problem  (2.1)  to  (2.3),  (2.5), 
and  (2.6)  can  only  be  determined  uniquely  to 
an  arbitrary  constant. 


where  a  is  an  arc-length  parameter  along  the 
body.  This  ensures  the  vanishing  of  loading 
In  the  neighborhood  of  the  trailing  edge  (Hess, 
1975).  If  the  body  does  not  have  a  sharp 
trailing  edge,  the  potential  Is  continuous 
everywhere  in  the  fluid,  in  which  case  the  cut 
SK  is  obviously  unnecessary. 

The  physical  quantities  that  are  of  In¬ 
terest  In  the  steady-state  problem  are  the 
Cree-surfacc  elevation  f)(x)  ,  wave-resin tance 
,  and  lift  force  L  .  By  the  use  of 
leraoulli's  equation,  these  can  be  written 
(n  terms  of  the  potential  as 


nOO-  -  ^  *  (x.o)  (2.10) 

8  * 


S 

o 


(2.11) 


(2.12) 


The  mathematical  formulation  is  now 
complete.  However,  to  facilitate  the  process 
of  seeking  a  numerical  solution,  it  is  con¬ 
venient  to  Introduce  two  artificial  vertical 
boundaries,  1+  and  E”  .  These  will  be 
called  the  radiation  boundaries.  They 
separate  the  inner  region  enclosing  the  body 
from  two  outer  regions  on  the  upstream  and 
downstream  sides.  Furthermore,  keeping  in 
mind  that  if  there  is  a  net  circulation 
around  the  body,  the  potential  will  be  dis¬ 
continuous  in  the  fluid,  we  introduce  a 
Riemann  type  cut  SK  joining  the  trailing 
edge  of  the  body  to,  say,  the  bottom.  Across 
this  cut  wa  note  that 


(2.7) 


(2.8) 


where  T  is  the  circulation  of  the  body  and 
S*  denotes  the  two  boundary  contoure 
surrounding  the  cut.  The  introduction  of 
circulation  into  the  problem  requires  an 
additional  condition  to  render  the  problem 
unique.  A  Kutta  condition  to  be  applied  at 
the  trailing  edge  ta  plausible.  This  may 
be  atated  oa 

3  (U*H)  I  3  (U*+4),  I 

T,  <2-9> 


where  Cp  is  the  dynamic  pressure  coefficient. 
Note  that  L  as  defined  ’nea  not  include  me 
hydrostatic  force. 

3.  THE  HYBRID  INTEGRAL-EQUATION  TECHNIQUE 

The  term  hybrid  integral-equation  la  used 
to  designate  the  numerical  formulation  des¬ 
cribed  below,  applications  of  which  ware 
initially  made  to  time-harmonic  free-surface 
flow  problems  (Yeung,  1975,  see  also  Yeung, 
1973).  The  present  approach  tep»*eenta, 
perhaps,  a  straightforward  conceptual  extension 
of  the  previous  technique.  !n  comparison  tU 
the  traditional  integral-equation  techni-  of 
using  the  Creen  function  of  the  problem 
(Wehausen  and  laltone,  I960,  §  13)  our  hybrid 
method  is  unique  in  two  senses.  First, 
formulating  the  integral  equation  wN  the 
simple  source  function  for  an  Infinite  fluid, 
log  1/r,  is  used;  second,  the  or  IftlnaUr 
external  boundary-value  problem  la  solved  «« 
an  interior  problem,  but  with  an  appropriate 
matching  of  the  solution  between  the  Inner 
region  and  the  out  cm  legions. 

3.1  Rcp\ seentet lone  of  the  Solution 

In  the  inner  region  where  all  geon>«i.'  •;»* 
compl 1  ration#  occur  ,  the  velocity  potential 
♦  will  be  dearrthed  by  btaou'e  Theorem. 

First,  let  us  recall  that  the  following 
Identity  holds  for  any  two  harmonic  funr  Motr¬ 
in  and  which  are  continuous  lit  a  region 

bounded  by  1  he  contour  s» 

f,  (♦.  &  -  <3-r 
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where  ds  denotes  an  Infinites  Inal  arc-length 
element  along  the  boundary.  We  now  choose 
4i  to  be  the  unknown  potential  $  ,  and  ^2 

to  be  log  r  ,  where  r  is  the  distance  be¬ 
tween  a  boundary  point  Q  and  a  field  point 
P  ,  vie.  r  ■  |pq|.  If  S  denotes  the  con¬ 
tour  enclosing  the  inner  region,  i.e.t 
SoUSpUSBuSKi;r\)r-  ,  (3.1)  becoaes 

2*4  (P)  -  |  $  -g^-log  r  ds  -  j  <^nlog  r  ds  (3.2) 
S  S 


where 


log(rr')  +  k  ♦xxl°g(rr,)j  da 


+  J  log(rr*)  +  <frnlog(rr*)J  ds 

i-hTf- 


+  log(rr')  ds  +  T 

S 

o 


{It  l0*(rr,) 

C+ 


ds 


3  (3  3 

^  “  n  ‘  ft  • 


with  (£,n)  being  the  variables  of  inte¬ 
gration  along  S  .  Now,  by  substituting 
the  conditions  (2.2),  (2.3),  (2.5),  (2.7), 
and  (2.8)  into  (3.2),  we  obtain 


2ir$(P)»j  ftj)  log  r  +  *$xxlog  rl  ds 


+  J  J*  log  r  -  *n  log  rj  ds 

z*vr 


log  r  ds  + 


log  r  ds 


log(rr*)d8  , 


P  G  S  (3. A) 


which  can  be  regarded  as  an  integro-differentlal 
equation  for  <f>  on  Sc  and  S  .  $  and  its 

normal  derivative  on  ,  however,  should  be 

matched  with  the  outer  representations,  to 
which  we  now  turn  our  attention. 

In  the  outer  regions,  which  consist  of 
only  vertical  and  horizontal  boundaries,  the 
solution  ,  on  the  downstream  side,  and 
,  on  the  upstream  side,  can  be  written 
simply  in  terms  of  eigen  expansions.  By  intro¬ 
ducing  the  act  of  eigen  functions  which  satisfy 
(2.1),  (2.3),  and  (2.5),  as  well  as  (2.6) 
asymptotically,  we  can  write: 

♦‘(x.y)  -  Co4  +  H  (x})  H(l-Fh)  X 


' 


log  r  + 


U(  ", 


log  r  ds 


(3.3) 


(A  cos  m  x  +  B  sin  a  x) 

i)  o 


cosh  mfi(y+h) 

cosh  m  h 
o 


With  the  exception  of  the  radiation  boundaries, 
we  observe  that  $  is  the  only  unknown 
;uantity  along  each  boundary.  If  we  are  not 
studying  a  flow  about  an  undulating  bottom, 
tn,  Integral  along  S»  can  be  eliminated  by 
reflect  ton  about  the  line  y  •  -h  .  Other- 
-•fse  4  on  5g  should  be  treated  as  unknown 
like  •».>•  other  boundaries.  Proceeding  along 
with  the  eat  mption  that  the  bottom  la  flat, 
v*  construct  an  Image  system  below  the  bottom 
by  a.' fining 


+  l  C^e^Sc* cos  m^y+h) 
k-1 


for  x  <  x1  (3.5) 


where  K  is  the  heevyslde  function  and  P^  la 
the  depth-Froude  number  .  The  eigen¬ 
values  *0  ,  lm^  ,  k-1,  2,  •••  are  roota 

of  the  transcendental  equation: 


»  g  r'-logi*^-*!-  log/( x-CV7 +7v*2M-n)T 


•cm  -  tanh  mh 


(3.6) 


e  Q*  la  an  Image  »mint  about  the  line 
y--h  .  -reby,  If  P  ;•  a  poi-r  on  S  , 
O.i}  reduces  to 


where  m  represents  either  or  lmy  with 

!*•  -1.  The  valuea  of  the  coefflolente  A,B, 
and  Cl  ,  k-0,1,2,  •••  ,  are  unknown  and  have 
to  be  determined  from  Che  Inner  region  via 
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matching.  The  matching  of  $  and  ^  at  E* 
and  £“  is  now  accomplished  by  substituting 
(3.5)  into  the  second  integral  of  (3.4),  This 
ensures  the  continuity  of  the  normal  and  tan¬ 
gential  velocities  at  the  juncture  boundaries. 
The  final  result  is  given  by  the  following 
integral  identity: 


~tt0 (P )  +  log(rr')  +  K»ju(log(rr’)J  ds 


+  tog(rr')  ds  4-  r  log(rr')  ds 

S„ 

+  Co+|^  -c;f|s  ^°g(rr'>  ds 


E+ 


+  A  jj 

F  cos  m  X  +  G  sin  m  x 
,  o  o  o  o  J 

+  B[ 

F  sin  m  x  -  f!  cos  m  x 
.  o  o  o  o  J 

o> 

+  1  < 
k-l 

(Fk +  CV  +  ai( 

"Fi  +  ®fc> 

-  -U 

|  n^  log(rr')  ds, 

PCS 

S 
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where  the  Integrals  FQ,  CQ  , 
defined  by 

Kk  .  Ck  . 
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cosh  m  (ryfh) 
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cosh  m^n 
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3T  luK  rr 

<:o(x-f.\y> 

-It 

m(,  log  rr* 
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•0 
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X 

»1 

dn  cos  m^(rtfh) 

-h 

\  log  n’ 

(3.V) 

t 

For  vonven fence,  the  coefficients  ('£  e^*V  * 
have  been  replaced  by  above.  Equation 
(3.7)  la  the  foundation  of  the  present 
moMir leal  procedure  for  the  aolutlon  of  the 
problem.  That  there  are  more  unknowns  on  the 


downstream  region  than  the  upstream  side  is 
immaterial  in  our  formulation.  This  is 
because  (3.7)  is  an  identity  valid  everywhere 
on  S  .  We  note  that  if  P  is  located  on 
E±  ,  the  first  term  of  (3.7)  should  be  re¬ 
placed  by  the  series  defined  by  (3.5)  with  x 
evaluated  at  x±  .  It  is  of  some  interest 
to  note  that  the  integrals  (3.8)  and  (3.9) 
ara  completely  identical  to  those  studied  In 
the  timc-hnrmonic  problem  (Yeung,  1975)  with 
the  trivial  exception  that  the  mfc's  are 
given  by  a  different  equation.  To  avoid  per¬ 
forming  numerical  integration  of  an  oscillatory 
function,  a  closed  form  solution  of  (3.9)  has 
been  derived.  The  details  and  results  are 
given  in  Appendix  A. 

3.2  Discretization  of  Integral  Equation 

Discretization  techniques  of  various 
degrees  of  sophistication  may  he  used  to 
solve  (3.7).  In  the  previous  work  associated 
with  time-harmonic  problems,  a  step  discretiza¬ 
tion  along  the  free  surface  and  the  body 
boundaries  (a9  well  as  the  fluid  bottom,  if 
it  was  not  flat)  was  used.  Since  the  free- 
ourface  boundary  condition  now  contains 
tangential  derivatives  of  a  second  order,  the 
discretization  function  for  $  should  be  at 
least  a  parabola.  For  the  representation  of 
<J>  on  Sp  ,  we  chose  to  use  spline  functions, 
which  have  the  desirable  property  that  the 
approximating  functions  possess  continuous 
second  derivatives  everywhere  along  the  entire 
range  of  discretization.  Let  (Cj.Cz.  ***,Ch) 
be  a  set  of  grid  points  in  [x“,  x+]  .  The 

potential  on  the  free  surface  <fr(x,o)  can 
therefore  be  written  as 


*(x,o>-£  P,(x)^  +  q  <x)  +q„ 

J-l  1  1  1  1 


where 


*?\  *  * 

($F)-  ♦'(x‘,o)  , 

i 

(♦*)'-  ♦'(*♦,<>)  .  O  U) 


with  the  prime  denote*  differentiation  with 
respect  to  x  .  The  quantities  ,  J"1.2, 
..N,  (♦1V,  and  (tf)'  are  of  course  unknown. 
However!  the  apllne  function#  p«(x),  q,  and 
depenJ  only  on  the  value*  of  the  gi id 
points.  They  aatlafy  the  condition* 


QjOt.y) 


(3.15) 


Pj(Xi) 


n ’ V  •  )“ 


.,0 


1=1 


-0  l  <nx)jpj(x>’,) 
J-l 


q  (x .  )“0  ,  V  :  q  '•'h''re 

ll 

for  i«  ***  o 

«WJ+i> 

%<xi)-0  •  V  "  (*.y.Sj.<y£°+1.n°+1) 

(3.16) 

1.. TO.  (£?  ,  nS)  .  3-1,  2,  — .  N°  denotes 

1.. ,-  sot  of  points  defining  S  .  With  the 
hr'p  Of  (3.13)  and  (3.15),  (3.  7 )  can  now  be 
ev  nro;  -,ed  in  terms  of  a  finite  number  of  un- 
kr  ns  follows: 

■  i!f(x.)(*F) 
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where  a.-  the  Ki<  tecker  * « * » 1 1 ••  ieiw"n 

two  consecutive  '»rid  ints,  lie  • 
and  q’s  are  mere Lv  cui  ’in**  f.  •**  t- 
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(3. 14) 


N° 

<»,  *J  +  r  Q(*.y*  ^.e.-Ve.-**-*10 

*  '*  Q(x,y,x+,~h)  +  <f  Q(x,y;x',o,x-,-h) 


i  A (F  CO?,  m  x  +  G  sin  m  x) 
o  o  o  o 

*B(Fslnrox-G  cos  m  x) 
o  o  o  o 


The  Integrals  of  (3.14)  nrr  elementary.  The 
resulting  expressions  can  be  evaluated 
numerically  very  expediently. 

On  the  boundary  S  ,  which  will  be 
represented  bv  straight- line  segments  a$  \n 
Yeung  (1975),  *  scheme  involving  mid-point 
discretisation  of  <>  le  ueed.  This  enables 
us  to  write  th  third  Integral  of  (3.7)  and 
the  right-hand  side  (3.7)  respectively  as 


N° 

«•  -l1  J  (n^)^  •  f°r  any  F  €  So 
1-1 

0.17) 

Mere,  the  number  of  terms  used  In  the  eiqen 
expansions  are  denoted  by  N“  and  N*  ,  for 
the  upstream  and  thjwnstream  outer  regions 
respectively.  The  Integral  n  above  la  that 
defined  by  (3. 16) . 


1« 


At  this  point,  we  inspect  how  the  un¬ 
knowns  are  distributed  along  the  boundary. 
They  are  Hated  as  follows: 


Number  of  Unknowns 


E+: 

Z“: 


S  : 


K 


1 


We  i.ow  examine  the  n:unber  of  equations 
available.  On  SQ  ,  the  midpoint  of 
each  segment  provides  on*,  equation. 

On  Sp  ,  we  should  apply  (3.17)  only  to  the 
interior  grid  points,  i.e.,  N-2  of  them.  This 
is  because  tangential  derivatives  of  , 
which  occur  on  SK  ,  are  not  defined  in 
Green' 8  Theorem  at  the  Intersection  of 
Spr»E+  and  Spr»£“  .  Hence,  (3.17)  Is  not 
a  valid  relation  at  these  corner  points.  In 
view  of  the  fact  that  we  are  treating  the 
potential  on  the  free  surface  and  that  on 
the  radiation  boundaries  at  thes«  corners 
as  separate  unknowns,  the  proper  conditions 
should  Instead  be: 


d  w  1  x 

JJn  ♦<*  .<>>■ 


£ 

dxn 


(x* ,o) 


for  n-0,1,2 


o  -  grid  point 

*  -field  point 

♦  -etching  conditions 

Figure  2.  Schematic  Showing  Grid  Systems 
And  Conditions 


equations.  The  resulting  system  then  has  a 
unique  solution. 

Two  relations  useful  for  checking  the  con¬ 
sistency  of  the  numerical  results  sre  given 
below.  The  first  is  well  known  and  can  be 
derived  from  energy  conservation 


R 


W\» 

~4 


1- 


-JL%£ _ 

sinh  2m  h 
o 


(3.19) 


(3.18) 


where  $  on  t^e  left-hand  side  is  given  by 
(3.10)  and  $  are  the  outer  representations 
(3.5).  These  equalities  ensure  the  continuity 
of  the  solution  up  to  the  second  derivatives 
on  the  free  surface.  The  unknowns  on  E*  and 
can  be  determined  by  applying  (3.17)  at 
(WN-l)  and  (N~+l)  points  on  r+  and  E~ 
respectively.  The  exact  locations  of  theee 
points  are  lnalgnif leant  since  Equation  (3.7) 
is  sn  Identity.  Finally,  the  Kutta  condition 
(2.9)  provides  the  additional  equation  for 
determining  T  Thus,  all  In  all,  the 
numoer  of  unknowns  and  conditions  are  equal. 

The  applications  cf  the  conditions  (3.17), 
(3.18)  and  (3.19)  are  Illustrated  symbolically 
in  Plgure  2. 

We  note  In  passing  that  one  of  the  equa¬ 
tions  obtained  by  applying  (3.17)  In  the 
manner  described  above  wilt  be  redundant.  This 
does  not  aetai  ao  surprising  If  we  recall  that 
tha  boundary -value  problem  stated  In  S  2  can 
only  ba  determined  up  to  an  arbitrary  constant. 
Interestingly  enough,  the  redundancy  ie  of  an 
illicit  type  for  no  one  particular  field 
point  la  more  preferable  than  the  others. 
However,  thle  redundancy  can  he  eaelly  removed 
by  aeelgning  an  arbitrary  non-tero  value  to 

C  -  (or  C  +)  during  the  reduction  etege  of  the 
o  o 


♦/here  nc  ie  the  wave  amplitude.  The  aecond 
relates  the  Jump  in  the  potential  at  both 
infinities,  C+  -C^  ,  to  the  body  potential. 

This  relation  was  previously  considered  by 
Newman  (1976).  A  new  derivation,  which  makes 
uie  of  the  asymptotic  behavior  of  the  outer 
solutions  only,  is  given  in  Appendix  B.  The 
Identity  given  below  also  accounts  for  the 
presence  of  circulation  in  the  problem: 


C*-C~  if  +  r<yTE+h>] / h(l-r’) 


(3. 20) 


In  (3.20),  the  first  integral  on  the  right 
represents  merely  the  aum  of  area  enclosed  in 
the  body  end  that  protruded  on  the  bottom. 

4.  RESULTS  AND  DISCUSSION 


A  number  of  testa  have  been  conducted  to 
verify  the  results  of  our  numerical  method. 

We  will  first  show  that  tha  real  formulation 
described  In  this  paper  yields  che  tame  results 
as  those  obtained  by  superposing  two  fictitious 
time-harmonic  problems,  a  procedure  uaed 
previously  by  Mel  and  Phan  (1976). 
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surging  motion  of  the  body,  R  as  the 
reflection  coefficient  and  T  the  transmission 
coefficient  due  to  an  incident  wave  from  ‘■he 
downstream  side.  Thus,  in  contrast  to  the 
asymptotic  behavior  described  by  (2.6)  for 
the  real  formulation,  these  time-harmonic 
problems  possess  a  certain  amount  of  mathe¬ 
matical  symmetry  on  the  upstream  and  downstream 
ends.  They  are  ammenable  to  the  solution 
technique  described  by  Yeung  (1975)  which  was 
well  validated.  The  solution  for  the  original 
steady-state  problem  can  next  be  obtained  by 
the  relation 
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which  satisfies  the  radiation  condition  (2.6) 
by  construction.  The  calculations  involved 
in  this  approach  are  considerably  lengthier 
than  the  real  formulation  described  earlier 
in  §  3,  but  the  procedure  was  nevertheless 
programmed  to  provide  a  consistency  check  of 
our  results.  Table  1  compiles  the  solutions 
of  a  uniform  suhcritical  flow  about  a  cir¬ 
cular  cylinder  with  its  center  submerged  at 
two  times  its  radius.  Results  for  both  the 
teal  and  complex  formulations  are  shown  side 
by  side  for  the  purpose  of  comparison.  Within 
the  accuracy  of  a  6  oiRnif icunt-f igure  machine 
(IBM-360),  It  is  clear  that  the  two  sets  of 
numbers  are  practically  identical.  This 
provides  the  evidence  that  the  integral- 
equation  technique  discussed  in  this  paper  can 
be  used  to  solve  the  steady-state  problem  in 
the  real  domain  without  resorting  to  the  more 
complicated  and  expensive  complex-time  formu¬ 
lation. 
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Next,  a  uniqueness  check  on  the  co¬ 
efficients  of  the  eigen  expansion  was  conducted 
in  the  following  fashion.  The  problem  of  the 
flow  about  a  circular  cylinder  Is  solved  thrice 
with  three  different  locations  of  the  radiation 
boundaries,  E  +  and  £  “  .  A  correct  formula¬ 
tion  should  yield  the  same  solution  regardless 
of  the  location  of  these  boundaries.  Table  2 
Is  a  collection  of  the  numerical  .'vaults 
obtained  by  using  the  formulation  in  5  3  for 
x-  /a  -  12,  tA,  *8,  where  a  tii  the  radius 

of  the  cylinder.  Note  the  excellent  agreement 
of  the  predicted  free- surface  elevation 
n(x)/d  among  all  3  ruses.  The  coefficients  of 
the  eigen  expansion  are  also  quite  consistent, 
although  the  accuracy  of  the  higher-order  co¬ 
efficients  In  the  expansion  tend  to  deter  lor  late 
as  x*  or  x“  becomes  large.  In  view  of 
the  fact  that  the  solution  in  the  outer  region 
Is  always  dominated  by  the  firNt  few  terms, 
due  to  the  exponential  decaying  factor  in 
front  of  Cu  in  (3.5),  such  inaccuracies 
have  little  overall  effect  on  the  solution. 

In  Figure  3a,  the  velocity  potential 
and  the  free-surface  elevation  correspond  to 
a  subcrltlcal  flow  about  a  circle  submerged 
at  two  tines  Us  radius  are  plotted.  At  this 
particular  speed,  even  though  the  depth/wave¬ 
length  ratio  is  0.995,  the  effect  of  the  bottom 
la  not  entirely  negligible.  The  computed 


TabU  2. 

Solution  of  Flow  about  Circular  Cylinder 
for  Different  Values  of  £"*  and  E“ 


resistance  and  lift  coefficients  are  In  very 
good  agreement  with  the  results  of  Mel  and 
Chen  (1976).  Comparing  with  Havelock’s  (1936) 
infinite-depth  results,  one  may  notice  that  the 
fluid  bottom  has  a  stronger  influence  on  the 
wave  resistance  than  the  lift  for  this  par¬ 
ticular  configuration.  The  wave  pattern  for 
it  supercritical  case  of  the  same  configuration 
is  shown  in  Figure  3b  in  which  one  notices 
that  only  r  local  disturbance  exists.  Once 
again,  the  lift  force  la  in  good  agreement 
with  Mel  and  Chen  (1976).  In  checking  our 
computed  results,  It  was  noticed  that  Bat's 
(1975)  published  results  for  the  vertical 
force  coefficient  was  in  error  while  his 
resistance  coefficient  was  in  apparent  agree¬ 
ment  with  the  present  authors  and  Mel  and  Chen. 

In  Figure  Art  sod  Ah,  we  display  the 
results  of  Cg  and  versus  for 

ellipse*  of  varlour  length  ratios  of  minor 
to  major  axes.  The  center  of  the  ellipse  is 
located  at  one  body  length  below  the  free 


surface  with  the  major  axis  tilted  10°  upwards 
from  the  horizontal.  These  results  assume  the 
absence  of  circulation  in  the  flow.  From  the 
figures  one  notes  the  rapid  decrease  in  wave 
resistance  as  the  body  thickness  is  reduced. 
Another  interesting  feature  is  that  while  the 
horizontal  force  increases  monotonically  as 
the  speed  increases,  the  vertical  force 
reverses  its  sign  at  Fh  approximately  0.6. 

The  discontinuity  of  the  linearized  solution 
at  the  critical  Froude  number  is  well  known. 
This  can  be  remedied  only  by  considering  a 
non-linear  solution  of  the  problem. 

For  a  body  with  circulation,  our  fortiiu- 
latlon  was  tested  by  calculating  the  flow 
about  a  NACA  4412  hydrofoil  submerged  at  one 
chord  length  from  the  undisturbed  free 
surface.  Figure  5  shows  the  pressure  co¬ 
efficient  on  both  surfaces  of  the  airfoil. 

Only  34  segments  were  used  to  represent  the 
foil  geometry.  The  Kutta  condition  (2.9) 
was  handled  by  a  three-point  finite-difference 
scheme  ani  was  evaluated  at  the  field  points 
adjacent,  to  the  trailing  edge.  The  results 
are  la  good  agreement  with  those  of  Giesing 
and  Smith  (1967),  particularly  in  view  of  the 
sensitivity  of  the  solution  to  a  precise  treat¬ 
ment  of  the  Kutta  condition  (see  Hess,  1975). 
Figure  6  shows  the  wave  profiles  generated  by 
such  a  hydrofoil  translating  in  water  of  depth 
equal  to  four  times  the  chord  length.  It  is 
interesting  to  note  that  the  initial 
depression  of  the  free  surface  moves  further 
upstream  as  the  speed  decreases  in  subcritical 
flow.  In  the  supercritical  case,  the  dis¬ 
turbance  generated  by  the  body  is  felt  at  a 
much  larger  distance  upstream.  Figure  7  showt; 
the  hydrodynamic  lift  and  drag  coefficient  of 
the  same  hydrofoil  versus  the  depth  Froude 


number.  When  nendimensionalized  In  the  con¬ 
ventional  manner,  both  lift  and  drag  co¬ 
efficients  are  observed  to  have  turning 
points  In  the  subcritical  range.  For  most  of 
the  range  of  the  Froude  number,  the  lift 
coefficient  is  considerably  lower  than  the 
infinite-fluid  value  of  1.08  . 

5.  CONCLUSION 

In  this  paper,  a  novel  integral-equation 
method  of  solving  the  steady-state  shio-wave 
problem  with  the  linearized  free-surface  and 
exact-body  condition  is  presented.  The  method 
is  tested  for  lifting-  and  non-lifting  flows 
about  a  number  of  two  dimensional  bodies. 
Numerical  results  obtained  using  our  method 
agree  very  well  with  existing  calculations. 

The  formulation  Incorporates  a  rational,  yet 
remarkably  simple,  treatment  of  the  radiation 
condition.  The  current  investigation  shall 
provide  a  sound  mathematical  basis  for 
tackling  the  more  practical  three-dimensional 
problem.  Such  an  extension  Is  conceptually 
straightforward.  The  source  function  will 
be  the  simple  three-dimensional  Rankine  source, 
l/R.  The  contour  integrals  will  now  be 
replaced  by  surface  integrals.  Extensions 
using  similar  techniques  have  already  been 
carried  out  successfully  for  the  time-har¬ 
monic  problems  (Yeung,  1973).  The  present 
mathematical  formulation  should  provide 
additional  insight  into  the  understanding  of 
the  Neumann-Kelvin  ship-wave  problem.  Since 
our  approach  does  not  utilize  the  traditional 
Havelock  sourc.  unction,  it  will  allow  us 
to  bypass  the  controversial  issue  of  what 
the  rational  treatment  of  the  "line  Integral" 
(sec  Brard,  1972)  around  the  ship  hull  is. 
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Figure  5.  Pressure  Distribute  loo  on  a  NACA-4412  Hydrofoil  at  5*  Angle  of  Attack 
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Figur®  6.  Wave  Profiles  of  a  NACA-44i2  Hydrofoil  at  5*  Angle 
of  Attack  at  Various  Froudc  Nuabers 


Figure  7.  Life  and  Wav-  nr«g  of  a  HACA-4412  Hydrofoil  ar  S*  Angle 
*1  •*  *  V»r*u»  Depth-Froude  Nuaber 
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APPENDIX  A 

The 

Integrals  b\ 

and  Gy 

Consider 

the  Integrals 

F  and  Cm 

defined 

by 

f(x-t,y)  " 

dn  cos  m(rtfh)' 

f  -9  1 

35  lo*  r 

■  (A .  1 ) 

>T(x-t,y) 

m  log  r 

-h 


We  will  show  that  they  can  be  written  in  terms 
of  exponential  integrals.  The  derivation  to 
follow  is  considerably  simpler  if  we  introduce 
the  following  complex  variables: 


which  follows  from  the  fact  that  the  derivative 
of  any  analytic  function  is  independent  oi  tut 
direction  oe  approach.  Now  to  evaluate  W(z), 
an  integration  by  parts  yields 

W(z)  -  -i  |sinli ( itnh) ’ or  z  +  |  dr| 

m? 

-  /  u \  i  1  *(r+ih)  f  e-u  , 

*  sin(mh)  log  z  +  -j  e  I  — — -  du 

m(z+ih) 

,-mz  — 11 

i  -»v«+ih)  f  e_ (A. 4) 

"  2  J  u 

-m(z+ih) 


z  «  a  +  ly,  a  ■  x  -  £ 

C  -  p  +  in. 


where  for  practical  purposes  one  only  has  to 
consider  the  case  (x-C)<0  since  C,  remains 
the  same  while  F  differs  only  by  a  sign  for 
the  opposite  case.  In  the  complex  plane  t ; ( z ) 
is  given  by: 


G(«,y)  “ 


dr,  cosh  m(  +ih)  m  log(*-r.) 


C 

o 


The  paths  of  the  integrals  of  (A. A)  in  the  u- 
plane  are  shown  in  Fig.  A. 2. 


m(z+ih) 

,  7m(u) 

-mz 

m: 

-m(z+ih) 

:  Hr  W(z)  tA.2) 


where  the  contour  of  integration  ’0  is  a 
vertical  line  from  --ih  to  r,  *0  as  .hown 
in  Fig.  A. I . 


Fig.  A. 2 

Both  integrals  can  he  replaced  by  a  pair  of 
Integrals  extending  from  the  end  points  to 
2-t+oo  .  Exploiting  the  definition  of  the  ex¬ 
ponential  Integral  Ej  (z) 


*  if. 


F.i(z)  •  f  “t” 

1  7. 


dt  ,  |arg  z|<t»  (A .  ■>) 


where  the  Rienann  cut  i«  along  the  negative  real 
axis,  we  obtain  for  (A. 4),  after  accounting  for 
the  pole  at  u-0  for  the  first  integral,  the 
following  expression: 


W(i)  •  sin (ah) log  i 


Fig.  A . 1 

it  W(x)  were  known,  the  evaluation  of 
V  w»sild  l*e  straight  forward  since 

F(«. y)  -’l  AV|i-  U(r)|  ,  (A.l) 


♦  |v"^r'4ih'l-E,  («r)  ♦  E,(a(x+th))  -  2*1 
l^afir+ih) |_Fi(.R2)  *  E|(-«(i*ih))|  . 

(A. 6) 
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Whence, 


image  terns  corresponds  to  a  choice  of 


G(a,y)  -sin (nh) log  (a2+y2)  -n  cos  m(y+h)  e®0 

+  \  Tm  |e”<rl'lh)1rE1(iiiz)  -Ej  (m(z+ih))  ] 
.e-m(2+ih)(Ei(_mz)  _Ei(.m(r4.lh)),| 

(A.  7) 

Next  foi  F(a,  y),  we  recall  that  by  Leibnitz' 
rule 

~  t\  M  -  e*E,(z)  -  1/z  .  (A. 8) 


By  (A. 3)  and  (A. 6),  the  normal-derivative 
Integral  is  given  as  follows: 

f(a, y)  ■  -  wsign(a)  e  "^“'cos  m(y+h) 

+«-“'<z+ih>[El(-in(t+1h))  -Ei  (••■!)  l| 
(A.  9) 

Note  that  as  the  exponential-integral 

terms  vanish  in  pairs  because 

M**>  *  <*)  |*  (A. 10) 

and  (A. 9)  reduces  to  merely 

F(0  ,y)  -  -v  sign  (a)  cos  m(y+h)  ,  (A.  11) 

which  follows  naturally  from  the  physical 
interpretation  of  the  integral  as  the  normal 
velocity  of  a  source-dlstrlbut ion.  In  thia 
eaate  limit,  C(a,y)  can  be  written  as  the 
sine-  and  cosine-integrals: 

G(0,y)»  sin  <h)Jog|y| 

♦  sin  m(yfh)  (Cl(m(y+h))  -  Cl(-*y)) 

-  cos  m(y+h)  [Sl(m(y+h))  -  Sl(-B»y)] 

(A.12) 

where  Cl  and  SI  are  those  defined  in 
Ahramovitx  and  Stegun  (1964). 

For  the  Integrals  defined  by  (3.9) .which 
involves  log  rr  * ,  one  simply  observe*  that  the 


z  -  a  -  i(2h+y)  (A. 13) 


in  (A. 2)  and  (A. 3)  .  Thus,  the  poi.it  mz 

In  Figure  A. 2  is  always  above  the  real  axis, 
which  implies  that  the  contribution  from  the 
pole  at  u-o  (the  term  "2ir"  in  A. 6)  should  be 
discarded.  Equation  (A. 7)  without  the  second 
terra  and  Eouation  (A. 9)  without  the  first  term 
are  now  the  results,  with  z  defined  by  (A. 13) 
and  y  replaced  by  -(2h+y). 


APPENDIX  B 

Relation  Between  Blockage  Constant 
and  Body  Potential 

A  simple  relation  exists  between  the 
difference  in  upstream  and  downstream  poten¬ 
tial,  Cj  -Cq  ,  and  the  potential  on  the 
body.  This  can  be  obtained  rather  expediently 
by  applying  Green's  second  identity.  The 
derivation  below  does  not  appear  to  be  avail¬ 
able  in  the  literature. 

Let  us  consider  applying  (3.1)  to  the 
harmonic  functions  Ux+$  .  end  -  $ 

where  $  is  the  disturbance  potential.  This 
time,  we  rake  x*  to  be  sufficiently  large  so 
that 


*(x!.y)-C*  +  hh(,4),1„  (■  x  +  S) 

O  o  cosh  to  h 

o 

(0.1) 

where  a  is  a  constant  and  6  Is  a  phase 
angle.  By  the  free-surface  condition,  the 
integral  along  can  be  written  as 

ls  (*,2*  ■  ',!i£,)d'  ■  4v-°>'?  (®-j) 

Nov  by  making  use  of  (B. 1),  the  Integrals  over 
r*  and  Z~  can  be  carried  out  in  a  straight¬ 
forward  manner,  and  when  combined  with  (B.2), 
the  reault  la 

1  (*$'  -*>i!Hd*  -  mK  <*-3> 

sf  urui" 

Next,  we  note  that  because  of  tha  body  con¬ 
dition  (2.2), 

I  (♦,&'  -♦,$‘)d“  •  ■,<W 


where  (VV»)  la  the  sum  of  the  subaiargmd 
area  of  tha  body  mod  the  mat  protruded  area 
of  the  bottom.  F?  -tally,  by  tha  conditions 
(2.7)  and  (2.8)  across  tha  Klamaao  cut 
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(B.  5) 


f  f+j*’  -  -4„o° 

s<  s' 

where  yT  E  denotes  the  vertical  coordinate 
of  the  trailing  edge. 

If  ve  non  equate  the  sun  of  <B.3),  (B.4) 
and  (B.5)  to  zero,  the  following  slnple 
formula  results 


c:-Co-[“<VV-f  *  nxds  +  r'h+yT.E.'J  /h(1'F'h1 


(B.6) 


which  Is  actually  valid  even  for  supercritical 
(F^>1)  flow.  Recalling  that  the  flrat  two 
terns  represent  the  dipole  strength  associated 
with  the  hndv  and  the  hotton,  one  notes  that 
Nevman's(1976)  result.  Is  recovered  when  >0. 
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Abstract 

In  the  present  work  Green's  theorem  is 
applied  to  the  potential  and  to  a  fundamental 
solution  (wave  source)  satisfying  the 
conditions  at  the  free  surface,  at  the  bottom 
and  at  infinity,  but  not  necessarily  on  the 
body.  An  integral  equation  for  the  potential 
on  the  body  is  thus  obtained.  For  the  simplest 
choice  of  fundamental  solution  the  method 
breaks  down  at  a  discrete  infinite  set  of 
frequencies,  as  is  well  known.  When  the 
fundamental  solution  is  modified,  however,  a 
different  integral  equation  is  obtained  which 
is  found  not  to  break  down  at  any  frequency, 

A  theoretical  discussion  is  given,  and 
numerical  results  ere  presented  for  the  half- 
immersed  circle  and  the  half-inmersed  ellipse. 
If  only  the  virtual  mass  is  required  (rather 
than  the  distribution  of  pressure)  much  time 
can  be  saved  by  using  an  integral  equation  with 
the  transposed  kernel  and  a  simplified  right- 
hand  side.  The  numerical  results  are  in  good 
agreement  with  earlier  results  using  the  method 
of  multipoles  which  for  the  circle  is  better 
than  the  method  of  integral  equations  but  is 
not  readily  applicable  to  other  sections. 

1.  Introduction 


be  applied  to  the  numerical  solution  of  problems 
involving  the  half-immersed  circle  and  the 
half-inmersed  ellipse.  We  hope  to  publish  some 
of  the  theoretical  considerations  in  greater 
detail  elsewhere. 

2.  Formulation  of  the  problem 

A  smooth  cylinder  is  partially  inmersed  in 
a  fluid  with  its  axis  in  the  free  surface  (see 
Figure  1  below),  and  undergoes  a  periodic 
heaving  motion  with  prescribed  velocity 
U0  exp(-icrt),  where  o  is  the  radian  frequency  of 
the  oscillation.  Viscosity  and  surface  tension 
are  neglected;  thus  a  velocity  potential  exists. 
The  origin  of  rectangular  Cartesian  coordinates, 
in  the  mean  free  surface,  is  taken  at  the  mean 
position  of  the  axis  of  the  cylinder.  The  x- 
axis  is  horizontal  and  perpendicular  to  the 
axis  of  the  cylinder;  the  y-axis  is  vertical,  y 
increasing  with  depth.  Also  polar  coordinates 
(r,0)  are  defined  by  the  equations  x  -  r  sine, 
y  ■  r  corO.  Then  the  velocity  potential 
*(x,y,t)  -  ♦(x,y)expl-i<rt)  satisfies  Laplace's 
equation 

r  ♦  — ;•)  ♦Cx.y.t,  -  0  (2.1) 

'  Sx?  3y2/ 


In  earlier  numerical  work  on  the  circle 
we  expressed  the  potential  as  the  sum  of  a 
wave  source  and  multipoles,  which  are  simple 
but  specially  appropriate  only  for  the  circle. 
For  more  general  shape*  the  method  of  integral 
equations  may  be  useu.  In  our  work,  Creen's 
theorem  is  applied  to  the  potential  and  to  a 
fundamental  solution  (wave  source).  If  the 
fundamental  solution  satisfies  the  boundary 
conditions  at  the  free  surface,  at  the  bottom 
and  at  infinity,  but  not  necessarily  on  the 
body,  then  the  resulting  integral  equation  has 
a  complicated  kernel  but  involvea  only  the 
values  of  the  potential  on  the  body.  This 
formulation  has  the  advantage  that  the 
mathematical  theory  ia  well  understood  but  that 
the  solution  is  usually  associated  with 
resonance  difficulties.  There  is  however  much 
theoretical  work  (beginning  with  I'rsell  1953) 
./hich  shows  that  resonance  difficulties  can 
often  be  avoided  by  modifying  the  fundamental 
solution.  In  this  way  a  different  integral 
equation  can  be  obtained  for  the  saw  unknown 
function  Tn  the  present  work  this  »dra  will 


in  the  fluid.  The  linearized  boundary 
conditions  are 

■  0  on  the  free  surface 
yK),  x  <  Xj,  x  >  x2)  (2.2) 

where  K  ■  o2/g; 

|i(  x,y,t)  *  0  on  the  bottom  y-h;  (2.3) 

ft<x.y,t>  -  U#|Jt*p(-i  ot)  on  the  (2.4) 

submerged  part  3Dj  of  the  cylinder. 

Alao,  waves  at.  a  distance  from  the  cylinder 
travel  outwards:  thus  there  is  a  radiation 
condition 


* 


Fiqure  I. 

+  iK0j<Kx,y,t)  *  0  as  x  •*  i  ",  (2.5) 

where  k.  is  the  unique  real  positive  root  of 
the  equation 


- y  =  h 

The  Green's  function  G(x,y;£,n)  is  a 
potential  which  is  harmonic  e  /erywhere  in  the 
fluid  except  at  the  point  (x,y)  *  (f,,n)  where 
it  has  a  source  singularity.  It  also  satisfies 
(2.2),  (2.3)  and  (2.5).  Such  a  potential  i? 
given  by  Thorne  (1952): 


K  *  I tanh  k^h .  (2.6) 

If  the  cross-sectional  profile  lies  entirely 
between  the  two  vertical  planes  x-Xj  and  x*x2 
then  it  is  known  (cf,  John  1950)  that  the 
above  boundary-value  problem  has  a  unique 
solution.  For  simplicity  we  shall  consider 
only  the  heaving  motion  of  a  smooth  cylinder 
which  is  symmetric  about  x»0  and  which 
intersects  the  free  surface  y-0  at  x»ia,  but 
the  method  is  applicable  to  unsymnetr ical 
sections  and  to  other  motions. 

The  problem  is  solved  when  the  value  of  the 
potential  ♦(x,y)  is  known  on  the  submerged 
portion  of  the  cylinder,  for  then  *(x,y)  can 
be  found  everywhere  in  the  fluid  by  Green's 
theorem  (cf.  Ursell  1953).  In  an  earlier  paper 
(Sayer  and  Ursell  1976)  numerical  results  for  a 
circular  cylinder  were  found  by  using  a  wave 
source  and  multipoles,  which  are  simple  but 
specially  appropriate  only  for  the  circle.  For 
this  reason,  an  integral  equation  for  the 
boundary  values  of  <fr  on  3Dj  is  used  in  the 
present  work.  This  equation  can  be  obtained  by 
applying  Green's  theorem  to  the  two  harmonic 
functions  $(x,y)  and  0(x,y;Ctn),  (defined  in 
(2.8)  below),  where  (t,n)  is  on  3Dj.  Thus 

|^(x»y)^'fx,y;  f.,n) 

“  G(x,y;C,n)~4(x,y)Jds(x,y)  -  0.  '2.?) 


Here  3/3n  denotes  dif feventiation  normal  to  the 
line  element  ds(x,y)  into  the  fluid.  The  line 
integral  (2.7)  is  taken  along  3Dj,  indented  by  a 
small  semi-circular  arc  round  (£,n)  where 
C(x,y;E,n)  haa  a  source  singularity.  The 
contributions  to  Green's  theorem  from  the  free 
surface,  the  bottom  and  infinity  all  vanish  by 
virtue  of  *.he  conditions  satisfied  by  $  and  G. 

It  will  be  assumeu  that  30,  meets  the  free 
surface  normally;  then  an  integral  equation  with 
a  square- integrabU  kernel  is  obtained. 


G(x,y;£*n) 


I  log 


(x-O  7 


(x-E)2 


(y-n)2 

(y+n)2 


2-f  fcosh  k(h-y)cosh  k(h-n) 
j  L  K  cosh  kh-k  sinh  kh 


...  .  .  ,  7cos  k(x-0 

sinh  ky  smh 


-dW 


i  coch  k0(h-y)  cosh  kp(h-n)  cos  k0(x-O 
2kflh  ♦  sinh  2kQh 

■  j  log  ^ x-  ---- — ^ ~  ♦  G  (x,y;f.,n),  say. 
(x-O*  +  (y+n)? 

(2.8) 


fhe  bar  through  the  integral  indicates  that  the 
Cauchy  principal  value  is  to  be  taken. 


( i )  Circular  cylinder  r  ■  a,[o|  g  jn 


This  was  the  problem  studied  by  Sayer  and 
Ursell  (1976)  using  the  method  of  multipoles. 
Here  3D(  consists  of  the  semi-circle  r  ■  a, 

1 0 1  £  Jn.  We  write  <fr(n)  a  $(a  sinu,  a  cosn)  and 
G(0,n)  •  C(a  sin8,  a  cosO;  a  sina,  a  cosa). 

Then  $(«)  satisfies  the  following  Fredholm 
integral  equation  of  the  second  kind  (Ursell 
1953) 


«*<«)  +  | 


i " 

a  ♦  UQ  cosfl^G*(Ot  t)^u  do 


(?,‘>) 
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The  first  terra  on  the  left-hand  side  of  (2.9) 
is  the  contribution  from  the  small  semi-circle 
round  (a  sina,  a  cosa).  Observe  also  that 


(x-C)2  *  (y-9)2 
(x-O2  *  (y+n)2 


) 


0. 


(2.10) 


where,  here  and  elsewhere,  angular  brackets 
denote  that  r  is  to  be  put  equal  to  a. 

The  expansion  of  C*(x,y;C,n)  near  the 
origin  is  (cf.  Yu  and  Ur sell  1961)  given  hy 


|G*(x,y;C,n)  ■  (>  ♦  log  Kr*)J>  - — cos 

o 

-  sin  ,0* 


^h^l(‘4*..-4)coE  s9‘ 

«  G.  2S+1 

<KhZ- Tsnrr(r)  “8<2sf,)0* 

-  i-W-fc)  cm  2s9‘ 

,“i28~l<Kh)f/rM2S 

-  ,”“T5TT“i(h/  c 

-(f)  “9  ^ 


2ni  cosh  kfl  (h-y)  c.osh  kf|(h-!A  ros  kQ(x 


2kgh  ♦  sTn*'  2kf)h 


(2.11) 


/  *  ♦  1 
G2«*i<Kh>  '  j  0di-..>7kt,  ;'<Tsi 


uT 


(2.12) 


£  (xhl  -X  (Kh*M)' 7  '■  lV 

®  2.-1  ]  Kh  .11  ir-u  slnli 


(2. ID 


*4(afl)+j  t(a)jgG(a,XQ) 


(2.14) 


■  v  *inh  80 


|  cosa  G(a,a0) j  da 
-{*  S-60 


where  an  obvious  abbreviated  notation  has  been 
used.  The  term  U«c  ainh  B0  cosa  is  the  normal 
velocity  on  the  ellipse,  where 


9  $ 


3.  Uniqueness  of  solution  of  integral  equation 

The  solution  of  the  physical  problem  is 
certainly  unique  (cf.  John  1950),  but  our 
mathematical  formulation  may  not  possess  a 
unique  solution  for  every  K.  In  this  section  we 
are  concerned  with  properties  of  the  integral 
equations  (2,9)  and  (2.14).  These  equations  ave 
non-singular  (i.e.  »ht  Fredholm  determinant  1 0) 
if  and  only  if  the  t  ranapeoed  equation  are  non- 
singular.  11  can  b  .Sown  ti.  t  the  latter 
equation  occurs  i»i  the  sc. o? ion  cf  the  (  xterior 
Neumann  problem  by  source f  *ca  it  u  well  known 
(cf.  John)  that  this  is  v ingular  only  when  K  is 
an  eigenvalue  ol  the  associated  interior 
Dirichlet  problem.  rnese  eigenvalues  occur  at 
an  infinite  discrete  set  o»  values  otr  V;  the 
theory  iB  treated  py  John.  The  difficulty  at 
these  frequencies,  due  to  the  use  ot  frequency- 
dependent  Gr.en'a  functions,  also  arisen  in  many 
other  wavn  problems,  e.g.  the  problems  ot 
acoustics  (cf.  JoneB  1974).  (We  may  note  that 
K  »  0  is  obviously  not  an  eigenvalue  of  the 
interior  Dirichlet  problem.)  Fcr  wavenumbers 
iU  >>  l  it  is  known  that  this  difficulty  can  be 
overcome  by  putting  a  wave  source  of  a  certain 
definite  strength  at  the  origin  (cf.  Ursell 
1953,  1961;  Rhodes -Robinson  1970),  and  we  shall 
do  this  in  the  present  work.  Much  of  the 
remainder  of  the  present  work  has  been 
influenced  by  the  observation  of  Ogilvie  (1976) 
that  in  the  modified  integral  equation  the 
choice  of  source  strength  at  the  origin  was  not 
at  all  critical  in  his  computations.  We  shall 
now  explain  Ogilvie’*  observation  by  shoving 
that  ths  integral  equation  formed  with  a 
modified  source  function 


-  <Kh>2C,,..,(Kh)-U?(1<1(Kh), 

and  (r*, 8*)  and  (r+s0*)  are  polar  coordinates 
with  origins  at  U,-n)  and  (f,n)  respectively 

(n  0). 

( i i >  K lliptical  cylinder  x  •  c  sinh  6c  sina, 
y~*  c  osK  gp  cosat^iTTT1^ 

Age  in  ai  application  of  Greer’s  theorem  to 
+(x»y)  aid  G'x,y;C,q)  yields  a  Fredholm 
integral  of  rhe  second  kind? 


G(P,Q)  -  G(P,Q)  *  A  0(P,0)C(Q,0)  (3.1) 


is  in  general  non-singular,  where  P,Q  denote 
points  of  the  fluid.  (We  shall  use  p,q  to 
denote  points  of  3Dj),  ani  vhera  A  =  A(kQh)  is 
«  frequsncy-dspaodsnt  strength  parameter.  The 
multiplicative  factor  G(Q,0)  is  included  to 
that  G(P,Q)  is  symmetric  (and  hence  the  kernel 
of  (3.3)  below  ia  the  transpose  of  the  kernel  of 
(2,9),  with  G  replaced  b.-  G) . 


‘-i 
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Consider  the  potential 


eigenvalues  of  the  interior  Dirir.hlet  problem, 
as  is  predicted  by  the  theory. 


*(P>  -  U<q)C(P,q)d* 


where  G(P,Q)  is  defined  in  (3.1)  above.  Then 
the  homogeneous  exterior  Neumann  problem  yields 
the  integral  equation 


*u(p)  ♦  j  u(q)^£-  CCp.qidSq  -  0  .  (3.3) 

30,  p 


p(q)G(qfO)ds 


The  numerical  study  of  (2.9)  indicated 
instability  at  certain  values  of  the  wavenumber 
Ka;  in  particular,  when  Ka  was  increased  from 
zero  it  was  found  that  instability  first 
occurred  in  the  range  1,80  <  Ka  <  1.85 
approximately.  It  was  therefore  suspected  that 
the  first  eigenvalue  of  the  associated  interior 
Oirichlet  problem  occurred  within  these  limits, 
and  the  following  observations  confirm  this. 

It  is  possible  to  obtain  an  estimate  of  the 
fundamental  eigenvalue  K,  by  using  a  form  of 
Rayleigh's  Principle  (cf.  Lamb  1932,  572,  for 
hi 8  treatment  of  the  analogous  Neumann  problem) . 
Let  V(x)  *>e  a  prescribed  normal  velocity  on  3D2, 
vanishing  3t  the  ends,  (3D2  is  that  part  of 
yK)  lying  between  x*x4  and  x-x2) ,  and  let 
$(x,y)  be  the  corresponding  harmonic  potential 
satisfying  $-0  on  3D,.  We  then  define  a 
Rayleigh  quotient  Q[V]  by  the  ratio 


it  can  be  shown  that  (3.3)  has  a  non-trivial 
so l u . ion  only  if 

!s|^A  -  l  -  2i|A|JC(k0h)|  -  0,  (3.5) 

by  definition, 


|  *(x,n)v(x)dx 


(V(x) )2dx 


-  4*  cosh^  kflh 


where  the  numerator  and  denominator  are  related 
to  the  kinetic  and  potential  energies 
respectively.  Then  it  can  be  ahown  that 


Put  A  ■*  A  ►  iA2,  where  A.  and  A2  are  real. 
Then  if  A  and  A2  do  not  lie  or.  the  circle 


fA2 '  Error}  "  WhrF  (3-7 


the  so  >tion  of  (3.3)  (and  hence  (2.9)  and 
(2.141-  ia  unique  except  at  those  Dirichlet 
eigent 1 equencies  for  which  the  corresponding 
eigenfunction  also  vanishes  at  the  origin.  U 
is  believed  that  there  are  no  auch  eigen- 
frequencies.  We  have  carried  out  calculations 
for  A  ■  1,  1,  i  and  we  find  they  agree  to  three 
significant  figures.  The  calculations  at  the 
end  of  tha  paper  are  those  for  which  A  ■  1 . 


and  a  method  analogous  to  that  adopted  by  Lamb 
gives  the  estimate  K ,a  &  1 .822  for  the 
fundamental  eigenvalue  of  the  circle.  This  is 
close  to  the  value  at  which  the  solution  was 
foui.d  to  break  down.  Higher  eigenvalues  can  be 
obtained  in  1  similar  manner,  but  the  process 
is  more  complicated  sines  the  mcb  eigenfunction 
nwst  be  orthogonal  to  the  previous  (m-i)  eigen¬ 
functions.  Estimates  of  .>.289  and  4.B91  for 
the  second  (anti-syssnetrical)  and  third 
(symmetrical)  eigenvalues  of  the  circle  have 
been  obtained.  We  note  that  the  eigenvalue!) 
are  independent  of  depth. 


In  his  analysis,  Ogilvie  considers  the 
simpler  case  of  the  oscillations  between  two 
vertical  plates  in  infinite,  depth.  He  shows 
that  the  interior  Dirichlet  eigenvalues  are 
removed  if  the  central  source  strength  A  ia 
chosen  suitably,  but  within  wide  limits;  his 
criterion  is  a  limiting  case  of  ours. 

4,  Singular  behaviour  of  the  solution  of 
the  integral  aquation 


3.  Additional  modifications 

( i )  Enforcement  of  symmetry 

♦(a)  is  an  ever  function  of  a  and  thus 
(2.9)  may  be  written  in  the  form 

»*(a)  ♦  |  dS 


This  section  deals  with  the  singular 
behaviour  of  the  solution  of  the  unmodified 
integral  equations  (2.9)  and  (2.14).  Ve  shall 
show  that  tha  singular  values  of  the  numericsl 
schemes  (see  17  below)  do  in  fact  occur  st  the 


•  -natLcosa 

V 


UQ  coeO  a  d0. 
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Although  the  kernel  and  the  integrand  on  the 
right-hand  side  of  (5.1)  are  more  complicated 
than  the  corresponding  terms  in  (2,9),  the 
range  of  integration  is  halved.  Numerical 
computations  indicate  that  both  (2.9)  and  (5.1) 
take  comparable  times  to  solve.  (5.1),  however, 
was  found  to  have  the  advantage  that  only  those 
eigenvalues  occur  which  correspond  to  symmetric 
oscillations,  and  that  the  calculation  did  not 
break  down  at  the  anti-symnetric  eigenvalues. 

(ii)  Use  of  the  transposed  integral  equation 


The  virtual  mass  is  defined  by  the  quotient 
virtual  mass  * 

(upward  hydrodynamic  force  per  unit  length\ 
of  cylinder  in  phase  with  acceleration  / 
/acceleration! /mass  per  unit  length  of  \ 

Vof  cylinder  /  \cylinder  inrjersed  in  fluid/ 


(5.2) 

From  Bernoulli’s  equation,  the  hydrodynamic 
force  is  -oA^(x,y,t)  ■  Re{  ipo$(x,y)exp(-iot) ) . 
Thus,  for  tne  circle,  the  upward  hydrodynamic 
force  per  unit  length  of  Che  cylinder  in  phase 
with  the  acceleration  is 

(i” 

2  ipo{Re<$>}exp(-iot)cosQ  a  d0,  whence 

0  f1’ 

2  ipo{Re<$>)exp(-iot)cosO  a  d0 

virtual  mass  -  — ^ - 

(-ioU0exp(-iot) ) .{ Jna2p) 


(5.3) 


rin 

Hence  only  the  quantity  Ref$(0))cosO  do, 
0 


rather  than  the  potential  explicitly,  is 
required  for  the  virtual  mass  of  the  circle. 
Since  the  major  part  of  the  computational  time 
is  consumed  in  evaluating  certain  matrix 
elements  (see  (7,14)  below)  it  is  worth  con¬ 
sidering  the  integral  equation  which  has  Che 
transposed  kernel  of  (2.9)  but  a  much  simpler 
right-hand  side,  viz.  cos  fl,  where  8  is  the 
angle  between  the  downward  vertical  and  the 
normal  to  the  circle.  In  this  case  it  can 
readily  be  shown  that 


rl"  (I* 

♦(6)oosG  de  -  F(0)*(6)dO, 

>0  '0 

where 


(5,4) 


fi* 

♦  (a)  »  K(0.u)*(9)d9  -  F(u)  (!.5) 

-I" 


and 


fi" 

'Ji(B)  +  K(8,0H(P)d0  -  cos  8  (5.6) 

-i" 

The  numerical  solution  of  (5,6),  together  with 
the  evaluation  of  (5.4),  took  approximately 
one-third  of  the  computational  time  required 
for  the  solution  of  (5.5). 

6.  Long-wave  behaviour  of  virtual  mass 

In  an  earlier  paper  (Sayer  and  Ursell 
1976),  on  a  heaving  circular  cylinder,  an 
analytical  and  numerical  study  of  the 
behaviour  of  the  virtual  mas9  as  a  function  of 
wavenumber  showed  that,  for  sufficiently  deep 
water,  a  turning  point  (maximum)  occurs  at  a 
certain  small  wavenumber.  The  result 


d 

dTicaT 


(virtual  mass 


16  h  ^ 


as  -*  0,  (6.1) 

n 

was  derived  from  th**  multi  pole  method  (cf. 

Sayer  and  Ursell,  equation  (3.3)).  The  virtual 
mass  was  found  to  be  greater  than  unity  as 
a/h  ►  0  in  the  limit  of  zero  frequency,  but 
equal  to  1  ♦  0(a/h)-’  Cor  K<  >>  1;  (6.!)  then 
shows  that  a  turning  point  (maximum)  exists  for 
Ka  and  a/h  sufficiently  small.  This  was  found 
to  occur  in  the  neighbourhood  of  Kh  »  l,  where 
the  wavelength  is  of  the  same  order  as  the 
depth.  The  same  result  has  recently  been 
derived  by  us  in  a  different  way  by  matching 
the  velocity  potentials  in  both  the  inner  and 
outer  regions,  and  in  this  form  the  argument  is 
applicable  to  other  sections. 

Thus,  y  considering  the  behaviour  of  $  at 
zero  frequency  on  ;  he  ellipse,  i  can  be 
deduced  that 


d 

TOuT 


(virtual  mass) 


1  h  b  j-  ± 


in  sufficiently  deep  waier,  here  a,b  arc  the 
draft,  half -beam  resp«  ti/>  v,  and  t  is  a 
typical  bodv  dimension.  Hence  the  virtual  mass 
has  s  maximum  which  it'  also  found  to  occur  near 
Kh  -  I. 


7.  Numerical  ami  oda  and  results 


Two  nuiArrical 
solve  the  .  itegral 


methods  were  employed  to 
equation 


<7.14) 


Fox  and  Goodwin  (1953)  suggest  solving 
aucce«»u; vely  the  equations 


8.  Conclusions 


A  i'"1  -  F 
A  £<l)  -  h  E(£<0') 


(7.15) 


A  i 


(m)  _ 


h  |  ($; 


giving  the  solution 


Am) 


(7.16) 


E  $(j)  is  given  by  Gregory's  finite-difference 
formula  (cf.  Jeffreys  and  Jeffreys,  §9.083) 


"if 1 

-^2-  • 

..)  K(a*ih,b)*(^(b) 

"if' 

->2+  ■ 

(7.17) 

The  solution  of  (7.13)  used  Crout  factorisation 
and  iteratively  refined  the  solution  vectors  to 
some  specified  tolerance  (see(7,15)).  Typical 
numerical  results  for  the  circle  and  ellipse 
are  given  in  Table  2  and  Table  3  at  the  end  of 
the  paper. 

It  is  instructive  to  compare  the  times 
required  by  the  various  numerical  methods.  Let 
T  be  a  typical  time  required  to  compute  the 
virtual  mass  of  the  circle  at  one  particular 
frequency  by  the  multipole  method.  Then  the 
corresponding  times  needed  by  us  for  the 
integral-equation  methods  (to  achieve  the  same 
accuracy)  were  approximately  as  Riven  in  Table 
1  below. 


Method 

Tim. 

Mul tipoles 

T 

Unmodified  integral  equation 

lot 

Modified  integral  equation 

20T 

Uns>difled  transposed  integral 
equation 

3T 

Modified  transposed  integral 
equation 

6T 

Tab la  1. 


In  the  oresent  work  we  have  formulated  the 
boundary-value  problem  as  an  integral  equation 
by  means  of  Green's  theorem  applied  to  the 
velocity  potential,  and  to  a  fundamental 
solution  satisfying  the  free-surface  condition 
and  the  conditions  on  the  bottom  and  at  infinity. 
The  unknown  function  is  then  the  potential  on 
the  bcdy,  and  the  kernel  is  complicated.  There 
are  many  such  integral  equations,  one  for  each 
choice  of  fundamental  solution.  We  began  by 
choosing  the  simplest  fundamental  solution,  a 
wave  source  in  a  strip  of  constant  depth.  The 
numerical  solution  was  satisfactory  for  small  Ka 
but  instabilities  developed  near  ’ia  *  1.8.  Such 
instabilities  are  familiar  in  these  problems;  we 
showed  theoretically  that  they  would  he  expected 
at  eigenvalues  of  the  corresponding  interior 
Dirichlet  problem,  for  which  the  smallest  such 
eigenvalue  was  found  to  be  indeed  near  Ka  *  1.8. 
It  vac  also  known  that  the  fundamental  solution 
could  be  modified  so  that  the  corresponding 
integral  equation  would  have  no  resonances  for 
large  Ka;  this  equation  was  studied  numerically 
and  was  found  to  be  free  from  resonances  for  all 
Ka .  Following  a  suggestion  by  Ogilvie,  we  have 
shown  both  theoretically  and  numerically  that 
the  choice  of  useful  fundamental  solutions  is 
wider  than  was  expected.  We  conclude  that 
resonances  are  probably  not  a  serious  difficulty 
in  two-dimensional  problems  with  constant  finite 
depth  if  the  fundamental  solution  is 
appropriately  chosen.  Integral  equations  with 
modified  kernels  were  solved  numerically  for 
half-immersed  circles  and  ellipses,  by  the 
Galerkin  method  ^nd  by  a  quadrature  method  due 
to  Fox  and  Goodwin.  These  results  agreed  with 
each  other,  and  (for  the  circle)  with  the 
results  of  the  multipcle  method,  to  at  least 
three  significant  figures.  Typical  results  are 
given  in  Tables  2  and  3. 

We  found  that  the  virtual  mass  for  the 
circle  could  b«  obtained  more  efficiently  by 
aolving  an  integral  equation  with  the  transposed 
kernel  and  a  simpler  right-hand  side;  this 
reduced  the  work  by  about  70  per  cent. 

We  should  point  out  that  our  values  of  the 
virtual  msss  of  the  circle  fov  low  wavenumbers 
and  shallow  water  (a/h  >  0.4)  exceed  the  upper 
bound  given  by  Bai  (1977)  for  sero  frequency. 

Our  results  appear  to  be  in  good  agreemsnt  with 
Che  results  of  Bai  and  of  Yeung  (1975)  except 
perhaps  at  small  wavenumbars.  Neithar  Bai  nor 
Yeung  report  any  difficulty  with  resonances,  end 
it  may  b*  'hat  in  their  methods  they  do  not 
occur. 


Both  the  Calerkln  msthod  and  the  quadrature 
method  due  to  Pox  and  Goodwin  required  com¬ 
parable  computer  times.  For  Ka  *  1.0  a  typical 
value  of  T  waa  four  aeconds  on  the  C DC 7 6 00 
computer,  to  achieve  an  accuracy  of  four 
significant  figures. 


m 


Circlet  a/h  "0.5 


Ka 

VIRTUAL  MASS 

Multipole 

Method 

Modified 

Integral  Equation,  A"l: 

(i)  Calerkin  Method 

Modified 

Integral  Equation,  A*l: 
(ii)  Fox-Ooodwin 

0.00001 

0.49843 

0.49850 

0.49850 

0.00005 

0.49845 

0.49851 

0.49850 

0.0001 

0.49848 

0.49851 

0.49850 

0.0005 

0.49851 

0.49854 

0.49853 

0.49855 

0.49858 

0.49856 

0.005 

0.49880 

0.49885 

0.49882 

0.01 

0.49912 

0.49917 

0.49914 

0.05 

0.50180 

0.50189 

0.50184 

0.1 

0.505.1 

0.50549 

0.50545 

0.2 

0.51344 

0.51354 

0.51349 

0.3 

0.52274 

0.52283 

0.52279 

0.4 

0.53342 

0.53355 

0.5335C 

0.5 

0.54567 

0.54583 

0.54576 

0.55957 

0.55972 

0.55966 

0.57514 

0.57530 

0.57523 

0.8 

0.59233 

0.59251 

0.59243 

0.9 

0.61099 

0.61119 

0.61110 

1.0 

0.63090 

0.63111 

0.63101 

1.822 

0.80133 

0.80156 

0.80144 

2.5 

0.90606 

0.906  30 

0.90618 

3,289 

0.98583 

0.98611 

0.98599 

4.891 

1.07320 

1.07350 

1.07336 

5.0 

1.07705 

1.07736 

1.07725 

10.0 

1.18048 

1.18082 

1.18070 

Table  1. 


Ellipse,  tanh  Pn  -  0.5,  — — r  rtr  "0.5 
_ 0 _ water  depth _ 


Kh 

VIR1UAL  HASS 

Modi  fled 

Integral  Equation,  A«l: 

(i)  Calerkin  Method 

Modi  f  i-*d 

Integral  Equation,  A*l: 
(ii)  Fox-Coodwin 

0.00001 

0.224  32 

0.224)1 

0.00005 

0.224  32 

0.224  30 

0.0001 

0.22431 

0.224  30 

0,0005 

0.224  30 

0.224  30 

0.001 

0.22423 

0.22421 

0.005 

0.22401 

0.22396 

0.01 

0.22  368 

0.22)62 

0.05 

0.22237 

0.22230 

0.  1 

0.72094 

0.22086 

0.2 

0.21964 

0.21953 

0.  3 

0.21914 

0.21901 

0.4 

0.21909 

0.21900 

0.5 

0.21950 

0.21939 

0.6 

0.22026 

0.22014 

0.7 

0.22135 

0.22123 

0.8 

0.22279 

0.22268 

0.9 

0.22460 

0.22449 

1  .0 

0.22681 

0.22671 

2.5 

0.32557 

0.32548 

5.0 

0,*i09J 

0.45084 

10. 0 

0. 56 a 60 

0.56149 
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Abstract 

This  report  describes  a  theoretical  model  for  the  hydro¬ 
dynamics  of  flexible  planing  surfaces.  Linearized  potential- 
flow  theory  is  used  to  obtain  the  hydrodynamic  effects,  and 
(he  surface  itself  is  replaced  by  a  finite-element  representation 
of  the  pressure  distribution.  The  flexural  behavior  of  the 
planing  surface  is  computed  with  small-deflection  beam 
theory,  and  the  plate  is  discretized  into  structural  finite 
elements.  A  scries  of  numerical  experiments  shows  that  a 
sufficient  degree  of  convergence  is  achieved  with  forty 
elements.  The  resultant  pressure  distributions  reproduce  the 
leading-edge  square-root  singularity  -  which  is  well  known 
in  airfoil  theory.  The  rigidity  of  the  plate  is  found  to  have 
a  major  effect  on  all  the  results :  the  lift  and  drag  are 
reduced,  with  this  influence  being  stronger  at  higher  speeds. 
Tapering  toward*  the  trailing  edge  has  a  similar  effect.  The 
pressure  dist>  Tuitions  show  that  there  is  a  possibility  of 
negative  pr  ..sure  regions  under  the  deflected  shape  of  the 
surface  -  indicating  that  cavitation  might  occur  in  some 
conditions.  Curves  of  the  fare-surface  elevation  arc  presented, 
and  in  addition,  the  results  of  applying  a  pressure  on  the 
plate  are  described. 

I.  Introduction 

Background 

The  work  described  in  this  paper  was  prompted  by  an 
interest  in  the  application  of  flexible  planing  surfaces  to 
advanced  marine  craft.  One  such  possible  use  is  to  support 
the  weight  of  the  vehicle  on  three  or  more  suitably  spaced 
surfaces.  A  careful  choice  of  the  degree  of  flexibility  - 
and  appropriate  damping  -  would  produce  a  much  smoother 
rule  in  rough  water  than  is  given  by  a  rigid  shape. 

Another  application  of  the  concept  is  to  the  seals  of  a 
surface -effect  ship  tSIiS).  \  typical  layout  of  an  SLS  fit  red 
with  sidewalls  and  how  and  stern  seals  is  shown  in  f  igure  I 
The  main  design  feature  of  the  seals  is  that  they  can  deflect 
in  order  to  permit  navel  in  a  sea  state  without  excessive  loss 
of  pressure  from  the  au  cushion  which  supports  the  craft 
The  details  of  the  seal  design  will  not  he  given  here,  but  the 
reader  is  referred  instead  to  other  works  on  this  subject . 

One  of  the  phenomena  of  great  interest  -  as  well  as  the 
generated  force*  -  is  the  wave  system  developed  under  the 
vehicle  If  the  sidewalls  are  not  sufficiently  deep  then 
venting  of  cushion  air  can  occur  in  those  regions  where  a 
wave  trough  exists.  This  results  in  a  lower  attitude  ol  the 
SLS  with  an  attendant  rise  in  hydrodynamic  drag  due  to  the 
buildup  of  water  against  (ho  seals 
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Regarding  the  theory  of  planing,  this  problem  has 
always  been  attacked  using  the  assumptions  of  inviscid 
incompressible  potential  flow.  The  assumption  has  also 
been  made  that  the  main  effect  of  viscosity  is  to  generate  a 
frictional  drag  which  can  be  accounted  for  separately. 
Sretenskii  1 1  and  2)  and  Sedov  [  3]  were  two  of  the  earliest 
workers  in  the  Held  of  two-dimensional  planing.  The  use  of 
potential-flow  theory  allows  one  to  represent  the  action  of 
the  planing  surface  by  a  pressure  distribution,  which  they 
expressed  as  an  infinite  series.  The  first  term  of  the  series 
contains  the  square-root  singul  rily  at  the  leading  edge  -  a 
phenomenon  which  also  occurs  in  airloil  theory.  In  linear¬ 
ized  planing  theory  ibis  singularity  models  the  splash  jet 
that  is  thrown  forward  of  the  boat. 

Maruo  |4.  5.  6  and  7)  also  developed  the  linearized 
theory,  and  in  the  last  paper,  obtained  experimental  pressure 
distributions,  which  tended  to  verify  the  theory.  The  agree¬ 
ment.  not  unexpectedly,  was  belter  at  small  trim  angles,  and 
in  regions  away  from  the  singularity  at  the  leading  edge. 

The  work  of  Squire  ( 8 f  will  be  remembered,  particularly, 
because  he  carefully  explained  the  importance  of  satisfying 
the  Kutta  condition  at  the  trailing  edge.  A  consequence  of 
this  is  that  if  one  decides  on  the  wetted  length,  then  the 
height  of  the  craft  relative  to  the  undisturbed  free  surface 
has  to  be  treated  as  unknown.  ( This  means  that  die  load, 
and  the  center  of  lift,  are  parts  of  the  solution.)  Another 
approach  is  the  higlt-lroudc-mimbcr  approximation  of 
(umberbatch  |‘>j.  He  also  developed  a  parabolic-shaped 
plate  which  was  more  efficient  than  a  flat  plate  since  it 
eliminated  the  splash  jet.  A  review  of  the  above  work  was 
given  by  Webausen  and  l.aitone  |ll)|. 

Nonlinear  aspects  of  pLning  in  two  dimensions  have 
also  hem  examined.  Thus  CJrcen  1 1 1,  12  and  13)  solved  the 
problem  of  a  flat  plate  gliding  at  infinite  Kroude  number  in 
boll,  finite  and  infinite  depth  water.  Other  gravity-free 
planing  research  was  pertomvd  by  Wu  and  Whitney  1 14) 
and  ling  and  Keller  1 1  S | .  i  derived  shapes  that  resulted 
in  a  splash-free  condition.  The  situation  ol  %/»  (hut  not 
infinite  I  Lroude  number  was  examined  by  Wu  |I6|  and 
ling  and  Keller  1 1  7),  who  used  a  smgulai  perturbation 
scheme  The  latter  paper  took  into  account  the  impingement 
of  the  spray  jet  on  the  water  ahead  of  the  plate. 

Doctors  (IM|  developed  a  finite  clement  approach  for 
handling  plates  of  arbitrary  shape,  including  the  effects  of 
gravity  waves.  The  method  also  allowed  the  prediction  of 
optimum  forms  which  coincided  with  those  of  (’umberbatch 

With  regard  to  three-dimensional  planing,  the  main 
problem  here  is  that  the  wetted  area  of  the  surface  is 
unknown  and  must  he  found  as  part  if  the  solution.  (As 
mentioned  prevmusty,  this  difficulty  is  sk  rted  m  two  dimer*- 
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3.  FORWARD  HALF  TRIANGULAR 
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Figure  I  -  Typical  Layout  of  Sidewall  Craft 


Figure  3  -  The  Different  Pressure  Elements 


NOTES:  1  PRESSURE  SHOt'N  ACTS  DOWN  ON  WATER,  AND 

UPWARDS  ON  SEAL.  SEAL  PRESSURE,  p,.  NOT  SHOWN 
2.  CUSHION  AND  BUND  PRESSURES  USUALLY  EQUAL: 
P«  -  Pb 

Figure  4  -  Theoretical  Model  of  Seal  and  Cushion 


sions  -  in  an  inverse  manner  -  by  fixing  the  wetted  length, 
and  considering  the  weight  supported  by  it  to  be  unknown.) 

The  three-dimensional  problem  can  be  simplified  in 
various  ways.  For  example.  Wagner  ||d|,  Tulin  |20), 
Shuford  1 21 )  and  Casting  |22|  used  a  low-aspccl-ralio 
assumption,  while  Slum  1231  and  Shen  and  Ogilvie  1 24 1 
assumed  that  the  aspect  ratio  was  high.  Wagnei  (25)  and 
WatMin  and  Christopher  [  2b)  assumed  that  the  speed  was 
infinite.  Muruo  (27]  examined  the  limits  of  high  and  low 
aspect  ratios  separately, 

Weinstein  and  Knpryan  |28|  carried  out  high-speed 
experiments  and  their  results  compared  well  with  data  Iroin 
other  tests. 

Wang  and  Kispin  |2‘)|  applied  a  high-Froude-numbcr 
theory  hut  simply  assumed  a  rectangular  wetted  area,  while 
Tuck  1 30 1  and  Ocitel  (31 1  discussed  the  problem  of  not 
knowing  the  correct  welted  area. 


Although  the  rise-height  and  wetled-ar-a  predictions  of 
Doctors  (37 1  were  within  a  few  percent  of  experimental 
results  for  arbitrary  Fronde  number,  aspect  latio  and  dead- 
nse,  the  pressure  distributions  were  not  well  behaved.  This 
problem  has  been  traced  to  the  curved  singularity  line  at 
the  leading  edge. 

It  was  therefore  decided  to  employ  a  two-dimensional 
approach  since  the  beam-to-wet ted-lcngth  ratio  of  the  seals 
is  quite  large.  Also,  the  effect  of  the  sidewalls  is  to  confine 
the  generated  wave  pattern  and  to  encourage  its  two-dimen¬ 
sional  character. 

Figure  2  illustrates  the  finite-element  representation  of 
the  seal  itself,  while  Figure  3  shows  the  different  pressure 
elements  to  lie  used  in  the  hydrodynamic  model,  which  is 
illustrated  in  Figure  4. 

II.  Fttxural  Modal  of  Saal 


Further  papers  have  presented  experimental  results. 

These  include  work  by  Clement  and  Blount  (321,  Midler 
1 33 1  and  Savitsky  (34.  35  and  36 1. 

Frawnt  Work 

The  aim  of  this  study  is  to  develop  an  analytic  theory 
for  the  hydrodynamics  ol  flexible  planing  surfaces,  which 
could  then  be  applied  to  an  NFS.  One  simplifying  assump¬ 
tion  to  be  utilized  is  that  of  two-dimensionality. 

It  is,  of  course,  well  known  that  the  How  under  the 
craft  u  actually  three-dimensional,  and  it  would  therefore 
seem  appropriate  to  use  the  th tee-dimensional  finite-element 
planing  technique  of  Doctors  (37).  This  could  be  combined 
with  the  theory  for  the  waves  generated  by  a  pressure  patch 
(in  order  to  model  the  cushion)  reported  by  Huang  and 
Wong  J3K],  ttaussling  and  Van  Fselline  (.W|  and  Doctors  (40 J 


Theory 


Background.  A  cross-section  ol  a  sea!  in  the  deflected 
position  is  shown  in  Figure  2.  This  diagram  also  defines  the 
sign  convention  for  the  moment  M.  the  shear  force  V,  and 
the  loading  p.  The  relations  between  these  quantities  and 
the  deflection  w  are  given  by  standard  beam  theory  (see 
Timoshenko  and  Young  (41,  p  |U7|): 


,  1Y 

Jx 


(I) 


,  ‘1Y 

’  dx 


(2) 


and 


M  -  D  - 


(3) 


where  D  =  El  is  the  local  flexural  rigidity,  in  which  E  is  the 
Young's  modulus  of  the  material,  and  I  is  the  local  second 
moment  of  area.  The  distance  x  is  measured  forward  from 
the  trailing  edge. 

Wc  now  consider  loading  of  the  beam  by  four  types  of 
elements  illustrated  in  Figure  3:  a  uniform  {trading  over  the 
entire  seal  (Type  1),  a  forward  half-triangular  clement  (Type 
3),  an  aft  half -triangular  (Type  4).  and  a  complete  triangular 
clement  (Type  5). 

The  uniform  loading  can  be  used  to  represent  the 
cushion  pressure  acting  down  on  the  seal,  while  a  series  of 
overlapping  complete  triangular  elements  (whose  strengths 
have  to  he  found)  will  be  used  to  represent  the  hydrodyna¬ 
mic  pressure  distribution  resulting  from  the  water.  The 
half-triangular  elements  arc  used  for  blending  purposes  at  the 
seal  ends,  as  seen  in  Figure  4. 

Uniform  Loading.  Using  Eqs.  (1)  and  (2),  the  shear 
force  and  moment  acting  on  the  beam  due  to  a  loading  ps 


M  =  -  psx2 .  (5) 

We  consider  the  deflection  of  the  beam  between  stations  i 
and  i  +  I.  The  rigidity  is  assumed  to  vary  linearly  between 
stations,  so  that 

D*  Dt(1 (6) 

in  which  ot^  *  [V  +  t/Dt  and  $  *  <x,  +  -  x4)/2a  and  2a  is  the 
station  spacing.  For  convenience,  the  i  index  on  a  will  be 
dropped. 

The  slope  of  the  deflection  may  be  obtained  by  a 
single  integration  of  Eq.  (31.  after  substituting  Eqs.  (5)  and 
(<»).  After  substitution  of  the  limits  $  -  0  and  I,  the  result 
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in  which  i,  *  i-  I.  The  deflection  is  obtained  hy  a  second 
integration  of  Eq.  (3),  but  with  a  free  lower  limit  of  $ 
rather  than  0  used  after  the  first  integration.  After  some 
algebra,  one  obtains 

8p/r  /i  \ 

-Mm  *  B('7L0-\3f",r 

*(7  *  'i  +'|J)  o’-tl  In  1 1  toij  .  (K> 

The  .-xprrvMoni  for  the  deflection,  given  by  Eqv  (7) 
and  ,H)  are  u*J  repetitively,  working  backwards  from  the 
Indn*  edge  die  case  or  local  uniform  rigidity,  namely 
a  •  0.  is  easily  obtained  hy  taking  the  limit  of  these  two 
equations.  The  other  limit,  when  a  -  «*,  is  needed  for 
representing  the  first  element  of  the  beam  (i  *  I)  when  the 
thicknrn  tapers  down  to  icru  there.  For  the  sake  of  brevity, 
these  two  jmin  of  limits  are  not  given  here. 


Forward  Hftlf-Triangul*  Element.  For  this  element  it 
is  necessary  to  consider  three  cases  separately:  the  field 
point  ahead  of  the  source  element  (i  >  j),  the  field  point 
located  at  the  source  element  (i  =  j),  and  that  of  the  field 
point  behind  the  element  (i  <  j).  (The  last  case  is  not 
actually  needed  for  the  calculations  here,  but  is  trivial  to 
obtain.) 

If  the  field  point  is  ahead  of  the  source  element,  then 
the  moment  acting  on  the  beam  between  stations  i  and 
i  ♦  1  is 


M  =  4pja2  (r  +  £)/?  . 


Eq.  (10)  gives  the  dimensionless  lever  arm  between  the 
centroid  of  the  source  dement  and  the  field  point.  The 
purpose  of  the  7  factor  is  to  be  able  to  handle  the  complete 
element  when  its  value  would  be  1.  Here,  7  =  2. 

We  use  these  expressions  in  order  to  integrate  Fq.  (3) 
once  for  the  deflection  slope,  and  a  second  time  for  the 
deflection  itself,  in  a  manner  similar  to  that  explained  in  the 
previous  section: 
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As  before,  the  limit  of  or  3  0  (a  uniform  segment)  may  be 
easily  obtained,  bui  the  case  of  or  “  00  has  no  physical 
application. 

We  now  onsidcr  the  second  situation,  namely  i  =  j. 

The  loading,  shear  force  and  moment  between  stations  i  and 
i  +  I  are 


V  »  Pjal’l-t1)  ll 

and  M  -  2pjaI  (|!  -  ^  i'j  (I 

The  last  equation  may  be  used  in  Eq.  (3)  to  yield  the 
gradient  of  the  deflection,  and  the  deflection  itself,  after 
appropriate  integrations 
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Ftjure  5  -  Flexural  Influence  Coefficients 
(a)  Uniform  Loading 


Figure  5  -  Flexural  Influence  Coefficients 
(c)  Aft  Half-Triangular  Element 


F1"ure  5  -  Flexural  Influence  Coefficients 
lb)  Forward  Half-Triangular  Element 


Figure  5  —  Flexural  Influence  Coefficients 
|d)  Complete  Triangular  Elemert 


The  third  case,  namely  i  <  j  is  the  simplest  of  all.  The 
two  equations  are  just 
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Aft  Halt-Triangular  Element.  We  consider  the  three 
dillerent  relations  between  (he  source  element  and  the  held 
point  -  as  for  the  forward  half-triangular  element  I  he 
resuits  for  the  first  case,  namely  i  >  j.  can  In*  obtained 
directly  from  those  of  the  forward  element.  The  only 
difference  o-.iwis  in  computing  the  moment  arm  in  l\|.  (10) 
which  should  now  read 


I 

r  •  i  - j  ♦  -  CO) 

so  that  Eqs.  (II)  and  1 12)  are  still  valid 

I  he  case  of  i  '*  |  -  I  lus  to  hr  handled  separately,  how¬ 
ever  I  he  equations  lor  hiding,  shear  force  and  moment 
are  rrs|M?c  lively 
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I  he  third  case  -  that  ol  the  held  point  being  located 
tscliirul  the  source  element  (i  <  j  -  I )  -  has  already  been 
treated,  by  Fqs  (IK)  and  (I'M. 


Compfeta  Triangular  Eltmant  This  element  is  actually 
tlie  basic  one  and  is  used  over  the  entire  length  of  the  planing 
surface,  whereas  the  half  elements  are  only  used  at  the  ends. 
Wv  have  lour  distinct  cases  to  considei  -  as  far  as  the  relative 
positions  of  the  source  element  and  field  point  ate  concerned 
For  the  first  case,  that  of  the  field  point  ahead  of  the  source 
element  h  >  j  ♦  I ).  we  can  use  Fqs.  (II)  and  1 1  ’).  but  with 
7  ■  I  ami  the  moment  arm  altered  to 


V  -  .  CD 

C  - ) 

and  M*^pJa,f1  C.t) 

I  lie  dellection  slope.  mid  dtffh\ti«»**  -nay  then  Ik*  derived 


Ihc  next  case  is  that  ot  Die  field  point  coinciding  with 
the  source  element  ti  -  j).  We  aim  bine  Fq  Cl)  (with 
7  ”  '  and  r  *  I /.D  wilh  Eq.  (In)  to  obtain 

,  ,  «<•).' r  5  .  ><  , 

w.  •  w.  •  j  -  — * —  -  a  -  a*  ♦  —  u’ 

'  11  M^a'l  *  * 

Ml  )  .!«  -  .In1  ♦u'lln  .l  ♦  evil  ,  C7) 
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and  similarly 

,  8p,/  r  5  ,  25  j 

wi  = w,  * ,  - 2aw!  ♦ , +  + :  “  '  T  “ 

+  ^  a*  -  (I  +  3o-  3or2  +a4Hn»  I  +  a)j  .  (28) 

The  third  case,  that  of  the  field  point  coinciding  with 
the  alt  end  of  the  triangle  (i  -  j  -  1),  is  equivalent  to  that 
for  the  aft  half-triangular  clement,  so  that  fcqs.  f  24 )  and 
125)  apply. 

The  fourth  case  occurs  when  the  field  point  is  behind 
the  source  clement  (i  <  j  -  i ),  and  Eqs.  (18)  and  (19)  may 
he  used  here. 

Results 


bution  on  the  water  surface  is  well  known,  and  will  not  be 
repeated  here.  Instead,  the  reader  is  referred  to  Wehausen 
and  Laitone  [10,  p.  601 )  and  other  standard  textbooks  on 
this  subject. 

Rather  than  solve  the  wave  elevation  generated  by  each 
type  of  pressure  element,  we  will  construe!  the  results  by 
tlie  superposition  method.  This  technique  is  valid  since  the 
equations  of  motion  for  the  fluid  have  been  linearized.  The 
building  blocks  for  our  pressure  distribution  will  he  the 
results  for  semi-infinite  uniform  pressure  bands  given  by 
Lamb  (42.  p.  404). 

Forward  Sami-tnfinita  Band.  In  the  present  notation. 
Lamb's  result  for  a  uniform  pressure  p0  extending  between 
0  and  <»  is 

p*f/p„  =  -  j  sen  <X0 )  f  <X0)  -  2H  (-  X0 )  cos  (X„ )  -  H  (X„ ),  (3 1 ) 


Some  sample  beam  deflections,  due  to  the  application 
of  these  pressure  elements,  are  now  presented  in  figure  5. 

The  case  of  a  uniform  loading,  in  particular,  is  seen  in 
Figure  5(a).  The  deflection  coefficient. 


is  plotted  against  position  along  the  beam  of  length  5.  Here 
p0  is  the  loading  and  Dm  is  the  rigidity  of  the  beam  at  its 
midpoint.  Three  constant  tapers,  r.  are  considered.  The 
taper  is  defined  as  the  thickness  at  the  anchored  end 
(x/Q  -  1 )  minus  that  at  the  free  end  (x/t  =  0),  divided  by 
twice  the  average  thickness.  This  means  that  the  rigidity 
can  he  represented  as  a  third-order  polynomial: 


where 

X0  x  k0 

(32) 

and 

kfl  =  g/c2. 

(33) 

in  which  p  is  the  water  density,  g  is  the  acceleration  of 
gravity,  f  is  the  wave  elevation,  c  is  the  velocity  of  the 
travelling  pressure,  and  x  is  measured  forwards  from  the 
point  of  discontinuity  in  the  pressure.  Also,  H  is  the 
Heaviside  step  function  and  f  is  one  of  the  two  auxiliary 
functions  for  the  sine-  and  cosine-integrals,  which  are 
defined  by 


J\) 


cos 
.\  +  t 


(34) 


in  Abramowitz  and  Stegun  (43,  p.  232 1 . 


I>*  l)nl[(l  -rl*2r*]'.  (30) 

Figure  5(a)  shows  that  increasing  the  taper  decreases  the 
overall  deflection.  This  is  due  to  the  tact  that  keeping  Dn, 
constant,  hut  increasing  r  results  in  a  general  strengthening 
of  the  beam  because  of  the  relation  1)  0  tJ.  A  taper  of 
unity  implies  a  tip  thickness  of  zero,  and  consequently 
greater  curvature  in  the  deflection  near  the  tip  occurs. 

I  he  flexural  response  due  to  the  three  triangular 
elements  is  shown  in  Figures  5(h).  (c),  and  (d),  respectively. 
Due  to  a  need  for  brevity,  an  example  of  zero  taper  only  is 
presented.  For  these  elements  there  are  respectively  10,  10 
and  9  curves  -  appropriate  to  the  number  of  possible 
locations  of  the  source  element.  The  deflections  from  the 
forwent  hah'  element  (Figure  5(b))  are  slightly  less  than 
those  due  to  the  aft  half  element  (Figure  5(c))  because  of 
the  smaller  bending  moments.  The  portion  of  the  curve 
behind  the  source  element  is  a  straight  line,  us  seen  by  liqs. 
(18)  and  (19). 


The  asymptotic  form  of  the  downstream  wave  profile  is 
Pgf/p0  =  -  -  cos(X„ )  as  X0  -*  -  °o.  (35) 

Aft  Sami- Infinite  Band.  The  results  from  Lamb  are 
Pgf/P»  ■  •*  sgn(X„)f(X0)  +  III-  X0)<2  cos(X0)-  l) ,  (36) 

*  2  cos(X0)  as  X„  -*  -  (37) 

Forward  Half-Triangular  Element.  We  may  construct 
the  required  pressure  distribution  by  integrating  a  large 
number  of  alt  semi-infinite  bunds,  each  of  magnitude 
dp*  ■  (p0/2a)  dx*.  For  each  of  these  hands  X  3  ky  (x  -  x'). 
where  x'  is  the  starting  point  of  that  hand.  Thus 


The  case  of  a  complete  triangular  element  is  plotted  in 
Figure  5(d).  As  noted  before,  these  results  may  he  obtained 
by  summing  the  deflections  from  the  two  half  tnangles 
(using  a  common  j  index). 

III.  Hydrodynamic  Modal  of  Seal 


agn(X)f(X)  r  H(-X» { 2  cos(X) 


-  I  >]  dx' 


♦  III-  X0)  {  2  cos(X„) -  I  )J 


Theory 

Background.  We  make  the  usual  assumptions  of  inviscid 
incompressible  flow.  A  further  simplification  is  to  linearize 
the  i  ret- turf  ace  conditions.  The  theory  for  the  wave  dis¬ 
turbance  resulting  from  the  application  of  a  pressure  diilri- 


(.  are  has  been  taken  here  to  subtract  an  aft  step  'if  magnitude 
p0  -  necessary  to  bring  the  pressure  of  the  element  back  to 
zero  at  x  •  -0 

For  the  purpose  of  the  integration,  one  needs  the 
following  relationship 
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Figure  6  -  Hydrodynamic  Influence  Coefficients 
fa)  Semi-Infinite  Pressure  Bands 


Figure  6  -  Hydrodynamic  Influence  Coefficients 
(b)  Forward  Half-Triangular  Element 


Figure  6  -  Hydrodynamic  Influence  Coefficients 
(c)  Aft  Half-Triangular  Element 


Figure  6  -  Hydrodynamic  Influence  Coefficients 
(d)  Complete  Triangular  Element 
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sgnfXMfXldX 


g(X) E  In(X) 


=  RnX).  (.18) 

The  results  for  the  wave  elevation,  and  its  asymptotic  form 
are 


p*f/p"  °  rs;  {[; «'  <\> >  -  x„  )J 

»*H(-X1){>sin(x,).  x,)]j 
-[i  '«I'IX,1II(X0)  <  IU-Xul(Ja»(Xul-  l)j 

l.l*») 

"  iT  •)-  -’cmlX„)  a»  X„  - 

MO) 

whr,c  X,  *  <x  -  >j)k(|  (4|, 


All  WI  TiWful«  Ekmm.  In  a  similar  manner  to  (he 
previous  case  one  can  construct  this  element  using  a  (positive) 
aft  semi-infinite  ham)  Hailing  at  x  «  0,  and  then  subtracting 
an  integrated  aeries  of  bands.  The  final  result  is 

0*t/Po  *•(»„)  till-  X0)(>»n(X0)-X()|j 


-  ^  »l  (X, )  +  II  (-  X,  I  ( ’  ain  (X, )  -  Xj  )J 

♦[”  »»"  (X0 )  f  <X0 1  ♦  H(-  X0 1  { 2  ins<X„ )  -  I  )J  J 

(4:i 

-  —  <9in(X0>-sin<X,l)+  ’  ioi(X0l  41  X„  ■* 

<4X1 

*’>*"  X,  -  <»  ♦  2al k„  .  (44) 


Comptat  Triangular  Ebnwnt.  We  could  build  ihn 
clemenl  with  a  senes  ot  small-magnitude  pressun.  bands 
However,  II  19  easier  lo  add  Kq.  (JMI  lo  Kq.  («>),  and 
l  q  (40)  lo  l.q.  (4,1); 

x-Dt/P,,  -  J^{-[i*'lX,lr  m-X).(J„n«X,,-X|)] 

*  -[i*"xu',H<-X0){-'«.i<X0l-X|)ij 
~[;|MX1>*l,<-X))(>.1n(XJ)-X)}]}  (45) 

4  on1  nk,,) 

■~-x-  *"-,xo>  Mb) 


after  some  simplification 
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Result! 


the  Seal  Dttflection 


Figures  6(a)  through  (d)  display  wave  profiles  generated 
by  the  five  different  pressure  forms.  For  example,  the  two 
semi-infinite  pressure  bands  are  shown  in  Figure  6(a).  It  is 
seen  that  the  profiles  very  quickly  develop  their  asymptotic 
forms  downstream  -  perhaps  within  half  a  wavelength.  Of 
interest  too.  is  that  the  slope  of  the  free  surface  at  x  =  0, 
as  given  by  Eqs.  (31 )  and  (36)  for  these  two  cases  is 
theoretically  infinite  (according  to  linearized  theory).  How 
ever,  this  behavior  is  so  localized  that  it  is  not  really 
apparent  on  this  plotting  scale. 

The  three  triangular  elements  arc  shown  respectively  in 
Figures  6(b),  (c)  and  (d).  Again  the  asymptotic  downstream 
wave  profiles  are  very  quickly  obtained.  It  is  seen  that  the 
amplitudes  of  the  wave  is,  to  the  first  order,  2  al^  for  the 
half  ?lcments,  and  4ak0  for  the  complete  element. 

The  kinks  visible  in  the  curves  for  ako  *  0,2  are  due 
to  the  fact  that  points  were  computed  only  for  values  of  x 
which  were  an  integral  multiple  of  the  element  length  2a. 
They  could  have  been  avoided  by  using  a  closer  spac:ng  of 
points. 


IV.  Combining  the  Elements 
Kinematic  Condition 


Wc  now  apply  the  results  of  the  previous  two  sections 
to  that  of  a  flexible  planing  seal  travelling  ahead  of  a  cushion 
pressure  on  the  free  surface.  The  configuration  is  shown  in 
Figure  4.  The  cushion  pressure,  pc,  and  the  seal  pressure, 

Pj,  arc  normally  identical,  but  will  be  kept  separate  in  the 
problem  formulation. 

The  solution  to  the  problem  is  obtained  by  summing 
the  wave  profiles  resulting  from  all  the  pressure  elements, 
and  equating  this  to  the  profile  of  the  deformed  plate: 
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Here  the  superscript  A  means  that  the  variable  has  been 
made  dimensionless  using  p,  g  and  the  pressure  for  that 
element,  The  double  subscript  ij  refers  to  the  influence  at 
the  i'th  field  point  due  to  a  source  element  at  station  j.  A 
single  subscript  i  implies  that  j  ■  I,  that  is,  the  source 
clement  is  located  at  the  seal  trailing  edge.  The  superscripts 
(I)  through  (5)  refer  to  the  five  pressure  forms  considered 
in  the  previous  section,  and  in  the  section  on  beam  deflection 
(alt. lough  type  2  does  not  occur  there). 


Geometry  considerations  are  used  to  find  the  distortion 
in  the  seal: 

Wj  =  —  7i  -  h  for  I  <  i  <  n .  (4?) 


The  Seal  Forces 

S,.  pic  summation  may  be  used  to  compute  the  lift, 
drag  and  moment  about  the  scrl  trailing  edge: 

n 

L  =  apb  +  2a 23  Pj>  <50) 

i  =  2 


D  =  ^pb(z2  +w2  -z,  “  V  +  ^23Pj(zi*» 


(SI) 


and  M=  Y  )>b  xi  Pi  • 
j-2 


(52) 


while  the  center  of  lift  developed  by  the  seal  is  just 

x  *  M/L .  (53) 


Th«  Wave  Resistance 

The  downstream  amplitude  of  the  waves  may  be 
expressed  in  terms  of  its  two  components: 

f  »  At  cos(xk0)  ♦  AjSinUk,,).  (54) 

The  wave  resistance  is  then  given  by  Lamb  Ip.  4151 : 

>\  •  *  A/>.  155) 


One  therefore  neejs  to  find  these  two  wave  components. 
Eqs.  (37).  (40)  and  (4b)  are  used,  alter  taking  into  account 
the  longitudinal  displacements  of  the  source  points  of  the 
contributions  to  the  downstream  wave: 


Eq.  (47)  contains,  us  input,  the  undetected  seal  profile. 
Zj.  (Arbitrary  seal  shapes  can  be  handled  by  the  procedure  - 
as  well  as  the  obvious  Hat  form,)  The  wetted  length  is  fixed, 
and  as  a  consequence,  the  equilibrium  height,  h.  must  be 
considered  to  be  unknown.  The  set  of  n  equations  in  n 
unknowns  represented  by  Eq.  (47)  may  be  solved  by  a 
standard  matrix  inversion  technique. 

Fra*  Sort  aoa  Etovatton 

This  calculation  may  be  carried  out  once  the  pressure 
distribution  has  been  determined: 


i  sin  1 2  uk0 ) 


4  sin2  (<ik(> ) 

- T - -  2s  Pi  * *t  >  (56) 

a*o  t  -  2 


rin*  *ak„ ) 

'’**■  ’ 2p*  ~a~ 


oif,-pt  *X  I’Jli 


(48) 
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4  sin2  (ik  )^> 

♦ - - - 2s  p|CoaU|ko>-  (57) 
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Figure  7  -  Convergence  or  the  Numerirel  Scheme  Figure  7  -  Convergence  ollhe  Numeric.!  Scheme 

(.1  CenlerofPresure  (c)  Tip  Deflection 
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Figure  7  -  Convergence  of  the  Numerical  Scheme 
(b)  Lift  Coefficient 
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Figure  7  -  Convergence  of  the  Numerical  Scheme 
(d)  Pressure  Distribution 


V.  Results 

Convergence 

Figure  7(a),  (h)  and  (cl  demonstrate  the  convergence 
rate  for  some  of  the  integrated  quantities  with  respect  to 
the  number  of  elements  used.  Cases  of  n  3  5,  10.  '0.  40. 

HO  and  !(»0  are  shown.  The  definitions  of  the  dimensionless 
parameters  are: 


Froude  number. 

>■  “  </>/** 

(5H) 

Dimensionless  rigidity 

!)•  -  l>/p 

<  V>) 

Fill  coefficient 

(',  -  V« 

(h0) 

Drag  coefficient: 

(■(,  . 

(hi  1 

I  he  seal  under  consideration  ts  tlat  helorc  deflection  that  is. 
Us  pudllc  is  given  by  /  *  o  x,  where  u  is  the  angle  of  attack 

I  he  error  in  the  results  appears  to  be  inversely  propor* 
tiumtl  to  the  numlH'i  of  tlements  used  It  is  seen  that  for 
the  two  Froude  numbers  and  two  stiffnevses  considered  that 
there  is  little  difference  between  the  cases  of  K0  and  ltd) 
dement*  For  most  purpose*,  in  fact,  40  dements  should 
yield  sufficiently  accurate  results,  pcrha|>s  even  for  the  ease 
of  tip  deflection.  w„.  tn  Figure  7(c). 

Figure  7(d)  illustrates  the  rate  o!  convergence  of  (he 
pressure  distribution  under  a  relatively  soft  seal  Not 
surprisingly,  the  rate  of  convergence  ts  fastest  away  from 
the  leading  edge  -  where  the  spray  jet  is  formed. 


Basic  Quantities 

We  now  examine  the  cflecl  of  the  basic  parameter  in 
the  present  work  -  the  seal  stiffness.  This  i>  illustrated  in 
Figures  H(a)  through  Uli.  In  these  examples,  the  seal 
possesses  a  constant  thickness.  I  he  effect  of  cushion  and 
seal  pressures  will  be  shown  later. 

Figure  H  shows  the  uramutic  effect  of  stillness,  l  or 
example,  in  Figure  H(a>,  the  center  of  pressure  moves 
forward  as  the  ugidity  is  decreased  This  is  a  result  of  the 
seal  bending,  and  the  load  being  carried  only  near  the 
leading  edge 


One  sees  m  Figures  H(h)  ami  (c)  (hat  the  lilt  ami  drag 
are  also  greatly  reduced  when  the  seal  is  made  softer.  There 
is  a  general  drop  in  these  two  quantities  at  (lie  critical  speed 
ol  the  seal,  that  is.  near  F  a  ()!>.  A  couple  of  interesting 
checks  may  he  used.  At  high  Froude  number*  (when  gruvity 
effects  approach  «ro>  the  lift  and  drag  coefficient  for  a 
rigid  seal  tD#  a  both  approach  ir  -  u  result  well  known 
in  airloil  theory.  Furthermore,  for  this  case,  the  dimension* 
less  center  of  pressure  approaches  the  required  value  of  .1/4. 

Figure  N(dt  show*  the  tip  del  lection  Obviously, 
increasing  the  rigidity  decreases  the  deflection,  and  there  air 
interesting  dip*  in  the  curve*  at  Froude  number*  less  than 
1.0. 

Hie  influence  of  u  uniform  taper  m  the  thickness  of 
tin  planing  surface  is  shown  in  Figure  l>.  (The  stiffness  at 
the  midpoint  hai  been  kept  constant  here,  at  a  value  of 
IV  -  0.05.)  The  centr  of  pressure  m  Figure  Uu)  is  seen  to 
move  aft  with  increasing  taper  -  although  the  change  is 


iw 


Figure  8  —  Variation  of  Seal  Stiffness 
(a)  Center  of  Pressure 


Figure  9  -  Variation  of  Seal  Taper 
(a)  Center  of  Pressure 


Figure  8  -  Variation  of  Seal  Stlffneaa 
(c)  Drag  Coefficient 


Figure  9  -  Variation  of  Seal  Taper 
(c)  Drag  Coefficient 


Fig  tar*  8  -  Variation  of  Seal  StUTocaa 
(dl  Tip  Deflection 


Figure  9  -  Variation  of  Seal  Taper 
Id)  Tip  Deflection 
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Figure  10  -  Pressure  Distribution 
<b>  D*  ■  *»  and  r  B  0 


fairly  small.  I  he  lift  and  drag  in  Figures  l)(h)  and  tel  are 
greatly  influenced  by  the  taper.  Increasing  the  taper  raises 
the  values  of  the  lift  and  drag  coefficients  -  not  that 
dissimilar  to  the  effect  of  increasing  the  rigidity  in  Figure  H. 
Pronounced  dips  in  the  curves  are  still  evident 

The  tip  de (lection  (Figure  ‘><dll  is  also  a  strong  function 
of  the  tuper.  The  deflection  is  always  reduced  when  the 
taper  is  increased.  The  effect  of  Froi.de  number  is  also  very 
evident. 

PrMiurt  Distribution! 

V.e  now  turn  to  Figure  10  whose  four  parts  illustrate 
the  vivid  effects  of  the  various  jiarairicters  introdr.  ed  above. 
For  the  purpose  of  illustration.  I  lie  pressure  has  .*ccn  made 
dimensionless  using  the  lift  of  the  seal.  I.,  and  its  length,  V 

A  relatively  flexible  seal  is  considered  in  f  igure  I  Dial. 

As  a  result,  negative  pressures  are  evident  over  some  regions 
of  the  surface  At  low  Fronde  numbers,  the  wavelength  of 
the  pressure  oscillations  is  practically  the  same  as  tlie  stan¬ 
dard  result  from  linear  theory.  Thus  the  seal  is  essentially 
conform  mg  lo  I  he  natural  water  wave  generated  by  the 
forward  portion  of  the  seal,  whose  deflection  is  obviously 
less. 

At  higher  speeds,  very  little  lift  is  carried  by  the  aft 
portion  of  the  surface.  Also,  regions  of  negative  sir  very 
low  relative  pressures  sidl  occur.  Of  note,  is  the  fact  that 
the  wavelength  of  the  oscillation  o  much  j«w Iter  for  the 
higher  speeds.  This  contradicts  simple  unconstrained  water 
wave  theory  and  points  up  the  influence  of  the  stiffness 
(albeit  small!  of  the  seal. 


<c)  D*  *  0.05  and  r  *  I 


In  Figure  !0(b).  a  rigid  surface  has  been  considered. 
The  curves  of  pressure  arc  somewhat  simpler  in  form  than 
for  the  flexible  case,  in  Figure  I  (Ha).  The  fact  that  the 
center  of  pressure  moves  forward  with  increasing  Froude 
number  is  demonstrated. 


I  he  case  of  a  taper  of  unity  is  presented  in  Figure 
I  (He)  At  high  speeds,  the  amount  of  load  carried  near  the 
stern  is  even  levs  than  in  previous  cases.  Companion  with 
Figures  10(a)  and  (b)  shows  that  the  taper  has  radically 
altered  the  form  of  the  prevsurr  distribution. 

Finally,  m  Figure  l(Hd).  we  consider  a  situation  in 
which  a  dimensionless  cushion  prevsurr  and  seal  pressure  of 
5  are  applied  These  are  defined  by  the  formulas 


(O 

l>, /»»«<» . 

(tv  Vi 

reflectively  I' he  taper  and  rigidity  are  the  same  as  in 
Figure  lOtc),  v>  a  comparison  can  be  made  there. 

The  pressures  in  all  cases  approach  the  cushion  pressure 
at  the  stern  (x/f  «•  0)  in  a  smooth  manner.  (The  apparently 
different  values  of  the  pressure  at  the  stern  is  a  result  of  (he 
particular  pressure  parameter  being  plotted  )  At  low  speeds, 
up  to  a  Froude  number  of  1.5.  the  pressure  curves  all  appear 
to  pass  through  the  same  point  U/t  ■  0.5,  pK/F  *  O  H). 
However,  no  particular  significance  for  this  has  been 
discovered 
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Wave  Profita 

The  Iasi  set  of  results,  in  Figure  1 1,  show  the  form  of 
the  watei  surface  for  the  same  four  cases  presented  in 
Figure  10. 

In  the  examples  shown,  the  plate  lies  in  the  region 
0  <  x/8  <  I.  Thus,  Figure  l  Mai  also  illustrates  how  much 
deformation  the  plate  suffers  at  different  speeds.  At  the 
lower  Froudc  numbers,  in  fact,  the  plate  ,>ossevses  a  negative 
slope  over  the  stem  region.  The  buildup  of  the  wutci  ahead 
of  the  plate  is  also  seen.  In  addition,  the  downstream  wive 
system  becomes  established  in  a  short  distance. 

Ihc  plate  remains  Hat  in  Figure  ll(h»  since  it  is  rigid 
Hie  water  is  seen  to  separate  smoothly  off  the  trailing  edge 
-  as  it  also  does  ir:  Figure  I  Hal. 

A  taper  of  unity  was  used  in  the  calculations  leading  to 
Figure  1 1(c).  Once  again,  the  water  buildup  ahead  of  the 
surface,  and  the  wave  train  in  the  downstream  region  are 
prominent.  So  too,  is  the  plate  deflection. 

Ihc  last  figure  to  be  presented,  Figure  1 1(d),  demon¬ 
strates  the  powerful  effect  of  applying  a  pressure  in  the 
cuihiot  ”i  the  seal.  In  this  case,  the  seal  deflects 
Juwmvii. .  .dial  is,  a  i.cgativc  deflection  occurs)  This  effect 
is  due  to  the  pressure  acting  down  on  the  seal.  Very  large 
downstream  waves  are  also  generated.  A  comparison  ol  wave 
heights  with  the  previous  parts  of  Figure  1 1  highlights  this 
feature. 

incidentally,  it  should  be  pointed  out  here  that  the 
value  of  the  blending  pressure  elrment,  p^,.  was  chosen  to 
provide  a  continuous  pressure  distribution  in  Figures  10(d) 
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Figure  1 1  -  Wave  Profile 
(c)  D*  *  0.05  and  r  *  1 
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Figure  1 1  -  Wave  Proflle 
(d)  D*  ■  0.05,  r  »  1  and  pc*  ■  p,*  x  5 


and  1 1(d).  That  is,  p^  =  pc  -  p,.  A;,  expected,  if  a  different 
value  of  the  blending  pressure  were  chosen,  then  a  badly 
behaved  prevsure  distribution  resulted.  Surprisingly,  however, 
the  choice  of  blending  pressure  had  little  cffec.  .»n  lift,  drag, 
center  of  pressure,  and  tip  deflection. 

VI.  Conclusions 

Praaant  Work 

The  principal  object  of  the  research  described  in  this 
paper  was  to  introduce  the  effect  of  compli.i- .e  of  the  body 
into  planing  theory.  Flexibility  is  seen  to  lu..  a  profound 
effect  on  all  the  ipiuntities  of  interest  in  brief  ,  increasing 
the  flexibility  results  in  a  loss  of  lift  and  a  reduction  in 
drag  AJso,  the  centn  of  pressure  moves  forward.  Increasing 
the  Froudc  number  makes  the  importance  of  compliance 
greater. 

The  effect  of  taper  is  found  to  influence  the  lift,  drag, 
center  of  pressure  and  tip  deflection  in  a  manner  similar  to 
that  of  mirwhtg  the  rigidity. 

It  was  also  found  that  application  of  a  pressure  on  the 
seal,  and  on  the  water  behind,  has  a  map**  effect  on  its 
performance.  Ihc  lift  is  increased,  and  at  low  speeds  the 
drag  u  much  larger. 

Futur*  Work 

An  obvious  improvement  in  the  rate  ot  convergence  of 
the  numerical  scheme  could  be  achieved  through  use  of  a 
special  pressure  clement  at  the  leading  edge  of  the  planing 
surface.  This  clement  would  need  to  possess  the  square-root 
singularity  referred  to  before  Fxaminatiri  of  some  of  the 


pressure  distributions  presented  in  this  paper  would  indicate 
that  somewh- :  fewer  than  80  elements  should  be  needed  to 
faithfully  represent  ..hem,  if  the  singularity  at  the  leading 
edge  were  handled  in  this  manner. 

The  work  should  definitely  be  extended  in  various 
directions.  For  example,  a  three-dimensional  model  of  the 
surface  would  be  an  improvement  on  the  present  two- 
dimensional  one.  However,  the  greater  performance  of  the 
theory  would  he  at  the  expense  of  somewhat  more  analytic 
and  computational  effort. 

The  final  goal,  naturally,  is  a  complete  model  of  an 
SES.  Such  a  theory  would  have  to  include  the  influence  of 
both  the  stem  and  the  bow  seal  -  as  well  as  the  effects  of 
the  two  sidehulls. 

Acknowledgements 

The  research  described  in  this  paper  was  performed 
while  the  writer  was  located  in  the  Aviation  and  Surface 
Effects  Department  (ASED)  of  the  David  W.  Taylor  N-'-al 
Ship  Research  and  Development  Center  (DTNSRDC),  aring 
leave  from  the  University  of  New  South  Wales  in  Sydney, 
Australia. 

The  write*  would  particularly  like  to  thank  those  who 
helped  to  make  his  stav  in  the  U.S.  possible.  These  include 
Mr  S.  Davis  of  the  Surface  Eflect  Ships  Program  Office 
(SF.SPO),  Mr  AG.  Ford  (ASEl),  DTNSRDO 
Mr.  R.l).  Cooper  of  the  Office  of  Naval  Research  (ONR). 
and  Professor  J  P.  Breslin  of  the  Stevens  Institute  of 
Technology. 

The  work  was  supported  by  the  * '  val  Sea  Systems 
Command  (SESPOl  and  administered  t»y  ONR  through 
Contract  No.  NOOOI4-77-COI 71 ,  Tu  k  No.  NR()o2  5o7; 

The  writer  would  also  like  to  thank  Dr.  P  R.  Zarda  of 
the  Numerical  Structural  Median  cs  Branch  of  DTNSRDC 
lor  help  that  he  gave. 

References 

I.  Sretenskn.  I.N.,  "Mu  ihv  Mo.  .on  of  a  Glider  on 
Deep  H'u/er,  1/v.  Akad  Njuk  SSSR  ,  Uldel  Mat.  Tstest. 
Nauk,  Vol.  I‘M.1,  pp.  KI7-815  (in  I  nglislilt  f*M.i) 

2  Sretenskh.  I.  N  .  “(in  the  Theory  of  //»**  Glider." 
t/.v  Akad  Nauk  SSSR  ,  O  Jel,  lekhn  Nauk.  V«i.  I  ‘MO. 

No  7,  pp.  3  2<»  tin  rtu-  anM  I ‘MO) 

3  Sedov,  1  I..  "Tin-  Plan?  frobiem  of  (Unlit ig  on  the 
Sur Un  ?  of  a  Heave  f  luid, "  Irudy  konleiontsii  jh>  Teotti 
Vidnovogo  Sof  iptivlcmya,  Moscow,  pp  J  -  30  On  Russian) 
tl‘Mf>)  Als«  I  sen tr al  Acro-Giil  rod  main  Inst  Moscow 
||917) 

4  Maruo  H..  "  f'woJimemioruil  Theurs  of  the  Hydro¬ 
plane."  Pros  First  Japan  Nat  Cong  A ppl  Mcth  .  Science 
Count d  til  Japan,  tokyo.  pp  409  41 5  I  195  ’) 

5  Maruo.  M  "Hvdrodinamh  h- sestrehei  <»/  th? 
Hydroplane.  hirt  I.  J  /.men  kiokai  tJ  Sot  Nav  Arch 
Japan).  Vol  *11,  pp  9- (Mm  Japanese H  I 9 Si*) 

Maitio  li  .  I  hid,  Part  2.  Vol  *)'.  pp  5  J  It  t  tl957) 

7  Maruo  H  Ibid.  Pail  Vol  IOC. pp  2  l  ( l‘>'*>) 

8  Squire.  II  H  "The  Motion  of  it  Simple  Wedge  a long 
the  Water  Stir  f  a if."  Proc  Ku^  S«x  londoii.  Scries  A.  Vol 
MV  pp  48  •  f»4  ll*»57> 


9.  Cumbcrbatch,  E..  "Two-dimensional  Planing  a l 
High  Fmude  Number,"  J.  Fluid  Mechanics.  Voi.  4.  Part  5. 
pp.  466  -478  (1958). 

10.  Wchausen,  J.V.  and  Laitone.  E.V..  "Surface  Warn,” 
Encyclopedia  of  Physics,  ,fot.  9.  Fluid  Dynamics  3,  ed.  by 

S.  Flugge,  Springcr-Vcrlag.  Berlin,  pp.  446-815  (I960). 

1 1 .  Green,  A.E..  “ The  (Hiding  of  a  Plate  on  a  Stream 

v inite  Depth,  Part  Proc.  (\  mb  ridge  Phil.  Soc.,  Vol  31, 
589-603  (1935). 

12.  Green.  A.E.,  Ibid,  Part  2.  Vol.  32.  pp.  67-85  (1936). 

13.  Green,  A.E.,  "Note  on  the  Gliding  of  a  Plate  on 
the  Surface  of  a  Stream, "  Proc  Cambridge  Phil.  Soc..  Vol. 

32.  pp.  248-  252  (1936). 

14.  Wu.  T.Y.  and  Whitney.  A.K.,  "Theory  of  Optimum 
Shapes  in  Tree-Surface  [-'lows.  Part  /,  Optimum  Profile  of 
Spray  less  Planing  Surface, "  J.  Fluid  Mechanics.  Voi.  55. 

Part  pp  439-455  (1972) 

15.  Ting,  L  and  Keller.  J  B  .  "Optimal  Shape  of  a 
Planing  Surface  at  High  Froude  Number,"  J  Ship  Research. 

Vol  21.  No  I.  pp.  40  43  (1977) 

16  Wu.  T.Y  ,  "A  Singular  Perturbation  Theory  for 
Nonlinear  Tree-Surface  Flow  hobletm,"  lot  Shipbuilding 
“rojtress.  Vol.  14.  No.  151.  pp  88-97(1967) 

17.  l  ing,  1  and  Keller,  J  B  ,  "Planing  of  a  Flat  Plate 
at  High  Froude  Number."  The  Physics  of  Fluids.  Vol.  I  7, 

No  6.  pp  1080-  1086  (1974) 

18  Doctors.  I  J  ,  "Representation  of  Planing  Surfaces 
hv  Finite  Pressure  Flemcntx."  Proc.  Filth  Australasian 
Conference  on  Hydraulics  and  Fluid  Mechanics.  Vol.  2. 

pp  480  488(1974) 

1 9  Wagner.  IT.  ’  I'her  Slots-  und  Glettvorgange  an  Jet 
Oberfldehen  von  Flussigkeiten."  Zeilschritt  lur  Angewaiultc 
M.iflieniatik  urul  Mcch.uuk.  Vol  17.  No  4,  pp  I’M-  215 

(1 93  2) 

20  luhn.  M  P  .  "The  Thiorv  of  Slender  Surfaces 
Planing  at  High  Speeds,"  Scliittstechmk,  Vol.  4.  No  71 . 
pp.  125-131  (in  FnghshN  1 957) 

21  Shu  lord.  Cl  .  ".4  Theoretutd  and  Experimental 
Studs  of  Planing  Surfaces  Including  meets  of  trim  St  cl  ion 
and  l*km  Form."  National  Advisory  Commit  tec  lor  Aeronati 
tus  (NAVA).  Report  I33v.  15  pp  1 1  **5N» 

77  Casting.  F.  M..  "The  Planing  of  a  low  Aspect-Ratio 
I  kit  Ship  at  Infinite  Fro ud e  Number,  to  lx*  published  in 
J  Engineering  Matbeinal'cs  M  pp  tl97  7i 

2*  Shen,  Y  I  .  "I'heors  i if  High- Afreet  Ratio  Timing 
Sur  fates."  Dept  N.»v  Arch  and  Marine  I  ng  .  Untv  Michigan, 
Ann  ArU  .  Mnhig.n..  Rep  102.  I23*vn  pp  (1 970) 

24  Shen.  Y.T  and  Ogilvie.  I  F  ,  "Nonlinear  thdrudv 
naoih  Pun  *  \  for  Finite- Sfxin  I'kwing  Statutes. "  J  Stop 
Rcseatcji.  Vol  In.  No.  t.  -»p  1  70t|97>) 

2'  Wagner.  IT.  "Planing  of  Watercraft."  National 
Advisory  Committee  tor  Aeronautics  tN.ACA).  IM  I  I  19, 

41  pp  (|94h»  1 1  ranslatmn  <0  "I'her  da*  (* letters  is»« 


Wassesr fahrzcugen. "  Jchihuch  der  Schiffhautcchnik,  Vol. 

34.  pp  <i*i33>. 

26.  W.idlin.  K  L.  and  Christopher,  Y  W..  "A  Method 
tor  Calculation  of  Hydrodynamic  Lift  for  Submerged  and 
Planing  Rectangular  Lifting  Surfaces.  "  National  Aeronautics 
and  Sp^cc  Administration  (NASA),  IK  R-14,  13  pp.  (1059). 

27.  Maruc-.  II..  "High-  and  !  *m*v4 sped  Ratio  Approxi¬ 
mately  of  Plar  ig  Surfaces. ’’  Schiffstcchnik.  Vol.  14.  No. 

72.  pp-  57-64  tin  English  X  1967) 

2H.  Weinstein,  l.  and  Kapryan.  W.J.,  "The  High  Speed 
Pinning  Chare  I  eristics  of  a  Rectangular  Plat  Plate  over  a 
Wide  Range  of  Trim. "  National  Advisory  Committee  for 
Aeronautics  (NACA).  TN  2981,  20  pp.  (1953). 

29.  Wing.  D  P.  and  Rispin.  P..  'Three-dimensional 
Planing  at  High  Fronde  Number, "  J.  Ship  Research.  Vol.  1 5. 
No  3.  pp  22!  -230(1071). 

30.  Tuck.  E.O..  Tow-Aspect-Ratia  f 'lal-Ship  Theory," 
J.  Uydronautics.  Vol.  0,  No  I.  pp.  3-  12  (1975). 

31.  Oci  tel.  R  P..  "The  Steady  Motion  of  a  Flat  Ship 
Including  an  Investigation  of  Local  Flow  near  the  Bow, " 

Ph.  D.  thesis.  Dept.  Applied  Mathematics.  Univ.  Adelaide. 
Adelaide.  Australia.  1 13  +vii  pp.  (1075). 

32.  dement,  fc  P.  and  Blount.  D.L..  *' Resistance  Tests 
of  a  Systematic  Series  of  Planing  Hull  Forms. "  Trans.  Soc. 
Naval  Architects  and  Marine  Engineers.  Vol.  71.  pp.  491  -570 
(1063) 

33.  Iladler.  J..  "The  Prediction  of  Power  Performance 
un  Planing  ('raft. "  Trans.  Soc,  Naval  Architects  and  Marine 
Engineers.  Vol.  74.  pp,  563  -610(1966). 

34  Savitsky.  D.,  "Hydrodynamic  Design  of  Planing 
Hulls."  Marine  Technology.  Vol.  I,  No.  I.  pp.  71  -95  (1964), 


35.  Savitsky.  3.,  "Planing  Oaf i,"  Panel  Discussion, 

Proc.  Seventh  Symposium  on  Naval  Hydrodynamics.  Office 
of  Naval  Research.  August  25-30,  Rome,  pp.  1163*1168 
(1968). 

36.  Savitsky,  D.,  "Hydrodynamic  Development  of  a 
High  Speed  Planing  Hull  for  Rough  Water,  ”  Proc-  Ninth 
Symporium  on  Naval  Hydrodynamics,  Office  of  Naval 
Research,  August  20-25,  Paris,  pp.  419-461  (1972). 

37.  Doctors,  L.J..  "Representa:  on  of  Three-Dimensional 
Planing  Surfaces  by  Finite  Elements,"  Proc.  First  International 
Conference  on  Numerical  Ship  Hydrodynamics,  David  W. 
Taylor  Nava!  Ship  Research  and  Development  Center  and  the 
Office  of  Naval  Research,  Washington,  pp.  517-537  (1975). 

38.  Huang,  T.T.  and  Wong.  K.K.,  "disturbance  Induced 
by  a  Pressure  Distribution  Moving  Over  a  Free  Surface.  " 

J.  Ship  Research,  Vol.  14.  No.  3,  pp.  195-203  (1970). 

39.  Haussling,  H.J.  and  Van  Escltine.  R.T.,  " Unsteady 
Air-Cushion  Vehicle  Hydrodynamics  Using  Fourier  Series,  ” 

J.  Ship  Research,  Vol.  20,  No.  2,  pp.  79-84  (1976). 

40.  Doctors,  L.J.,  "The  Effect  of  Air  Compressibility 
on  tht  Nonlinear  Motion  of  an  Air-Cushion  Vehicle  over 
Waves,  ”  Proc.  Eleventh  Symposium  on  Naval  Hydrodynamics, 
Office  ol  Naval  Research.  Washington,  16  pp.  (1976). 

4).  Timoshenko,  S.  and  Young.  D.H.,  "Elements  of 
Strength  of  Materials."  4th  Ed..  D.  Van  Nostrand  Company, 
Inc.,  Princeion.  377 +  x  pp.  (1962). 

42.  Lamb,  H.,  “ Hydro  dynamics ,"  6th  Ed.,  Dover 
Publications,  New  York,  738 +  xv  pp.  (1945). 

43.  Abramowitz,  M.  and  Stegun,  I.A.,  "Handbook  of 
Mathematical  Functions."  Applied  Mathematics  Series- 55, 

Nat  Bureau  of  Standards,  U.S.  Govt.  Printing  Office, 
Washington,  1046*  xiv  pp.  (1965). 


DISCUSSIONS 
of  three  papers 


HYBRID  INTEGRAL-EQUATION  METHOD  FOR  THE  STEADY  SHIP-WAVE  PROBLEM 
Ronald  W.  Young  and  Yann  C.  Cougar 

INTEGRAL-EQUATION  METHODS  FOR  CALCULATING  THE  VIRTUAL  MASS 
IN  WATER  OF  FINITE  DEPTH 
P.  SayerandF.  Uraall 

THEORY  OF  COMPLIANT  PLANING  SURFACES 
LJ.  Doctors 


Invited  Discussion 
H.  Maruo 

Yokohama  National  University 


Dr.  Yeung  and  Mr.  Bouger  have  developed  a 
method  that  looks  quite  novel  as  a  treatment  of 
steady  free-surface  flow  problems.  The  special 
feature  of  this  method  Is  first,  the  employ¬ 
ment  of  the  ordinary  source  potential  In  place 
of  the  conventional  Havelock  source,  and  second, 
the  division  of  the  fluid  domain  Into  an  Inner 
region  and  outer  regions.  The  first  point  Is 
advantageous  in  making  the  computation  of  the 
kernel  much  simpler  but  the  evaluation  of  th- 
second  derivative  of  the  velocity  potential  on 
the  undisturbed  free  surface  necessitates  some 
special  technique  such  as  t  employment  of  the 
spline  function,  ine  division  of  the  fluid 
domain  In  Inner  and  outer  regions  at  proper 
radiation  boundary  Is  convenient  especially  for 
the  case  of  an  Irregular  bottom.  This  Idea 
reminds  us  of  the  method  adopted  by  Yamamoto  in 
1975.  In  the  outer  regions  the  potential  Is 
expressed  by  an  asymptotic  expansion.  If  the 
radiation  boundaries  are  taken  far  enough  from 
the  body  and  from  the  Irregularity  of  the 
bottom,  only  a  few  terms  are  necessary;  other¬ 
wise  the  local  Irregularity  will  cause  some 
complication.  This  situation  Is  particularly 
Important  In  the  case  that  the  bottom  Is  not 
flat.  Unfortunately,  only  the  case  of  a  flat 
bottom  Is  given  as  a  numerical  example.  Further 
calculation  for  Irregular  bottoms  Is  expected. 

The  authors  have  also  referred  to  the  Neunann- 
Kelvln  problem  and  have  expressed  optimism 
about  the  resolution  of  the  line-integral  con¬ 
troversy.  However,  the  discusser  Is  rather 
skeptical  about  this.  A  numerical  method  of 
this  kind  can  be  safely  applied  to  a  problem  for 
which  the  existence  of  a  unique  solution  has  been 
proved.  In  the  case  of  fully  submerged  bodies, 
this  might  be  all  right,  but  there  Is  no  evidence 
of  existence  of  a  stable  unique  solution  In  the 
case  of  surface-piercing  bodies,  because  the 
linearized  free-surface  condition  Is  quite  arti¬ 
ficial.  An  Interesting  result  obtained  by 
Bessho  concerning  a  vertical  plate  Inserted  In 
a  uniform  flow  with  free  surface  showed  a  non¬ 
uniqueness  of  the  solution  of  the  boundary- value 
problem  with  exact  boundary  condition  on  the 
plate  and  linearized  free-surface  condition, 
lessho  has  proved  that  the  Integral  equation  lias 
elgensolutlons  that  satisfy  the  homogeneous 


equation.  Some  singular  behavior  Is  anticipated 
at  the  Intersection  between  the  body  boundary 
and  the  free  surface,  which  aonarently  Is  relat¬ 
ed  to  the  line-integral  three-dimensional 

problem. 

The  paper  of  Dr.  Sayer  and  Professor  Ursell 
deals  with  several  problems  of  practical  as  well 
as  theoretical  Interest  relating  to  the  classical 
problem  of  heaving  two-dimensional  cylinders  In 
a  free  surface.  The  authors  employ  the  method 
of  Integral  equations  In  the  computation  for 
arbitrary  shape  of  cross  section.  The  discusser 
wonders  If  conformal  mapping,  which  Is  conve¬ 
niently  used  In  the  case  of  Infinite  depth,  Is 
applicable  to  the  case  of  finite  depth  too.  Mhcn 
the  Integral  equation  Is  employed  to  solve  the 
boundary-value  problem,  there  appear  frequen¬ 
cies  at  which  the  solution  cannot  be  determined. 
These  so-called  Irregular  frequencies  corres¬ 
pond  to  a  Physical  phenomenon  of  resonant 
oscillation  of  water  Inside  the  cylinder  which 
Is  assumed  to  exist  when  the  boundary  of  the 
cylinder  Is  replaced  by  some  singularity  distri¬ 
bution.  The  existence  of  the  Irregular  fre¬ 
quencies  does  not  present  as  serious  a  problem 
In  the  computation  of  hydrodynamic  forces  In 
steady  oscillation  of  a  cylinder,  but  makes  a 
trouble  In  the  analysis  of  the  transient  oscil¬ 
lations.  This  problem  has  been  studied  by 
Ohmatsu  of  the  Ship  Research  Institute.  He 
pointed  out  that  the  Irregular  frequency  could 
be  removed  by  suppressing  the  resonant  oscilla¬ 
tion  Inside  the  cylinder  by  means  of  a  source 
distribution  over  the  Interior  free  surface.  If 
the  Irregular  frequency  can  be  removed  by  a 
single  wave  source  at  the  center,  the  computation 
‘'-comes  much  simpler  than  the  application  of  the 
source  distribution.  The  discusser  wonders  If 
the  tl ‘ml nation  of  the  Irregular  frequency  by 
means  of  the  modification  of  the  kernel  has  a 
connexion  with  some  kind  of  physical  phenomenon 
In  the  Interior  reglou.  In  this  work,  the 
authors  employ  an  expression  derived  by  Green's 
theorem,  but  there  Is  another  formulation  ex¬ 
pressed  by  the  distribution  of  wave  sources  only. 
The  authors  propose  a  transposed  Integral  equa¬ 
tion  which  Is  simpler  than  the  original  equation. 
The  discusser  feels  that  the  transposed  equation 
looks.  In  appearance,  like  the  Integral  equation 
which  appears  In  the  source  method,  and  the  solu¬ 
tion  determines  the  source  density.  There  Is  a 
simile  relation,  first  Indicated  by  Bessho,  that 
determines  the  Integrated  pressure  by  a  simple 
Integral  of  the  sot -ce  density.  Therefore  the 
authors'  conclusion  seems  to  lazily  the  superior- 


Ity  of  the  source  method.  The  discusser  wishes 
to  know  whether  the  Irregular  frequencies  are 
the  same  In  the  source  method  and  the  present 
method.  Another  question  Is  the  following.  The 
Irregular  frequencies  result  from  the  resonant 
oscillation  In  the  Inner  Dfrlchlet  problem,  while 
the  resonant  oscillation  of  the  liquid  In  the 
container  Is  related  to  the  Neumann  problem.  Are 
the  eigen  frequencies  In  both  cases  the  same  or 
not? 

Dr.  Doctors  h«s  presented  a  method  for 
solving  the  flexible  planlng-surface  problem. 

The  determination  of  the  pressure  distribu¬ 
tion  on  two-dimensional  planing  surfaces  Is  now 
a  classical  problem.  Nevertheless  there  still 
remains  an  unsolved  difficulty,  the  Indetermin¬ 
ateness  of  the  wetted  surface.  The  length  of 
the  wetted  surface  depends  on  the  elevation  of 
the  free  surface  to  a  great  extent.  Although 
the  elevation  Is  a  small  quantity  of  0{a),  a 
being  the  angle  of  attack,  the  change  of  the 
wetted  surface  due  to  the  surface  elevation  Is 
0(1).  Therefore  the  position  of  the  leading 
edge  cannot  be  determined  beforehand.  This 
fact  may  not  matter  much  In  the  case  of  steady 
planing  of  a  plane  surface,  but  It  seems  to 
yield  a  considerable  difficulty  In  the  deter¬ 
mination  for  a  flexible  planing  surface.  The 
boundary-value  problem  of  the  two-dimensional 
planing  surface  Is  formulated  as  a  Fiedholm  equa¬ 
tion  of  the  first  kind.  The  author's  calculation 
Is,  In  effect,  the  solution  of  this  Integral 
equation  by  means  of  the  discretization  of  the 
Integral  equation.  According  to  my  experience, 
the  method  of  discretization  of  an  Integral 
equation  of  the  first  kind  with  logarithmic 
kernel  Is  likely  to  show  an  unsatisfactory  accur¬ 
acy  sometimes,  especially  at  low  Froude  numbers. 
In  this  case,  the  expansion  by  mode  functions  may 
give  a  more  stable  result. 


Discussion 
by  Kwang  June  Bal 

of  paper  by  Ronald  W.  Yeung  end  Yann  C.  Bouger 

The  method  presented  here  was  applied  pre¬ 
vious  by  Yeung  to  two-dimensional  time-harmonic 
free-surface  flow  problems  and  the  results  were 
presented  at  the  First  International  Conference 
on  Numerical  Ship  Hydrodynamics  In  1975.  The 
same  method  was  also  applied  to  the  same  time- 
harmonic  problem  by  Kim  (1976). 

For  solving  the  uniform  steady-flow  prob¬ 
lem  considered  here  and  the  time-harmonic  prob¬ 
lems  considered  In  Yeung  (1975)  and  Kim  (1976), 
t  personally  do  not  see  any  advantage  In  using 
the  present  hybrid  Integral-equation  technique 
over  the  conventional  Green-function  method 
(distributing  singularities  on  only  the  body 
boundary).  It  seems  to  me  that  the  computation 
of  the  coupling  terms,  which  result  from  match¬ 
ing  the  eigenfunction  representations  (l.e., 
cosh  m  (y+h),  cos  m, (y+h)  and  the  fundamental 
singularity  distributions  (l.e.,  log  r)  along 
the  artificial  juncture  boundaries.  Is  as  com¬ 
plicated  as  the  computations  Involved  In  the 
conventional  Green-function  method  for  the 
finite  constant  depth  case.  This  fact  Is  ob¬ 
vious  when  the  Green  function  (In  the  conven¬ 
tional  Green-function  rethod  Is  expressed  In 
series  form. 

In  the  earlier  work  of  Yeung  (1973)  and 
Bal  I  Yeung  (1974)  the  fundamental  singularity 
method  Is  used  without  matching  of  the  eigen¬ 
functions.  In  this  case  there  Is  a  computational 
advantage  over  the  conventional  Green-function 
method  since  the  kernel  is  much  simpler.  However, 
In  this  approach,  the  computational  boundary 
domain  Is  Increased  as  a  trade-off  since  the 
fundamental  singularities  (log  r)  are  distributed 
along  the  entire  (closed)  boundary. 


Discussion 

by  T.  Francis  Ogllvle 

of  paper  by  P.  Sayer  and  F.  Ursell 

It  Is  worthwhile  to  say  something  about  the 
practical  utility  of  what  authors  have  demon¬ 
strated.  Many  organizations  have  computer  pro¬ 
grams  similar  to  Frank's  for  computing  ship 
motions  and  wave  loads  on  ships.  Of  course, 
these  all  give  difficulty  at  the  Irregular  fre¬ 
quencies  discussed  here.  But  these  programs  can 
all  be  modified  by  the  Insertion  of  a  single 
step,  equivalent  to  Equation  (3.1)  In  the  paper 
presented  here  (with  any  non-zero  value  assigned 
to  the  constant  A).  Then,  regardless  of  the 
frequency  under  consideration,  one  can  be  certain 
that  the  elgwii- frequencies  of  the  Internal 
Olrlchlet  problem  will  have  been  displaced  to 
other  frequencies. 

This  seems  to  me  to  be  a  much  happier  solu¬ 
tion  of  the  practical  difficulty  than  using  such 
devices  as  putting  a  ‘lid*  on  the  Inner-flow 
region. 


I  would  appreciate  It  If  the  authors  could 
express  their  view  on  the  advantages  (or  dis¬ 
advantages)  of  -  present  method  over  the 
conventional  Green-function  method  for  the  case 
of  constant  water  depth.  It  would  also  be 
useful  for  the  authors  to  discuss  the  Improve¬ 
ment  of  the  Yeung  (1975)  and  Kim  (1976)  methods 
over  the  ear’ ter  work  by  Yeung  (1973)  and  Bal 
I  Yeung  (1974)  for  the  general  cases  Including 
the  case  of  variable  depth. 


Hy  second  c cement  concerns  the  authors'  use 
of  spline-function  approximations  along  the  free 
surface  in  the  present  work.  It  seems  to  be 
necessary  In  tha  present  formulation  to  use  the 
spline  functions  due  to  the  presence  of  the 
second  derivative  exx  In  tha  free  surface  Inte¬ 
gral.  However,  tha  second  derivative  a..  In  the 
integral  along  the  free  surface  In  Equation 
(3.3)  can  be  eliminated  by  integrating  by  parts, 
resulting  In  a  slightly  different  form  which 
Involves  only  the  first  derivative  as  the  hlghest- 
order  derivative.  Then,  in  the  new  formulation, 

It  Is  not  necessary  to  use  complicated  (and  more 
sophisticated)  spline  functions.  From  my  own 
experience.  It  Is  much  easier  to  use  simple 
piecewise  polynomial  functions  which  permit  dis¬ 
continuities  In  the  first  derivative,  at 
Intersecting  points  of  two  adjacent  segments.  I 
would  like  to  ask  the  authors  If  there  Is  any 
other  significance  or  advantage  In  using  the 
spline  functions. 


IBS 


Finally  I  would  like  to  point  out  that  the 


error  In  the  vertical  force  In  Figure  7  of  Bai 
(1975)  which  Yeung  and  Boeder  referred  to  In  the 
present  paper  Is  not  due  to  any  error  In  my 
numerical  computations,  but  to  an  unfortunate 
misprint.  The  vertical  force  scale  should  have 
been  Y/(5eg*a2)  In  Figure  7.  Also  I  would  like 
to  take  this  opportunity  to  point  out  one  more 
typographical  error  In  Bai  (1975),  namely,  the 
scale  factors  (102)  and  ( 10" 1 )  In  the  abscissa 
of  Figures  10  and  11  should  have  been  Inter¬ 
changed.  I  would  also  like  to  correct  two 
misprints  In  Bai  and  Yeung  (1974)  which  were 
also  pointed  out  by  Yeung  (1975).  In  Figure  5.7 
of  Bai  A  Yeung  (1974),  the  abscissa  scale  should 
have  been  divided  by  the  factor  of  four  and  m0h 
should  have  been  m  b.  The  correct  scale  was 
given  In  my  original  paper  (Bai,  1972)  and  the 
results  were  confirmed  by  Kim  (1976). 

lal,  K.J.,  1972,  "A  variational  method  In  poten¬ 
tial  flows  with  a  free  surface,"  Ph.D. 
Thesis,  Dept,  of  Naval  Arch.,  University  of 
Calif.,  Berkeley 

Kim,  Y.H.,  1976,  “Hydrodynamics  of  cylinders  In 
water  of  arbitrary  varying  depth,"  Masto's 
Thesis,  Dept,  of  Ocean  Engineering,  MIT, 
Cambridge  Mass.  67  pages. 


Author's  Reply 
by  R.W. Yeung 

to  discussions  by  H.  Maruo  and  Kwang  June  Bai 

First,  concerning  Professor  Maruo's  conroent 
on  the  possibility  of  complications  In  applying 
the  method  to  the  case  of  non-flat  bottom,  I 
would  like  to  point  out  that  similar  techniques 
were  used  very  successfully  for  such  a  case  In 
rny  previous  work  (Yeung,  1975)  for  the  time- 
harmonic  problems.  Although  we  give  no  results 
In  the  present  paper,  we  anticipate  no  diffi¬ 
culties  In  that  direction.  A  distinct  advantage 
of  our  hybrid  method  Is  that  the  choice  of  the 
truncation  boundary  can  be  quite  arbitrary  and 
In  fact  can  be  as  close  to  the  body  or  the  irreg¬ 
ularities  of  the  bottom  as  one  desires.  Any 
local  disturbances  can  be  absorbed  automatically 
In  the  series  expansion. 

The  Idea  of  matching  a  solution  expressed 
In  analytical  form  with  a  local  numerical  solu¬ 
tion  using  an  Integral-equation  formulation  was 
carried  out  to  fruition  In  my  Initial  work  In 
1973.  At  that  time,  only  a  single  (wave)  term 
was  taken.  This  was  later  generalized  In  Bai 
and  Yeung  (1974).  I  am  glad  to  learn  of 
Yamamoto's  (1974)  work,  related  to  stress  cal¬ 
culation  problems,  which  was  also  *n  that  direc¬ 
tion.  His  later  work,  related  to  free-surface 
flows  and  presented  at  the  First  Conference, 
Indicates  th„t  we  have  a  cannon  philosophy  of 
approach. 

Professor  Maruo's  point  on  the  uniqueness 
of  tolutlon  of  the  Neumann-Kelvln  problem  Is  a 
point  of  coumson  concern  In  our  field.  Bessho's 
work  on  the  two-dimensional  semi -submerged 
vertical-plate  problem  Is  an  Interesting  contri¬ 
bution,  It  Is  clear  that  he  experienced  diffi¬ 
culty  In  constructing  a  physically  plausible 
solution.  However,  It  Is  not  entirely  clear 
whether  or  not  this  difficulty  was  Implicitly 
associated  with  the  method  of  solution.  His 
solution:  always  prrJuce  a  continuous  free- 
surface  elevation  across  the  plate  which  seems 
to  be  against  Intuition.  Also,  I  don't  believe 
he  has  proved  that  the  Integral  equation  has 
eigen  solutions  satisfying  homogeneous  condi¬ 


tions  of  the  problem.  He  all  hope  to  get  to 
the  bottom  of  the  matter  soon. 

In  response  to  Dr.  Bai's  first  query,  re¬ 
lated  to  the  computational  difference  between 
our  hybrid  method  and  a  traditional  Green- 
function  approach,  I  want  to  point  out  that  the 
coupling  terms  that  Dr.  Bai  refers  to,  when 
computed  from  the  expressions  In  closed  form 
that  we  obtained,  are  about  the  rime  order  of 
complication  as  the  Green  funrtlon  Itself.  How¬ 
ever,  In  applying  the  Green-function  technique, 
one  Is  required  not  merely  to  be  able  to  compute 
the  Green  function,  but  also  'o  be  able  to  Inte¬ 
grate  such  a  function  over  a  segment  of  finite- 
size.  This  requirement  of  the  distribution  of 
singularities  Is  well  known  to  those  applying 
the  singularity  methoo.  Generally,  Integration 
of  a  Green  function  over  a  segment  cannot  be 
carried  out  in  closed  form;  thus  it  must  be 
Integrated  numerically.  Therefore,  our  ability 
to  obtain  closed-form  solutions  of  the  integrals 
associated  with  the  radiation  boundaries  means 
that  we  are  one  step  ahead  of  the  Green-function 
method.  Such  closed-form  solutions  are  central 
to  the  success  of  uur  scheme,  a  fact  that  was 
pointed  out  previously  In  Yeung  (19/5)  and  in 
my  student  Y.  H.  Kim’s  thesis  (1976).  As  far  as 
computation  time  Is  concerned,  the  hybrid  method 
of  Yeung  (1975)  was  about  two  to  three  times 
more  efficient  than  the  original  formulation  of 
Yeung  (1973).  A  recent  work  due  to  Harten  and 
Efrony  (1977,  J  of  Comp.  Physics)  Indicates 
that  by  block  structuring  the  matrix  a  further 
Improvement  by  a  factor  of  10  is  possible.  Thu- 
It  appears  that  our  hybrid  formulation  has  a 
tremendous  amount  of  potential  In  computation 
economy . 

While  computation  costs  may  be  Important  In 
the  production  stages  of  every  method,  It  Is  not 
of  primary  concern  in  this  paper.  This  paper 
serves  to  demonstrate  that  the  hybrid-integral- 
equation  formulation  Is  applicable  to  either 
time-harmonic  or  steady-flow  problems.  This  Is 
In  great  contrast  to  the  finite-element  formula¬ 
tion  of  Bai  and  Yeung  (1974),  which  had  to 
undergo  fundamental  modifications  to  tackle  the 
steady-flow  problem  (Bai,  1975). 

With  respect  to  the  point  concerning  com¬ 
parison  of  computation  time  of  the  traditional 
Green-function  method  with  our  method.  It  appears 
that  there  exists  no  published  computational 
data  using  the  finite-depth  Green  function  for 
two-dimensional  steady  flow;  hence  such  a  com¬ 
parison  is  not  possible.  Perhaps  this  Is  an 
Indication  of  the  fact  that  the  Green-function 
approach  has  not  been  too  attractive  computa¬ 
tionally. 

The  second  point  concerns  the  treatment  of 
the  second  derivative  tersi  of  a  on  the  free 
surface.  He  want  to  emphasize  that  a  spline 
approximation  Is  not  absolutely  necessary,  al¬ 
though  It  was  found  to  be  most  helpful.  We 
could  have  used  piecewise  polynomial  approxi¬ 
mation  between  successive  grid  points  on  the 
fret  surface  and  this  will  result  In  the  same 
type  of  Integrals  as  In  (1.14).  Inasmuch  as 
the  usage  of  the  spline  functions  hardly  com¬ 
plicated  the  calculations,  that  one  obtains 
smooth  first  and  second-derivatives  at  every 
grid  point,  and  that  very  few  points  are  neces¬ 
sary  to  represent  a  In  Ex',  x*J.  The  high 
quality  of  the  differentiated  curve  as  shown 
confirms  the  usefulness  of  the  technique.  The 
application  of  spline  functions  to  flnlte- 
element  methods  such  as  Dr.  Bai's,  however. 
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would  likely  destroy  the  banded  structure  of 
the  resulting  matrix  and  is  therefore,  not 
very  desirable  in  that  respect. 

Finally,  concerning  whether  one  should 
perform  an  integration  by  parts  to  reduce  the 
order  of  differentiation  of  the  4  term:  we 
examined  this  during  the  course  of  the  work  and 
found  that  no  particular  advantage  resulted.  In 
fact,  this  will  bring  about  concentrated  singu¬ 
larities  at  the  end  of  the  interval  of  integra¬ 
tion,  which  is  highly  undesirable. 

I  am  glad  that  Dr.  Bai  agrees  upon  the 
errors  we  found  in  both  our  joint  work  as  well 
as  his  paper  in  the  First  conference.  Both 
discusser's  coements  on  this  paper  are  appre¬ 
ciated  by  us. 


Author's  Reply 
by  P.  Sayer  and  F.  Ursell 
to  discussions  by  H.  Maruo  and 
T.  Francis  Ogilvie 

We  are  grateful  to  Professor  Maruo  and  to 
Professor  Ogilvie  for  their  illuminating  com¬ 
ments.  In  addition.  Professor  Maruo  ha;  put 
some  searching  questions  to  which  we  offer  the 
following  replies: 

(’)  We  have  not  succeeded  in  applying  conformal 
mapping  to  the  finite-depth  problem. 

(ii)  We  should  be  glad  to  know  more  about 
Ohmatsu's  work  on  transient  problems.  The  work 
done  on  transient  problems  at  Manchester  has 
proceeded  along  different  lines  and  does  not 
involve  the  complete  determination  of  the  water 
mot  on.  (See  S.J.  Maskell  and  F.  Ursell,  J. 

Fluid  Mech.  44.  1970,  303-313). 

(iii)  We  agree  that  our  device  of  using  the 
transposed  kernel  must  be  equivalent  to  the 
source  method  used  earlier  by  Bessho,  and  that 
the  advantages  of  that  method  (provided  that 
only  the  total  force  is  required)  deserve  further 
study.  The  irregular  frequencies  remain  the 
same  when  the  kernel  of  an  Integral  equation  is 
replaced  by  the  transposed  kernel.  Thus  they 
are  the  same  for  the  Green-function  method  as  for 
the  source  method. 

( 1 v )  The  eigenfrequencles  of  the  Interior 
Dirichlet  problem  are  in  general  distinct  from 
the  eigenfrequencles  of  the  interior  Neumann 
problem.  We  find  it  difficult  to  attribute  a 
physical  meaning  to  the  Interior  Dirichlet  prob¬ 
lem  in  the  present  calculations.  Indeed,  if 
the  source  potential  is  modified,  then  the  cor¬ 
responding  irregular  frequencies  are  also  modi¬ 
fied  and  are  no  longer  related  to  the  Interior 
Dirichlet  problem. 

Author’s  Reply 
By  L.J.  Doctors 
to  discussion  by  K.  Mauro 

The  author  would  like  to  thank  Professor 
Maruo  for  his  interesting  comnents. 

The  first  point  concerns  the  unknown  length 
of  the  wetted  surface.  As  pointed  out,  the 
position  of  the  leading  edge  cannot  be  deter¬ 
mined  beforehand— assuming,  of  course,  that 
the  height  of  the  leading  edge  Is  specified.  The 
only  practical  method  of  skirting  this  difficulty 


is  to  specify  the  wetted  length  instead,  and 
consequently  the  planing  height  is  found  as  part 
of  the  solution.  Although  not  carried  out  here, 
one  could  then  iterate  the  wetted  length  until 
the  desired  planing  height  is  achieved. 

In  the  case  of  a  flexible  planing  surface, 
the  identical  stumbling  block  occurs,  except. 

Of  course,  the  planing  height  Is  now  reduced 
by  the  influence  of  plate  compliance.  Once 
again,  an  iteration  procedure  would  be  needed 
to  determine  the  actual  wetted  length  in  a 
practical  situation. 

With  regard  to  the  second  comment,  the 
writer  found  no  problems  in  accuracy  for  low 
Froude  numbers—suggested  by  Professor  Maruo. 
Typically,  it  was  found  that  the  number  of 
elements  needed  to  achieve,  say,  one  percent 
accuracy  in  the  lift  force,  was  independent  of 
the  speed.  Perhaps  the  reason  for  this  is  that 
the  logarithmic  kernel  is  smoothed  out  by  the 
use  of  triangular  pressure  elements.  These 
yield  a  continuous  pressure  distribution,  which 
could  not  be  obtained  by  cruder  elements--such 
as  rectangular  ones. 

A  second  advantage  of  the  use  of  triangular 
pressure  elements--as  opposed  to  mode  functions-- 
is  that  one  can  more  easily  obtain  the  flexural 
influence  coefficients  for  a  plate  of  arbitrary 
stiffness  distribution. 
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NUMERICAL  SOLUTION  OF  THE  NAVIER-STOKES  EQUATIONS 
FOR  2D  HYDROFOILS  IN  OR  BELOW  A  FREE  SURFACE* ** 


Samuai  P.  Shanks*  *  and  Joe  F.  Thomptoof 
Mississippi  State  University 
Department  of  Aerophysics  and  Aerospace  Engineering 
Mississippi  State,  MS  39762 


Abstract 

Tb  *  *lta  of  an  investigation  of  the  applica¬ 
tion  of  ...  Mcally-genetated  boundary- fit  ted 
curviiinei..  coordinate  systems  in  the  finite- 
difference  solution  of  the  tine-dependent,  two- 
dimensional  Navier- Stokes  equations  for  the 
laainar  viscous  flow  about  hydrofoils  aoving 
either  in  a  free  surface  or  submerged  at  a 
finite  depth  in  a  fluid  of  infinite  or  fl  ilte 
depth  are  presented.  The  hydrofoil  may  le  of 
arbitrary  shape,  and  its  notion  nay  Include 
pitching  oscillation  or  oacillatlon  normal  or 
parallel  to  the  plane  of  the  undisturbed  free 
surface  as  well  as  translation  parallel  to 
this  plane.  A  computer  codr  has  been  devel¬ 
oped  that  is  capable  of  predicting  the  flow 
field,  pressure  distril  ' '  >ns,  and  force 
coefficients  for  this  configuration  at  low 
Reynolds  numbers.  The  f inite-dif ferenct  solu¬ 
tion  is  implicit  in  time  so  that  all  the 
difference  equations  are  solved  simultaneously 
by  Iteration  at  each  time  step. 

I.  Introduction 

Thia  report  presents  the  results  of  an  in¬ 
vestigation  of  the  application  of  numerically- 
generated  houndery-f itted  curvilinear  coordi¬ 
nate  systems  in  the  finite-difference  solution 
of  the  time-dependent ,  two-dimensional  Navier- 
Stok.es  equations  for  the  laminar  viscous  flow 
about  hydrofoils  moving  either  in  a  free  sur¬ 
face  or  In  a  fluid  of  finite  or  Infinite  depth. 
The  hydrofoil  may  be  of  arbitrary  shape,  and 
lte  motion  may  Include  pitching  oscillation  or 
oacillatlon  normal  or  parallel  to  the  plane  of 
the  undisturbed  free  aurface  as  well  aa  trans¬ 
lation  parallel  to  thle  plane.  A  computer 
code  has  been  developed  that  la  capable  of 
predicting  the  flow  field,  pressure  dlstrlbu 
tlons,  and  force  coefficients  at  low  Reynolds 
numbers.  The  finite-difference  solution  Is 
Implicit  in  time,  so  that  ell  the  difference 
equations  ere  solved  simultaneously  by  Itera¬ 
tion  at  each  time  step. 


The  numerical  solution  of  the  Navler-Stokes 
equations  for  flow  with  a  free  surface  la  com¬ 
plicated  in  particular  by  the  fact  that  part  of 
the  boundary  of  the  calculation  region,  l.e., 
the  free  surface,  is  deforming.  This  makes  the 
accurate  representation  ot  boundary  conditions 
on  the  free  surface  difficult;  yet  this  solu¬ 
tion,  as  other  partial  differential  equation 
solutions,  is  most  strongly  influenced  by  the 
boundary  conditions.  The  most  critical  need 
for  accuracy  thus  lies  in  precisely  the  region 
of  the  most  ulfflculty  of  attainment. 

The  basis  of  the  present  numerical  solution 
is  the  technique  of  numerically-generated 
boundary-fitted  curvilinear  coordinate  systems 
reported  earlier  in  Reference  1.  This  is  a 
procedure  for  automatic  numerical  generation  of 
curvilinear  coordinate  systems  with  coordinate 
lines  coincident  with  all  boundaries  of  a  gen¬ 
eral  multi-connected,  two-dimensional  region 
containing  any  number  of  arbitrarily  shaped 
bodies.  The  curvilinear  coordinates  are  gener¬ 
ated  aa  the  solution  of  an  elliptic  partial 
differential  system.  No  rastrtctlona  are  placed 
on  the  shape  of  the  boundaries,  which  may  even 
be  time-dependent,  and  the  approach  le  not 
restricted  In  principle  to  two  dimensions.  With 
this  procedure  the  numerical  solution  of  a 
partial  differential  system  may  be  done  on  a 
fixed  rectangular  field  with  a  square  mesh  with 
no  lntsrpolatlon  required  regardless  of  the 
shape  of  the  physical  boundaries,  ragardlsaa  of 
the  spacing  of  the  curvilinear  coordinate  lines 
in  the  physical  field,  and  regardless  of  the 
movement  of  the  coordinate  ayatew  in  the  physi¬ 
cal  plane.  A  number  of  examples  of  coordinate 
eyacama  and  application  thereof  to  the  solution 
of  partial  differential  aquations  art  givan  In 
[2]  along  with  s  discussion  of  the  technique. 
This  procedure  essentially  eliminates  the 
boundary  geometry  ae  a  complicating  factor  In 
the  numerical  solution  of  partial  differential 
equations.  The  use  of  boundary-fitted  coordi¬ 
nate  systems  for  ths  solution  of  the  incom¬ 
pressible  Kavier-Stukes  equations  for  the  flow 
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about  two-dimensional  airfoils  has  been  re¬ 
ported  by  Thames,  et.  al.  {3]  and  by  Hodge  [6]. 
The  latter  reference  uses  the  pressure- 
velocity  formulation  used  in  the  present  work. 

The  use  of  boundary- fit  ted  coordinate  systems 
is  particularly  attractive  for  free  surface 
problems,  since  a  coordinate  line  will  remain 
coincident  with  the  free  surface  as  it  deforms 
under  wave  action.  The  physical  flow  field  is 
transformed  to  the  curvilinear  coordinate  sys¬ 
tem  as  discussed  in  more  detail  in  Section  II. 
The  field  in  the  transformed  plane  is  rec¬ 
tangular  with  a  fixed  square  grid  regardless 
of  the  movement  of  the  physical  boundaries. 

With  the  partial  differential  equations  of 
motion  and  their  associated  boundary  conditions 
transformed  to  the  curvilinear  system,  all 
computation  can  be  done  on  the  fixed  square 
grid  in  the  transformed  plane  regardless  of  the 
motion  of  the  free  surface  or  the  hydrofoil, 
it  Is  even  possible  to  allow  the  hydrofoil  to 
oscillate  without  really  complicating  the  pro¬ 
blem,  since  a  coordinate  line  can  also  remain 
coincident  with  the  hydrofoil  surface  as  it 
oscillates. 

The  present  volution  is  capable  of  treating 
the  low  Reynolds  number  viscous  flow  about  a 
translating  hydrofoil  in  or  below  the  free 
surface  of  a  fluid  of  any  depth.  The 
hydrofoil  may  also  be  In  pitching,  plunging, 
or  longitudinal  oscillation  as  well  as  trans¬ 
lation.  The  hydrofoil  starts  from  rest  with  a 
flat  surface  and  accelerates  to  full  speed  at 
any  acceleration  desired.  The  general  solution 
procedure  is  discussed  lu  Sections  Il-IV,  and 
facets  peculiar  to  each  of  the  parts  of  the 
study  together  with  typical  results  are  given 
in  Sections  V-VII. 

II.  Boundary- Fit  ted  Coordinate  System 


In  any  case,  the  numerical  generation  of  the 
coordinal «  system  is  done  automatically  for  any 
shape  boundaries,  requiring  only  the  input  of 
points  on  the  boundary.  Hie  technique  has  been 
described  in  detail  in  earlier  reports  (1-2), 
and  the  co^aputer  code,  together  with  Instruc¬ 
tions  for  and  examples  of  its  use  in  the  numeri¬ 
cal  solution  of  partial  differential  equations, 
is  given  in  Ref.  [51. 

The  technique  is  described  in  general  in 
this  section.  Each  of  the  three  parts  of  the 
present  study  used  a  different  variation  of  the 
basic  procedure  as  is  discussed  for  each  con¬ 
figuration  in  Sections  V-Vll. 


As  mentioned  previously,  the  curvilinear 
coordinates  are  generated  by  solving  an  elliptic 
system  of  suitable  form.  One  such  system  is 


«■> 

V  V  *  Qa’n) 

(lb) 

with  Dirlchlet  boundary  conditions,  one  coor¬ 
dinate  being  specified  to  be  equal  to  a  constant 
on  the  body  and  equal  to  another  constant  on  the 
outer  boundary,  with  the  other  coordinate  vary¬ 
ing  monotonlcally  over  the  same  range  around 
both  the  body  and  the  outer  boundary. 


Since  it  Is  desired  to  perform  all  numerical 
computations  in  the  uniform  rectangular  trans¬ 
formed  plane,  the  dependent  and  Independent 
variables  must  be  interchanged  in  Eq.  (1). 

This  results  in  the  coupled  system 


“u  ■  2tetn  +  "nn 
-  -  +  *nQ(t.n)] 

a,«  *  Uhr,  *  ”nn 


(*> 


The  basic  idea  of  the  boundary-fitted  coor¬ 
dinate  systems  Is  to  numerically  generate  o 
curvilinear  coordinate  system  having  some 
coordinate  line  coincident  with  each  boundary 
of  the  physical  region  of  Interest,  regsrdless 
of  the  shape  of  these  boundaries.  This  is  done 
by  taking  the  curvilinear  coordinates  to  be 
solutions  of  an  elliptic  partial  diffarantlal 
system,  with  constant  values  of  one  of  the 
curvilinear  coordinates  specified  as  Dirlchlet 
boundary  conditions  on  aach  boundary.  Values 
of  the  other  coordinate  are  either  epee if led  in 
a  monotonic  variation  over  a  boundary  as 
Dirlchlet  boundary  conditions,  or  srs  deter¬ 
mined  by  Neumann  boundary  conditions  thereon, 
in  the  letter  case*  the  curvilinear  coordinate 
lines  can  be  made  to  Intersect  the  boundary 
according  to  eome  specified  condition,  such  as 
normalcy  or  parallel  to  some  given  direction. 

It  Is  also  possible  to  exercise  control  over 
the  spacing  of  the  curvilinear  coordinate  lines 
In  the  field  in  order  to  concentrate  llnee  in 
regions  of  expected  high  gradients. 


’  -  •J2|y£KC.n)  +  yn9(C.n)l  (») 


where 
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Vn  *  Vn 


J  -  Vn  “ 


Vi 


Hu;  e/stem  described  by  Eq.  (2)  la  a  quasi- 
linear  elliptic  system  for  the  coordinate  func¬ 
tions  x(CtO)  and  y(C»n)  In  the  transformed 
plane.  This  sat  is  considerably  nor a  complex 
than  the  linear  system  specified  by  Eq.  (I), 
but  the  boundary  conditions  ere  specified  on 
straight  boundaries,  and  the  coordinate  spacing 
In  the  transformed  plane  is  uniform. 


The  coordinate  lines  may  be  spaced  ns  desired 
around  the  boundaries,  since  the  assignment  of 
the  coordinate  values  to  the  (x,y)  boundary 
points  Is  arbitrary.  Control  of  toe  radial 
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spacing  of  the 
by  varying  the 
(2). 


coordinate  lines 
functions  P(S,n) 


is  accomplished 
and  Q(£,n)  in 


The  effect  of  changing  the  functions  P(C.n) 
and  Q(£,n)  on  the  coordinate  system  is  dis¬ 
cussed  in  Ref.  2.  Cne  particularly  effective 
procedure,  used  here  for  the  submerged  hydro¬ 
foil  solutions,  is  to  choose  P  and  Q  as  expo¬ 
nential  terms,  so  that  the  coordinates  are 
generated  as  the  solutions  of 


♦  St,  ■  \  ,g0(t  *  V- 


exp(-c.U  “  U>“  * 

1  1  j-1  3 


sgnU  “  Cj)* 


«xp(-dJ/(t  -  +  (n  -  nJF)  5  p(c.n)  U*> 


♦  n 


Tf 


-  r  «*n(n  -  n^enFt-nJ'i  -  0,1) 


-  I  b,  -  n.)  • 

j-1  i  1 


•xpf-dj/U  -  Cj)"  +  (n  -  ijW)  5  Q(t.n)  <») 


uhere  the  positive  amplitudes  and  decay  factors 
are  not  necessarily  the  same  in  the  two  equa¬ 
tions.  Here  the  first  terms  have  the  effect 
of  attracting  the  £  ■  constant  lines  to  the 
£  •*  linea  in  Equation  (3a),  and  attracting 

n  ■  constant,  lines  to  the  n  “  lines  in 

Equation  (3b).  The  second  terms  cause  £  - 
constant  linea  to  be  attracted  to  the  points 
(£^,i^)  in  (3a),  with  similar  effect  on  n  ■ 

constant  lines  in  (3b).  Several  examples  of 
the  use  of  coordinate  ayatem  control  are  given 
In  Ref.  2. 

As  discussed  previously,  the  physical  plane 
grid  system  is  generated  by  solving  the  set  of 
elliptic  partial  differential  equations,  (2), 
with  one  of  the  (£,n)  coordinates  specified  to 
he  constant  on  the  boundaries  of  the  physical 
plane,  end  the  other  (£,n)  coordinate  distri¬ 
buted  along  the  boundaries  as  dsslred.  If  the 
boundary  values  of  x  and  y  are  changed  in  the 
physical  plane  by  the  movement  of  the  free  eur- 
face  contours  a  new  aolution  of  the  elliptic 
■yatem  with  the  changed  boundary  values  la 
obtained  over  the  sene  range  of  values  of  £ 
and  n  In  the  field.  Wue,  the  transformed 
plane  remains  unchanged  as  the  coordinate  grid 
system  mov*a  In  the  physical  plane.  Only  the 
values  of  the  physical  coordinates  (*,y)  change 
with  time  at  the  fixed  grid  polnta  in  the 
transformed  plane. 


The  transformed  time  derivative  is 

,2»f.  .  3(x,y,f)  ,  a(x,y,t)  „  .31) 

<T7)  s(C.n.t>  1  JU.n.t) 
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All  derivatives  are  expressed  in  the  trans¬ 
formed  variables  (£,n);  thus  eliminating  the 
need  for  interpolation  between  points  in  the 
physical  plane.  The  movement  of  the  physical 
plane  grid  points  is  accounted  for  by  the  time 

rate  of  change  of  x  and  y,  (|^)  and  ("^) ^ 

In  the  above  expression. 

TTT  n  f  MnMnn 


The  equations  of  motion  am  the  complete 
time-dependent  Navier-Stokes  equations  with  the 
gravity  term  Included.  The  no-alip  boundary 
condition  ia  applied  on  the  hydrofoil,  and  the 
viecous  stress  conditions  are  applied  on  the 
free  surface.  The  free  surface  deforms  in  time 
as  waves  are  formed  thereon. 

All  quantities  are  non-dlmenBional lied  with 
respect  to  the  translation  velocity  of  the 
hydrofoil  and  the  hydrofoil  chord.  TheReynolds 
and  Fronde  numbers  are  defined  in  terms  of  these 
reference  values.  The  physical  coordinate  sys¬ 
tem  ie  teken  to  be  fixed  relative  to  the  trans¬ 
lational  motion  of  the  hydrofoil.  In  the 
physical  plane  the  equations  of  motion  are 

"t  +  (“2>*  +  (uv)y 

*  -  >x  +  +  “yy)/R  '  *  (5,> 


v£  +  (uv)^  *  (v*)y 

•  -  Py  +  <\.  +  V/R-  1/fJ 
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vJ-Dt 
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VC  V 

where  *  -  --  and  F  •  —  are  the  Uynolda  and 

V  /jc 

Frouda  number*,  reapectively .  Vo  bain,  the  me,- 
nltuds  of  a  rafarauca  hydrofoil  translational 
valocity,  V  tha  Inatantansous  vslocity,  c  tha 
chord,  v  tha  klnamatlc  vlacoalty,  and  g  tha 
accalaration  of  gravity.  Tha  third  of  thaaa 
aquations  la  tha  Poisa.  n  aquation  for  tha 
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pressure,  derived  by  taking  the  divergence  of 
the  Navier-Stckes  equations  and  requiring  that 
the  continuity  equation  (0  =  +  vy  -  0)  be 

satisfied.  The  time  derivative  of  D,  ideally 
zero,  has  been  retained  in  this  equation  us  a 
corrective  tern  in  the  manner  of  Hirt  and  Har¬ 
low  f  6 } . 

The  boundary  conditions  are  as  follows; 

(a)  On  the  hydrofoil  (no-slip  condition): 

u  -  ug(x,y,t),  v  -  Vg(x,y,t)  where  (Ug.Vg)  are 

the  velocity  components  of  the  hydrofoil  sur¬ 
face  at  (x,y,t)  relative  to  the  coordinate 
system  translating  with  the  hydrofoil.  (These 
values  are  xero  if  the  hydrofoil  is  not 
oscillating.) 

(b)  On  the  surface  (viscous  stress  condition) : 
I  Vl  +  R  <uy  +  vx>n2  ■  <p  '  po)nl  <6a) 


I  V'2  +  5  <uy  +  vx)nl  -  fp  -  p j)n2  <6h) 

where  p  Is  the  applied  pressure  from  the 
atraosphire,  and  n^  and  are  the  components 

of  the  unit  normal  to  the  surface  in  the  x  and 
y  directions,  respectively.  These  relations 
assume  no  wind  stress  on  the  surface. 


+  fyn(uv)£  -  y£(u»)n)/J  +  Ut(v2)n  - 
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(7b) 
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+  Wn  -  Vt)J  -  yt(Vn  ■  Vc)J  (7c) 


D  -  (ynut  -  y£un  +  x£vi)  -  xnv£)/J 


(7d) 


a  =  J20(C.n)  ,  T  £  J2P(C,n)  . 


The  coefficients  a,  P,  y,  and  J  have  been  de¬ 
fined  in  the  previous  section. 


(c)  On  toe  remote 
u  -  -V0,  v  »  0,  p  - 


oundary  (undisturbed  flow): 
p  +  (y  -  y)/F  .  (Those 


conditions  apply  on  the  remote  boundary  strict¬ 
ly  only  until  surface  waves  reach  it.  At  low 
R,  sufficient  viscous  dissipation  is  present 
to  damp  the  waves  betore  the  remote  boundary 
10  chords  distant  is  reached.) 


Uaing  the  derivative  transformation  relations 
given  in  the  appendices  of  Ref.  3,  these 
equations  may  be  transformed  to  the  curvilinear 
coordinate  system,  so  that  the  equations  of 
motion  in  the  transformed  plane  are 

"t  *  *t(Vt  -  ycun)/J  -  yc<Vn  *  W/J 


+  tyn(<i2!£  -  y£(u2)nl/J 
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The  time  derivatives  have  also  been  trans¬ 
formed  in  these  equations.  Thus,  time  deriva¬ 
tives  in  Eq.  (/)  are  taken  with  C  and  n  fixed, 
while  those  in  Eq.  (5)  were  taken  with  x  and  y 
fixed.  This  transformation  of  time  derivatives 
allows  the  computation  to  be  done  on  a  fixed 
grid  in  the  transformed  plane  even  though  the 
physical  grid  is  in  motion  due  to  the  free  sur¬ 
face  and  hydrofoil  raoveme.'/ 

The  transformed  boundary  co».„'ir ions  are 

(a)  On  the  hydrofoil  (no-slip  conditions): 
u  -  uB(c,t) »  v  -  vB(e,t) 

(b)  On  the  free  surface  (viscous  stress  condi¬ 
tions)  : 

“£  m~2  '(“B  ‘  JVn)un  +  (J,n)vn 
+  STyn(p"po)1  (8,) 

vt‘^t(‘Jyn)un  +  (o6  +  JVn)vn  (8b) 


(c)  On  the  remote  boundary  (undisturbed  flow): 
u  -  -  VQ,  v  -  0,  P  •  PQ  +  "  v)/f2. 

The  two  free  surface  boundary  conditions  given 
above  result  from  transforming  the  two  viscous 
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stress  equations  (6)  to  the  curvilinear  coor¬ 
dinate  system  and  solving  these  tvo  simulta¬ 
neous  equations  for  u_  and  v_  In  terms  rf  u  , 

(  £  n 

the  free  surface  being  a  line  of  constant  £  in 
the  configuration  used.  (See  the  appendix  of 
[7J  for  this  development.) 

On  the  hydrofoil  contour  and  the  free  surface 
the  pressure  is  determined  by  iteratively  ad¬ 
justing  the  pressure  at  each  point  on  the 
hydrofoil  in  proportion  to  the  divergence  of 
the  velocity  at  the  same  point,  so  that  upon 
convergence  the  continuity  equation  is  satis¬ 
fied  at  the  hydrofoil  surface.  Thus  on  the 
hydrofoil  surface,  since  ■  v^  ■  0  by  the 

no-slip  condition,  we  have,  using  (7d), 

(k+l)  .  00  .  K(  .  y  u  )/J  (9a) 

v  r  £  n  t  n 


while  on  the  free  surface, 
p<k+1>  -  p<k>  -  KD 


(9b) 


with  D  given  by  (7d).  Here  (k)  is  the  itera¬ 
tion  counter,  and  K  is  a  proportionality  factor 
2wJ2 


given  by  K  - 


(a  +  Y)dt 


on  the  hydrofoil  and 


by  K  ■  —  on  the  free  surface,  w  being  an 

acceleration  parameter.  The  different  form  on 
the  free  surface  results  from  the  need  to  pre¬ 
vent  positive  feedback  from  the  surface  stress 
condition  to  the  surface  pressure  iteration. 
(See  Appendix  D  of  [8]  for  the  development  of 
these  relations.) 


The  y  coordinate  on  the  free  surface  is 
determined  at  each  time  from  the  movement  of 
the  free  surface.  Since  the  free  surface  can 
be  described  by  y  ■  f(x,t)  or  f(x,t)  -  y  -  0, 
the  convective  derivstlve  of  the  latter  func¬ 
tion  must  vanish: 


Then  since  y  -  f,  and  the  surface  is  a  line  of 
constant  £ , 


IV.  Numerical  Solution 


All  apaca  derivatives  In  cha  fit Id  art 
approximated  by  second-order,  cantral  differ- 
anca  expression*.  (AC  end  An  ara  both  unity 
by  construction,  the  actual  valuaa  of  £  and  n 
baing  immaterial  nines  ccncallatlon  occurs 


after  substitution  in  the  transformed  equa¬ 
tions.)  Derivatives  along  coordinate  lines 
emanating  from  the  hydrofoil  surface  or  from 
the  free  surface  are  evaluated  using  second- 
order,  one-sided  difference  expressions. 

Finally  all  the  time  derivatives  are  approxi¬ 
mated  by  first-order,  backward  difference  ex¬ 
pressions,  so  that  the  solution  is  Implicit  in 
time.  The  set  of  five  simultaneous  difference 
equations  from  (2)  and  (7),  three  equations  of 
motion  and  two  coordinate  system  equations, 
with  the  boundary  conditions  are  solved  at  each 
time  step  by  SOR  iteration.  The  result  from 
the  previous  time  step  serves  as  the  initial 
guess  for  the  Iteration  at  the  next.  The  so¬ 
lution  starts  from  rest  with  a  flat  free  sur¬ 
face  and  proceeds  with  a  specified  acceleration 
to  full  speed. 

The  body  force  components  are  obtained  from 
Che  integration  of  the  pressure  and  shear 
forces  around  the  wetted  portion  of  the  hydro¬ 
foil  surface: 

Tx  -  -  2  f  py{d;  +  |  j  UK'.dt  (11a) 

-  +  2  i  pyi{  +  |  (Hb) 

with  vorticity,  w,  given  by 

"  ’  (V«  '  Vn  ‘  Vn  '  nV/J  (12) 

Here  the  n-derivatives  are  evaluated  by  the 
second-order,  one-sided  difference  expressions 
given  above,  while  the  second-order  central 
expressions  are  used  for  the  £ -derivatives. 
Finally,  the  lift  and  drag  coefficients  are 
given  by 

C.  -  7  cost  -  t  «in0  (J.3a) 

l  y  x 

Op  -  FySint  +  FxcosO  (13b) 

where  0  Is  the  angle  of  attack. 

V .  Subaargtd  Hydrofoil  -  Infinita  Depth  [71 

Solution  Configuration 

Tlgura  1  ahova  tha  basic  doubly-connected 
transformation  with  a  fraa  aurfaca.  Thia  type 
of  configuration  haa  bean  uaad  auccassfully  for 
airfoils  in  previous  studies  [3].  For  a  frea 
aurfaca  problem  would  be  the  arbitrary 

hydrofoil,  would  ba  tha  "infinity"  boundary, 
and  Cj  would  ba  the  free  surface.  Since  the 

"infinity"  boundary  la  choaan  to  ba  ten  chorda 
from  the  hydrofoil  in  the  present  taaearch,  the 
contour  Cj  would  be  approximately  twenty  chords 

long.  Thus,  fewer  points  would  bs  on  Cj  to 
cover  20  chord  lengths  then  would  bo  on  Cj  tj 

cover  approximately  2  chord  lengths.  Uni sea 
many  (-points  were  used  the  wide  grid  spacing 


on  the  free  surface  would  cause  large  trunca¬ 
tion  error. 

Several  modified  coordinate  systems  were 
investigated  in  order  to  provide  more  points  on 
the  free  surface  {?J.  The  transformation  shown 
in  Fig.  2  was  chosen  because  the  number  of  free 
surface  (C?  and  Cg)  grid  points  is  independent 

of  the  number  of  points  on  the  body  (Cj).  The 

transformed  plane  of  Figure  2  forms  a  T-shaped 
region.  The  lower  part  of  the  coordinate  sys¬ 
tem  is  the  same  as  the  basic  transformation  of 

Figure  1.  The  cut  C*  ia  taker,  at  II  -  -j  (12+  y), 

thus  creating  the  two  conmon  reentrant  bounda¬ 
ries  C*  and  C*.  The  upper  part  of  the  trans¬ 
formed  plane  bounded  by  the  constant  n-line 
(JM  -  y),  Cg,  Cy,  are  added  to  the  basic 

transformed  plane  to  provide  free  surface  and 
"infinity"  boundaries.  The  two  common  reen¬ 
trant  boundaries,  Cg  and  C^.are  created  to  pro¬ 
vide  more  points  on  the  infinity  boundary  than 
are  on  the  body  (C*).  The  cuts  are  taken  at 

A  1  I 

half  indices  because  the  point  (11  -  j,  JM  -  ~) 

has  a  zero  Jacobian.  By  taking  the  cut  at  half 
indices,  the  zero  Jacobian  point  is  eliminated 
from  the  field  calculations. 

The  system  of  finite  difference  equations  Is 
solved  simultaneously  by  the  successive-over¬ 
relaxation  (SOR)  iterative  method.  The  number 
of  simultaneous  equations  to  be  solved  is 
UMAX  -  JM  +  1HIMAX  -  1)  +  (JM  -  1>(I2  -  II 
-*  I).  Boundary  values  are  specified  on 
J  ■  JMAX  for  all  if.[  I,  TMAX).  Also,  boundary 
values  are  specified  on  j  -  JMAX  for  all 
ie[ II,  12 J.  Boundary  values  or  the  Neumann 
boundary  condition  -  0  (normal  n-llnes  to 

free  surface)  may  be  expressed  on  the  free  sur¬ 
face  contours,  i  -  I  and  i  -  IMAX.  At  the 
branch  cut  for  the  constant  n-llne  J  -  JM  and 
ic(l,  II  -  11,  we  have  <i,  j  -  I)  -  (IMAX  -  i 
+  1,  JM).  Also,  at  the  branch  cut  for  the 
constant  n-line  J  -  JM  and  ie[  12+1,  IMAX), 
we  have  (i,  j  -  1)  -  (IMAX  -  i  +  1,  JM) .  At 
the  branch  cut  for  the  constant  (-line  i  ■  II 
and  Je[  I,  JM  -  1],  we  have  i  -  1  -  12.  At  the 
branch  cut  for  the  constant  C-line  i  -  12  and 
je( 1*  JM  -  1),  wa  have  1  +  1  -  II. 

The  basic  hydrofoil  geometry  and  coordinates 
are  shown  in  Figure  3.  The  equations  of  motion 
are  those  givan  in  Section  III  except  that  the 
non-conservative  form  of  the  convective  terms 
In  the  Navler-Stokes  aquations  vaa  uaad  for 
this  solution. 

Tranalatint  Kerman- Tref ft»  Airfoil 

Typical  results  of  the  numerical  solution  are 
given  In  Figs.  4-9  for  a  Karmen- Treffts  hydro- 
f‘,M  (Fig.  4)  and  in  Figs.  10-11  for  a  circular 
c>  ider  hydrofoil.  Tha  airfoil  was  defined  by 
37  coordinate  points  end  was  located  one  chord 
below  the  free  surface.  The  field  else  of  the 
coordinate  grid  was  34  x  30.  Tha  "outer" 
boundary  was  located  10  chorda  from  the  airfoil. 


Using  Fig.  2,  JM  -  6,  II  -  10  and  12  «  45.  Six 
n-lines  were  attracted  to  the  airfoil  with  an 
amplitude  of  1000  and  a  decay  factor  of  1.0. 

Fig.  5  shows  the  effect  of  Froude  number  on 
the  free  surface  movement.  Three  Froude  num¬ 
bers  of  0.5,  1.0  and  2.0  are  shown  for  a  con¬ 
stant  Reynolds  number  of  20  and  at  a  time  of 
8.0.  All  three  cases  were  accelerated  gradu¬ 
ally  over  a  time  of  4.0.  Also,  the  same  time 
step  size  (At  ■  .01)  was  used  In  all  three 
cases.  At  a  time  of  8.0  the  airfoil  had  moved 
4  chords.  Comparison  of  Figs.  5a,  b,  and  c 
shows  that  the  effect  of  the  airfoil  on  the 
free  surface  Increases  as  the  Froude  number 
increases,  as  would  be  expected  since  the 
Froude  number  is  the  ratio  of  inertial  forces 
to  gravitational  forces. 

Figs.  6-8  demonstrate  the  effect  of  Froude 
number  on  the  drag,  lift,  and  pressure.  The 
time  histories  for  three  Froude  numbers,  0.5, 
1.0  and  2.0,  are  presented  for  Re  -  20  and 
t  ■  8.0.  Referring  to  the  peak  drag  in  each 
figure,  the  drag  is  reduced  as  the  Froude 
number  Is  Increased,  because  as  the  Froude 
number  increases  the  free  surface  rises  over 
the  airfoil  thus  changing  the  local  angle  of 
attack.  From  Fig.  7,  the  lift  changes  drasti¬ 
cally  because  as  the  Froude  number  decreases  , 
the  buoyancy  forces  become  more  dominant. 

From  Fig.  8  the  effect  of  Froude  number  on  the 
pressure  distribution  can  be  seen.  Buoyancy 
forces  are  dominant  at  Froude  number  of  0.5 
(Fig.  8b),  and  inertial  forces  are  dominant  at 
a  Froude  number  of  2.0  (Fig.  8d) . 

Figure  9  shows  the  pressure  distributions 
about  the  Karman-Tretf tz  airfoil  for  two 
Reynolds  number!®.  Re  •  20  and  Re  ■  100.  The 
constant  parameters  ore  F  ■  ('.5  and  t  ■  6. 

The  pressure  coefficients  for  Re  ■  20  are 
larger  than  the  pressure  coefficients  for 
Re  -  100.  The  lift  coefficient  for  both  cases 
is  due  mainly  to  the  buoyancy  forces. 

Translating  Circular  Cylinder 

Fig.  10  shows  the  coordinate  system  for  a 
circular  cylinder  located  one  chord  below  the 
free  surface  at  three  times.  The  flow  para¬ 
meters  are  Re  -  20  and  F  -  0.5.  Two  wave  peaks 
are  shown  on  the  free  surface.  The  circular 
cylinder  affects  the  free  surface  more  than  the 
airfoil,  which  should  be  expected.  Fig.  II 
shows  the  velocity  vectors  for  the  circular 
cylinder.  At  a  time  of  6,  the  stagnation  point 
ctarted  to  move  up  the  front  of  the  cylinder. 

Oscillating  Karman-Trefftz  Airfoil 

Results  era  presented  In  Figs.  12-14  for  a 
hydrofoil  in  pitching,  plunging,  and  longi¬ 
tudinal  oscillation.  All  solution  are  pre¬ 
sented  in  the  free  stream-fixed  coordinate 
reference  frame.  Also  all  solutions  ware  run 
using  the  flow  parameter’),  Re  •  20  and  F  ■  1.0. 
Tha  same  coordinate  system  was  used  for  all 
solutions.  The  Karman-Treff ts  airfoil  waa 
placad  at  ona  chord  below  the  fcee  surface. 

The  infinity  boundary  was  located  10  chords 
from  the  airfoil . 
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In  Fig.  12,  the  airfoil  is  moving  in  the 
negative  x-direction.  This  solution  is  equiva¬ 
lent  to  the  other  solutions  of  previous  sec¬ 
tions.  However,  the  hydrofoil  is  moving  rela¬ 
tive  to  the  "outer”  boundary.  The  coordinate 
lines  close  to  the  body  are  moving  with  the 
airfoil.  The  free  stream-fixed  reference 
frame  clearly  shows  the  fluid  being  pushed  by 
the  airfoil.  Also,  fluid  is  moving  in  at  th? 
trailing  edge  to  fill  the  space  evacuated  by 
the  airfoil. 

In  Fig.  13,  the  airfoil  is  moving  toward  the 
free  surface.  As  the  airfoil  moves  toward  the 
free  surface,  fluid  is  pushed  up  and  to  the 
sides.  Vortices  are  created  at  the  leading 
edge  and  at  the  trailing  edge  of  the  airfoil 
because  the  fluid  is  moving  from  the  upper  side 
to  the  lower  side.  The  fluid  that  is  moved  up 
by  the  airfoil  disturbs  the  free  surfaces  by 
pushing  up  the  free  surface  above  the  airfoil. 

In  Fig.  14,  the  airfoil  is  pitching  5°  about 
its  center  chord.  Three  times  (t  ■  1,  5,  8) 
are  shown.  The  airfoil  takes  a  time  of  10  to 
pitch  from  0®  to  5*  and  back  to  0®.  The 
vortices  can  be  seen  forming  as  the  airfoil 
pitches. 

Computer  Time 

Some  of  the  solutions  were  generated  on  the 
UNIVAC  1106  single  processor  and  the  latest 
solutions  were  generated  on  the  upgraded  UNIVAC 
1106  dual  processor.  There  are  many  factors 
which  determine  the  computer  time  required  for 
a  solution,  for  example,  the  way  the  object 
program  is  loaded  in  the  computer  code.  The 
uncontracted  coordinate  system  requires  from 
3  to  6  minutes  to  converge  depending  on  the 
field  site  and  convergence  criteria.  Depending 
on  the  type  of  attraction  required,  the  con¬ 
tracted  coordinate  system  took  up  to  30  minutes. 
The  acceleration  parameter  for  pressure  was 
1.8  and  the  acceleration  parameter  for  velocity 
was  0.8.  The  constant  of  0.1  was  used  In  the 
pressure  iteration  on  the  body.  At  Re  -  20 
and  F  -  1,  the  solution  took  239  minutes  to 
generate  600  time  steps.  The  maximum  number 
of  Iterations  for  a  time  step  to  converge  was 
11  at  time  step  313. 

VI.  Submerged  Hydrofoil- 
Finite  Channel  Depth  [11] 

The  only  modification  neceaaary  to  the  sub¬ 
merged  hydrofoil  solution  discussed  in  the 
previous  section  here  was  the  change  of  the 
configuration  in  the  physical  plana  to  include 
inflow  and  outflow  boundaries  with  a  solid 
bottom  between.  In  regard  to  the  coordinate 
system,  this  change  Is  merely  e  matter  of 
changes  in  the  Input  to  the  program,  replacing 
tha  semi-circular  outer  boundary  located  at  a 
great  distance  from  the  hydrofoil  with  e 
boundary  cone  let  lng  of  three  segments— inlet, 
outlet,  end  bottom.  The  undisturbed  flow 
boundary  conditions  used  on  the  semi-circular 
outer  boundary  were  then  replaced  with  undis¬ 
turbed  flow  on  the  inlet  and  outlet  segments, 
end  free-ellp  boundary  conditions  on  tha  solid 
bottom.  Inviecid  boundary  conditions  wera 


applied  on  the  free  surface,  rather  than 
viscous  conditions  as  in  Section  V.  The 
transofrmatlon  configuration  Is  the  same  as 
that  used  for  the  Infinite  depth  channel  as 
shown  in  Fig.  2. 

’'Tie  two  configurations,  shown  lr  Fig.  15, 
were  considered  from  the  data  supplied  by 
Salvesen  T9].  Fig.  16  shows  the  cross  section 
of  the  hydrofoil.  To  define  the  hydrofoil, 
twelve  locations  along  the  chord  were  specified 
with  the  local  thickness.  To  have  the  freedom 
to  arbitrarily  place  points  on  the  hydrofoil 
surface,  the  d8ta  for  the  hydrofoil  was  fitted 
to  the  general  equation  for  a  NACA  modified 
four-digit  airfoil.  The  resulting  hydrofoil  is 
shown  In  Fig.  16.  Using  a  chord  of  1.0,  the 
maximum  thickness  of  0.345  chords  Is  located  at 
0.32  chords  from  the  leading  edge.  After  in¬ 
vestigating  several  airfoil  rhapes,  the  leading 
edge  radius  was  chosen  to  be  0.04  chords  and 
the  trailing  edge  angle  was  chose  to  be  16.5°. 
The  resulting  hydrofoil  thickness  distribution 
agrees  closely  with  the  twelve  coordinate 
points  that  were  given. 

The  field  size  was  chosen  to  be  62  x  60  with 
JM  -  21,  II  -  20  and  12  »  53.  The  coordinate 
system  was  converged  to  10~^  using  the  S0R 
iterative  method.  Next,  the  uncontracted 
coordinate  system  was  used  as  the  initial  guess 
for  the  contracted  coordinate  system.  Eleven 
n-lines  were  attracted  to  the  body.  The  first 

10  n-llnes  were  attracted  using  an  amplitude 
of  20,000  and  a  decay  factor  of  0.4,  and  the 
eleventh  n-line  was  attracted  using  an  ampli¬ 
tude  of  250  and  a  decay  factor  of  0.2.  Detail 
of  the  first  17  n-lines  is  shevn  in  Fig.  17.' 
The  results  of  viscous  flow  shout  the  submerged 
hydrofoil  for  low  Reynolds  numbers  are  shown  in 
Figs.  18-28.  Three  cases  were  runs  The  first 
case  (Fig.  18)  involved  the  deep-water  config¬ 
uration  with  Re  ■  100  and  F  ■  0.33.  The  second 
csHe  (Figs.  19-23)  presents  rssults  for  the 
deep-wet er  configuration  with  Re  -  100  and 

F  -  2.0.  Finally,  the  third  case  (Figs.  24-28) 
presents  results  fot  the  shallow-water  config¬ 
uration  with  Re  ■  100  and  F  -  2.0. 

All  three  cases  had  several  thlnge  in  conn. 

In  each  case  the  hydrofoil  wee  accelerated  from 
a  velocity  of  xero  over  e  time  period  of  4. 

For  the  first  case  the  field  else  was  62  x  55 
and  for  the  second  and  third  caass  the  field 
else  was  62  x  60.  In  each  case,  JM  -  21, 

11  -  10,  and  12  ■  53.  The  time  step  site  for 
each  cs*e  was  chosen  to  be  0.01. 

The  trailing  edge  pressure  wee  calculated  by 
extrapolation  of  the  adjacent  surface  preeeure. 
An  inviecid  condition  wee  used  on  the  free 
surface  in  each  case.  The  free  surface  pree¬ 
eure  was  set  equal  to  the  atmospheric  pressure, 
and  the  free  surface  velocity  boundary  condi¬ 
tions  become 
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Convergence  of  the  viscous  solution  was 
chosen  to  be  dependent  on  the  change  of  the 
velocity  and  the  coordinate  system  at  each 
iteration.  When  the  change  of  velocity  and  the 
coordinate  system  became  less  than  the  conver¬ 
gence  criteria  of  10“5  the  solution  for  that 
time  step  was  stopped  at  that  iteration.  The 
pressure  change  was  not  required  to  meet  a 
convergence  criteria,  but  the  pressure  was  mon¬ 
itored. 

The  deep-water  configuration  with  Re  -  100 
and  F  -  0.33  ot  Fig.  18  shows  a  vortex  develop¬ 
ing  on  the  lower  surface  of  the  hydrofoil,  and 
the  leading  edge  stagnation  point  moving  up  the 
leading  edge  of  the  hydrofoil  as  a  result  of 
the  small  movement  of  the  free  surface  for  this 
low  Froude  number.  This  separation  did  not 
occur  in  the  results  for  F  -  2  given  below. 
Additional  results  at  F  -  0.33  are  given  in 
Ref.  11. 

The  deep-water  configuration  with  Re  *  100 
and  F  *  2.0  of  Fig.  19  shows  the  large  move¬ 
ment  of  the  free  surface.  In  Fig.  21,  the 
pressure  distribution  is  almost  symmetrical, 
except  for  the  slight  movement  of  the  leading 
edge  stagnation  point.  The  time  history  of  the 
free  surface  shows  the  large  movement  of  the 
free  surface.  Also  one  can  see  the  movement  of 
the  first  peak  from  the  front  of  the  hydrofoil 
to  the  rear  of  the  hydrofoil. 

The  shallow-water  configuration  results  with 
Re  -  100  and  F  «  2.0  show  the  effect  of  the 
hydrofoil  being  close  to  the  bottom.  In  I'ig.25 
the  leading  edge  stagnation  point  is  moving 
down  to  the  lower  side  of  the  hydrofoil.  Also 
a  slight  separation  Is  developing  on  the  upper 
side  of  the  hydrofoil.  In  Fig.  26,  the  effect 
of  the  hydrofoil  being  close  to  the  bottom  on 
the  pressure  can  be  seen. 

The  configuration  of  Figs.  24-28  corresponds 
to  one  of  the  tent  configurations  of  Ref.  9 
(depth  0.99  ft.,  foil  0.15  ft.  above  bottom). 
However,  the  depth- Froude  number  in  the  present 
simulation  is  1.09,  while  the  experimental 
results  of  Ref.  9  had  a  depth-Froude  number 
of  0.706  for  this  configuration.  More  signifi¬ 
cantly,  the  chord  Reynolds  number  of  this 
simulation  is  only  100,  while  that  for  (he 
experimental  results  was  about  200,000.  Each 
of  these  discrepancies  tends  to  shift  the  local 
disturbance  aft  In  the  simulation. 

Both  experimental  results  (  101  and  the  pre¬ 
sent  numerical  solution  indicate  that  *he  aft 
local  dlsturbancs  moves  aft  aa  the  Froude 
number  increases  (cf.  Fig.  5).  The 
Reynolds  number  effect  lit  the  present  results 
is  even  greater,  however.  The  local  distur¬ 
bance  ie  broader  and  extends  farther  aft  In  the 
numerical  results  at  the  lover  Reynolds  number. 
At  tha  same  time,  the  initial  rise  forward  of 
the  hydrofoil  is  broader  at  the  higher  Reynoliiu 
number  and  extends  farther  forward. 

Following  this  trand.  It  is  conjectured  that 
at  low  Rsynolds  numbers  tha  forward  propagation 
of  the  rlos  in  surfacs  level  above  the  hydro¬ 
foil  that  occurs  at  high  Reynolds  numbars  J9} 


is  rapidly  damped  by  the  strong  viscous  effects 
so  that  the  rise  is  confined  to  the  immediate 
vicinity  of  the  hydrofoil.  Furthermore,  the 
front  stagnation  pressure  on  the  hydrofoil 
increases  as  the  Reynolds  number  decreases, 
since  the  strong  viscous  pull  of  the  free 
stream  on  the  flow  being  deflected  around  the 
hydrofoil  is  greater.  These  effects  tend  to 
produce  a  pronounced  local  upward  deflection 
of  the  free  surface  in  the  immediate  vicinity 
of  the  hydrofoil  at  low  Reynolds  numbers.  The 
strong  viscous  pull  of  the  free  stream  flow 
tends  to  shift  this  disturbance  downstream  and 
hence  aft  of  the  hydrofoil. 

VII.  Hydrofoil  in  Free  Surface  [8] 

The  physical  and  transformed  planes  used  in 
this  solution  are  Bhown  in  Fig.  29.  Since  the 
hydrofoil  is  in  the  free  surface,  rather  than 
submerged,  the  physical  region  is  simply- 
connected,  its  boundaries  being  the  wetted 
portion  of  the  hydrofoil  contour,  2  -  3  , 

the  free  surfoce  fore,  1  -  2  ,  and  aft, 

3  -  4  ,  and  a  remote  semi-circular  boundary, 
1  -  4  ,  located  at  a  sufficient  distance 
from  the  hydrofoil  to  be  undisturbed  by  the 
flow.  The  transformed  plane  is  a  rectangle, 
with  the  wetted  portion  of  the  hydrofoil  con¬ 
tour  transforming  to  the  upper  horizontal  side, 
the  free  surface  fore  and  uft  transforming  to 
the  left  and  right  vertical  sides,  respective¬ 
ly,  and  the  semi-circular  remote  bou.idary 
transforming  to  the  lower  horizontal  side  as 
indicated  in  Fig.  29.  This  conf igurai. ion  dif¬ 
fers  from  that  used  for  the  submerged  hydrofoil 
in  th.i  the  physical  region  was  doubly- 
connecu-1  with  the  submerged  body. 

As  noted  above,  the  curvilinear  coordinates 
(£,,n)  are  taken  as  the  solution  of  two  elliptic 
partial  differential  equations.  The  particular 
equations  used  In  the  present  solution  are 
those  of  (12),  which  differ  from  the  original 
system  of  [5],  used  for  the  submerged  hydro¬ 
foil,  only  in  the  form  of  the  coordinate  system 
control  terms  (the  terms  involving  the  func¬ 
tions  P  and  Q  below  and  in  F.q.  (2)  above.) 

Thus  f.  and  n  are  determined  by  the  solution  of 
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r.  -  ( 

.  •  cons 

tant 

on  l  -2. 

4  "  f»2  *  constant  >  f. ^  on  3  -  4  . 

n  varying  monotonlcally  from  to 
(n^  >  Hj)  from  1  to  2  and  from  4  to  3. 
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(c)  on  the  remote  boundary,  1  -  4  . 

n  ■  Hj  “  constant  <  Hj*  £  varying  roono- 
tonically  from  to  from  1  to  4  . 

In  the  present  application,  the  control  func¬ 
tions,  P  and  Q,  are  determined  from  the  speci¬ 
fied  spacing  of  points  on  the  hydrofoil  contour 
and  free  surface,  those  on  the  body  being  con¬ 
centrated  near  the  free  surface  and  those  on 
the  surface  being  concentrated  near  the  hydro¬ 
foil  as  in  Fig.  30.  The  details  of  this  deter¬ 
mination  of  P  and  0  are  given  in  [8J.  The 
resultant  concentration  of  coordinate  lines 
rear  the  body  and  free  surface  is  evident  in 
Pig.  30. 

In  the  initial  stages  ot  this  study,  the 
control  functions,  P  and  Q,  were  taken  as  sums 
of  decaying  exponentials  that  cause  attraction 
of  coordinate  lines  to  specified  lines  and/or 
points  as  used  for  the  submerged  hydrofoil. 

Some  of  the  results  given  below  were  obtained 
on  coordinate  systems  using  this  type  of  con¬ 
trol  as  will  be  noted.  The  new  control  proce¬ 
dure  has  the  advantage  of  automating  the  con¬ 
trol  and  eliminating  the  need  for  judgmental 
estimation  of  the  attraction  amplitudes  and 
decay  factors  necessary  to  achieve  a  desired 
degree  of  line  conce-  .ration. 

With  the  current  modification  in  the  control 
functions,  Eq.  2  in  the  transformed  plane  are 
replaced  by 

■  20*5n  +  TXnn  +  aPKt  +  >Q\  *  0  (15fl) 

C,VU  '  2By0i  +  yyn„  +  *rh  +  *  0  (lib) 

The  boundary  conditions  for  x  and  y  are  as 
follows : 

(a)  On  the  hydrofoil: 

r  <nd  y  specified  by  the  chosen  spacing  of 
points  around  the  hydrofoil  contour, 
rhtse  points  move  on  the  contour  with  time 
as  a  result  of  motion  of  the  hydrofoil  anl 
also  because  of  movement  of  the  free  sur¬ 
face-body  contact  points  on  the  contour. 

(b)  On  the  free  surface: 

x^  •  0  Initially,  fixed  thereafter,  y 

from  the  eurface  muveaent,  Eq.  (10). 

(The  first  of  these  allows  the  points  to 
slide  along  the  free  eurface  eo  that  the 
coordinate  lines  are  initially  vertical 
at  the  free  eurface.) 

(c)  On  the  remote  boundary: 

a  and  y  fixed  and  apse  If led  by  tha  chosen 
apaclng  of  point#  along  the  remote  bound¬ 
ary. 

This  point  distribution  on  the  body  and  re¬ 
mote  boundary  we#  taken  ccording  to  equi¬ 
angular  apaclng  over  the  body  and  remote 


boundary  arcs  in  the  earlier  stages  of  the 
present  investigation.  Later  an  unequal  spac¬ 
ing  was  used,  with  the  angular  separation  of 
points  varying  on  a  sine  curve,  so  that  the 
closest  spacing  occurs  adjacent  to  the  free 
surface. 

Since  the  free  surface  deforms  in  time,  with 
zc-  sequent  motion  of  its  intersections  with  the 
hydrofoil  contour,  only  the  relative  distribu¬ 
tion  of  points  on  the  hydrofoil  contour  Is  kept 
fixed.  The  points  thus  slide  along  the  wetted 
portion  of  the  hydrofoil  while  maintaining  the 
same  relative  spacing  from  adjacent  points  as 
time  progresses.  This  is  accomplished  by  lo¬ 
cating  the  points  on  the  contour  at  fixed  per¬ 
centages  of  the  angle  subtended  by  the  arc 
between  the  two  intersections  with  the  free 
surface.  This  subtended  angle,  of  course, 
changes  in  time.  When  the  hydrofoil  oscil¬ 
lates,  the  movement  follows  the  oscillating 
motion  of  the  body  as  well. 

The  points  on  the  free  surface  are  initially 
determined  by  a  Neumann  boundary  condition 
that  requires  the  coordinate  lines  to  be  verti¬ 
cal  at  the  moving  surface.  The  local  elevation 
of  the  surface  is  determined  by  the  equations 
of  motion  for  the  free  surface  as  discussed  in 
Section  III.  The  points  thus  slide  along  the 
free  surface  as  the  surface  deforms  in  time. 

Results  of  the  numerical  solution  are  pre¬ 
sented  for  a  circular  cylinder  hydrofoil  in  two 
flow  configurations: 

(a)  Accelerating  translational  motion 
parallel  to  the  plane  of  the  Initially 
undisturbed  flat  free  surface. 

(b)  Oscillatory  plunging  motion  normal  to 
the  plane  of  the  initially  undisturbed 
flat  free  surface. 

In  each  case  the  axia  of  the  cylinder  Is  Itt  the 
plane  of  the  initially  undJeturbed  flat  free 
surface.  The  fluid  is  physically  unbounded 
except  by  the  free  surface,  with  no  distur¬ 
bance  remote  from  tha  hydrofoil. 

In  the  translational  case  (a)  the  accelera¬ 
tion  is  linear,  with  the  Reynolds  end  Froude 
numbers  given  by 

r.  -  20t  F  -  2t 

these  numbers  being  baaed  on  the  cylinder  dla- 
Twtei*  and  current  velocity. 

For  the  plunging  case  the  motion  of  the  hy- 
r-  i'oll  la  sinusoidal  with  the  elevation  of  the 
cylinder  exit  relative  to  the  plane  of  the 
initially  undisturbed  free  surface  given  by 

y  •  A  ain(~p)  where  A  ;jnd  F  are  the  amplitude 
and  period,  respectively.  u»  the  motion.  The 
veloctty  of  tha  cylinder  Is  thus 
y  •  cot  (— j~)  and  the  Reynolds  and  Frauds 

numbers  ere  then  given  by  R  •  20y  and  F  -  2y, 
respectively. 


In  each  cate  Che  coordinate  system  is  of  the 
fore  shown  in  Fig.  30  and  discussed  above  in 
this  section,  with  37  pcints  or.  Che  body  and  30 
points  on  the  iree  surface  on  each  side  of  the 
body.  The  remote  boundary  where  the  fluid  is 
undisturbed  It  located  at  a  radius  of  10  cylin¬ 
der  diameters.  The  convergence  acceleration 
parameters  uaed  were  1.0  for  the  momentum  equa¬ 
tions  (7*-b),  1.8  for  the  Poifjon  equation  (7c), 
0.4  5  for  the  surface  pressure  equation  (9),  and 
1.85  for  the  coordinate  system  equations  (15). 
Hie  Iterative  convergence  criteri*  used  were 
l0“5  for  the  coordinate  system  ard  1(T^  for  chc 
velocity  and  pressure. 

The  Initial  point  dletritutloi.  on  the  cylin¬ 
der  was  determined  by  a  sine  curve,  with  points 
distributed  symmetrically  and  concentrated  near 
each  free  surface  contact  point.  The  initial 
distribution  on  the  free  surface  was  deter¬ 
mined  by  a.i  exponential  curve,  with  points  con¬ 
centrated  near  the  body.  It  was  found  neces¬ 
sary  to  have  the  points  adjacent  to  the  free 
Burface-body  contact  point  approximately  equi¬ 
distant  from  the  contact  point  else  stability 
problems  arose  with  the  surface.  The  points 
move  on  both  the  hydrofoil  and  free  surface  as 
time  passes,  but  the  relative  distribu¬ 

tions  are  maintained  as  discussed  in  the  pre¬ 
vious  section. 

As  noted  in  the  discussions  above,  the 
curvilinear  coordinate  system  continually  de¬ 
forma  as  time  progresses,  always  keeping  a 
coordinate  line  coincident  with  the  deforming 
free  surface.  This  behavior  is  evident  in 
Fig.  30  which  shows  the  coordinate  system  ct 
four  times  for  the  translating  hydrofoil.  The 
free  surface  rlsea  in  front  of  the  hydrofoil, 
and  the  fore  contact  point  slides  up  along  the 
hydrofoil  contour.  At  the  rear  of  the  hydro¬ 
foil,  the  surface  falls,  and  the  aft  contact 
point  movea  downward. 

Velocity  vectors  and  the  hydrofoil  pressure 
distribution  for  this  solution  are  shown  at 
one  time  in  Fig.  31.  The  vectors  clearly  show 
the  fore  and  aft  stagnation  points  to  well 
below  the  corresponding  surface  contact  points 
on  the  hydrofoil.  The  pressure  distribution 
shows  a  positive  pressure  spike  adjacert  to 
both  contact  points,  but  a  smooth  distribution 
elsewhere  on  the  hydrofoil.  This  spike  is  due 
to  numerical  error  resulting  probably  from  the 
modeling  of  the  contact  point  movement. 

The  Initially  unde formed  coordinate  system 
used  in  the  oscillatory  solution  Is  shown  in 
Fig.  32.  A  stronger  concentration  of  lines 
near  the  free  surface  and  hydrofoil  contour  was 
uaed  in  view  of  the  results  discussed  above. 

Fig.  33  shows  the  temporal  oscillation  of  the 
lift  cot ‘flc lent.  fhe  curve  Is  seen  to  be 
deformed  from  a  pure  slnusodlal  oscillation. 
After  an  Initial  rise,  the  force  remains  upward 
throughout  the  cycle. 

Fig.  34  shows  s  serlss  of  plots  of  velocity 
vsetora  at  several  times  during  the  cycle, 
while  Fig.  35  shows  the  same  thing,  but  in 
datall  of  the  region  around  the  right  surface- 
body  contact  point.  As  the  body  rlfies  initial¬ 
ly,  the  fluid  moves  downward  from  the  surface 


and  inward  toward  the  void  being  left  by  the 
rising  body.  However,  due  to  the  viscous  no¬ 
slip  boundary  condition,  a  vortex  is  created 
near  tbe  contact  point  (T  ■  0.01  in  Fig.  35). 

(A  similar  vortex,  but  of  the  opposite  rota¬ 
tion  is,  of  course,  created  off  the  left  con¬ 
tact  point.)  These  vortices  move  away  from  the 
body  and  decrease  in  intensity  as  the  quarter- 
cyle  is  approached  (cf.  T  ■  0.11  in  Fig.  35). 

At  the  quarter-cycle  (0.157),  the  body 
reaches  its  highest  point  and  then  reverses 
its  motion  to  move  downward.  This  forces  the 
fluid  beneath  the  body  to  the  sides.  The  be¬ 
ginning  of  this  sideward  motion  can  be  seen  at 
T  ■  0.17  in  Fig.  34  juat  beneath  the  body.  At 
this  time,  inertia  causes  moat  of  the  fluid  to 
still  reflect  the  previous  upward  movement  of 
the  body.  This  inertial  effect  is  evident  also 
in  the  corresponding  detail  plot  in  Fig.  35, 
where  the  fluid  adjacent  to  the  body  has  re¬ 
versed  its  motion  and  is  moving  downward  with 
the  body  while  the  rest  of  the  fluid  raotlon  is 
qualitatively  similar  to  that  at  T  «  0.15  be¬ 
fore  the  quarter-cycle. 

As  time  passes,  the  Influence  of  the  downward 
motion  of  the  body  spreads  progressively 
throughout  the  fluid  so  that  more  and  more  of 
the  fluid  acquires  downward  anc  sideward  motion 
beneath  the  body,  with  consequent  upward  motion 
toward  the  surface  (cf.  T  *•  0.21  and  0.31  in 
Fig.  34).  This  annihilates  the  vortices,  and 
new  vortices  of  opposite  rotation  to  the  ori¬ 
ginal  form  just  off  each  surface-body  contact 
point  vcf.  T  -  0.21  in  Fig.  35)  These  vor¬ 
tices  also  move  away  from  the  body  and  decrease 
in  intensity  as  the  body  moves  toward  its  low¬ 
est  point  at  the  three-quarter  cycle  time 
(T  -  0.471). 

At  this  tlwe  the  motion  of  the  body  again 
reverses,  and  the  body  starts  back  upward. 

This  causes  inward  motion  to  begin  Just  be¬ 
neath  the  tody  (T  «  0.49  in  Fig.  34)  with 
upward  motion  adjacent  to  the  body  (T  -  0.49 
in  Fig.  35).  This  new  pattern  of  motion  then 
spreads  out  into  the  remainder  of  the  fluid, 
competing  initially  witn  the  lnerttally  per¬ 
sisting  motion  from  before  the  last  body  re¬ 
versal.  As  at  the  quarter-cycle,  the  existing 
vortices  are  annihilated,  and  new  ones  of 
opposite  rotation  again  form  off  the  contact 
points  (cf.  T  ■  0.53  in  Fig.  35).  The  general 
fluid  motion  is  again  downward  from  the  surface, 
with  Inward  and  upward  motion  beneath  the  ris¬ 
ing  body  (cf.  T  •  0.61  in  Fig.  34)  as  at  the 
beginning  of  the  cycle. 

The  movement  of  the  hydrofoil  free  surface 
contact  points  along  the  hydrofoil  contour  is 
modeled  by  a  condition  of  continuity  as  dis¬ 
cussed  in  detail  in  Ref.  8.  Essentially  this 
model  causes  the  contact  points  to  slide  along 
the  hydrofoil  contour  In  response  to  a  net 
Imbalance  of  flow  Into  the  cell  at  the  contact 
point.  Net  inflow  will  thus  cause  that  contact 
point  *:o  slide  upward  along  the  contour. 

Another  model  based  on  s  condition  of  zero 
stress  at  the  contact  point  was  also  investiga¬ 
ted  but  was  found  to  be  unsatisfactory  as  also 
discussed  In  Ref.  8. 
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Figs.  36  and  37  show  the  surface  elevation 
and  pressure  at  ippro”imately  the  quarter,  half, 
three-quarter,  and  full  cycle  times.  The  ele¬ 
vation  curves  show  that  the  mean  surface  posi¬ 
tion  is  not  flat,  but  18  depressed  lit  the  vi¬ 
cinity  of  the  body.  Ihi3  result  is  in  quali¬ 
tative  agreement  with  a  periodic  boundary 
layer  solution  and  experiment;!  flow  visuali¬ 
zation  results  given  in  Schlichting  [  13]  for  a 
circular  cylinder  oscillating  in  an  unbounded 
fluid.  There  it  is  shown  that  a  mean  secondary 
motion  exists  in  which  fluid  moves  from  the 
sides  toward  the  body  (normal  to  the  direction 
of  oscillation)  and  then  away  from  the  body 
parallel  to  the  oscillation  direction  (cf.  Fig. 
11.7  of  (13}).  In  the  present  case  this  type 
of  mean  flow  would  be  toward  the  body,  parallel 
to  the  free  surface,  and  then  away  from  the 
surface  beneath  the  body.  This  then  would 
result  in  a  mean  surface  depression. 

VIII.  Conclusion 

The  technique  of  numerically  generated 
boundary- fitted  coordinate  systems  is  clearly 
an  effective  aid  in  treating  flow  problems 
involving  both  free  surfaces  and  solid  bound¬ 
aries.  With  this  technique  the  complication  of 
the  boundary  shape  is  essentially  removed  from 
the  problem.  It  is  possible  to  obtain  numeri¬ 
cal  solutions  for  viscous  flow,  with  viscous 
boundary  conditions  on  the  free  surface  as  well 
as  on  the  solid  body. 

The  research  results  presented  in  this  report 
leave  several  problems  unresolved.  Regarding 
the  submerged  hydrofoil  solution,  the  coordi¬ 
nate  configuration  used  had  a  zero  Jacobian 
between  grid  points  in  the  field  of  calculation. 
This  zero  Jacobian  made  it  difficult  to  con¬ 
tract  coordinate  lines  near  the  branch.  Also, 
an  ambiguity  in  the  finite  difference  expres¬ 
sions  for  the  crose  derivatives  at  the  point  of 
zero  Jacobian  led  to  ambiguous  results  in  the 
coordinate  aolutlons.  Thirdly,  the  coordinate 
control  functions  were  found  to  be  inadequate 
In  controlling  coordinate  lines  in  the  field. 

An  arbitrary  change  in  the  coordinate  control 
often  led  to  unpredictable  results  for  the 
phyeical  coordinates.  Some  progress  was  made 
In  this  area  during  the  latter  stages  concern¬ 
ing  the  hydrofoil  in  the  free  surface  with  the 
incorporation  of  an  automated  control.  Finally, 
at  project  termination,  the  solution  could  not 
be  run  eucceee fully  for  Reynolds  number* 
greater  than  100  for  tha  submerged  hydrofoil. 
The  combination  of  the  coordinate  contract  ion 
functions  and  the  field  point  with  e  aero 
Jacobian  la  believed  t  •  be  the  ceuee  of  a 
pressure  source  that  occurred  at  the  trail In* 
edge  of  hydrofoils  tor  Re  >  100.  Finally, 
since  higher  Reynolds  numbers  were  not  obtained, 
the  method  could  not  be  verified  with  the  ex¬ 
perimental  data  available  for  submerged  hydro¬ 
foils. 

The  oreeence  of  a  aero  Jacobian  in  the  field 
le  not  a  universal  feature  In  the  boundary- 
fitted  coordinate  systems,  but  la  peculiar  to 
the  typo  of  configuration  adopted  for  the 
tranafotewd  plane  In  the  submerged  hydrofoil 
solution.  TtUe  configuration  did  have  certain 


advantages  as  noted  In  spite  of  the  presence  of 
the  zero  Jacobian.  The  configurations  used  for 
the  hydrofoil  in  the  free  surface  (i»nd  for  the 
external  flow  about  airfoils  in  other  studies) 
do  not  have  any  zeros  of  the  Jacobian  in  the 
field.  Further  study  would  be  necessary  to 
develop  better  configurations  for  the  submerged 
hydrofoil  case. 


Concerning  the  hydrofoil  in  the  surface,  the 
coordinate  configuration  was  less  of  a  problem, 
a  id  no  zeros  of  the  Jacobian  occurred  in  the 
field.  The  results  given  in  the  present  work 
are  all  at  very  low  Reynolds  number,  but  the 
solution  can  in  principle  be  run  at  any  Reynolds 
number  by  increasing  the  attraction  of  the 
coordinate  xmes  to  the  body  and  free  surface  at 
higher  Reynolds  numbers  in  order  to  maintain  a 
sufficient  number  of  lines  in  the  viscous  lay¬ 
ers.  Such  a  procedure  is  currently  under  Inves¬ 
tigation  in  connection  1th  the  flow  about  air¬ 
foils.  The  problem  is  made  more  difficult, 
however,  with  increasing  Reynolds  number.  More 
Investigation  of  the  control  of  the  coordinate 
system  so  that  sufficiently  close  spacing  la 
maintained  near  the  free  surface  as  it  deforms 
is  necessary,  as  is  further  study  of  the  model¬ 
ing  of  the  hydrofoil-free  surface  contact  point 
movement . 

Finally,  the  hydrofoil  and/or  bottom  could  be 
allowed  to  deform  in  time  without  complicating 
the  problem  unduly.  This  is  because  all  of  the 
computation  ia  done  on  the  fixed  rectangular 
trana formed  grid  regardless  of  th*  shape  or 
movement  of  the  physical  boundaries.  Wind  shear 
on  the  free  surface  could  also  be  added  by  a 
change  in  aurface  boundary  conditions  to  include 
applied  external  shear  as  well  as  prssaure. 

References 

1.  Thompson,  J.  F. ,  Thames,  F.  C.,  and  Mastln, 
C.  W. ,  "Automatic  Numerical  Generation  of 
Body-fitted  Curvilinear  Coordinate  System 
for  Field  Containing  any  Number  of  Arbi¬ 
trary  Two-Dimensional  Bod lea,"  Journal  of 
Computational  Physics,  15,  299  (1974). 

2.  Thompson,  J.  F. ,  Thames,  F.  C.,  Mastin,  C. 
W. ,  "TOMCAT  -  A  Code  for  Numerical  Genera- 
tlon  of  Boundary-Fit tad  Curvilinear  Coor¬ 
dinate  Sy sterna  on  Ftelde  Containing  any 
Numbar  of  Arbitrary  Two -Dimana tonal  Bodies',' 
Journal  of  Computational  Physics,  24,274 
(1977). 

3.  Thames,  F,  C. ,  Thompson,  J.  F.,  at.  al,, 
"Numarical  Solutions  for  Viscous  and 
Potential  Flow  about  Arbitrary  Two-Dimen- 
a tonal  Bod lea  using  Body-Fitted  Coordinate 
Sy  a  tarns,"  Jo  urns  1  of  Computations!  Physics, 
24,245  (15777. 

6.  Hedge,  J.  K.,  "Numarical  Solution  of  In¬ 
compressible  Laminar  Flow  about  Arbitrary 
Audits  in  Body-Fitted  Curvilinear  Coordi¬ 
nates,"  Ph.D,  Dissertation,  Mississippi 
State  Vnlverelt),  Mississippi  State, 
Mississippi  (1975). 


5.  Thompson ,  J.  F.,  Thames,  F.  C.,  and  Maslln 
C.  W.,  "Boundary-Fitted  Coordinate  Systems 
for  Solution  of  Partial  Differential  Equa¬ 
tions  on  Fields  Containing  any  Number  of 
Arbitrary  Two-Dimensional  Bodies,"  NACA 
CR-2729,  1977. 

6.  Hlrt,  C.  W.,  ind  Harlow,  F.  H.,  "A  General 
Corrective  Prccedure  for  the  Numerical 
Solution  of  Initial  Value  Problems," 

Journal  of  Computational  Phys1.  „,  2,  114 

(1967). 

7.  Shanks,  S.  P. ,  "Numerical  Simulation  or 
Viscous  Flow  about  Submerged  Arbitrary 
Hydrofoils  using  Non-orthogonal ,  Curvi¬ 
linear  Coordinates,"  Ph.D.  Dissertation, 
Mississippi  State  University,  Mississippi 
State,  Mississippi  (1977). 

8  Thompson ,  J.  F.,  and  Shanks,  S.  P-, 

"Numerical  Solution  of  the  Navier-Stokes 
Equations  for  2D  Surface  Hydrofoils," 
EIRS-ASE-77-4,  Mississippi  State  Univer¬ 
sity,  Mississippi  State,  Mississippi, 
(1977). 

9.  Salvesen,  Nils  and  von  Kerczek,  C., 
"Nonlinear  Aspects  of  Free  Surface  Flow 
Past  Two-Dimensional  Bodies,"  the  14th 
International  Congress  of  Theoretical  and 
Applied  Mechanics.  Delft,  the  Netherlands 
(1976). 

10.  Salvesen,  N.  "Second-Order  Wave  Theory  for 
Submerged  Two-Dimensional  Bodies,"  P.L9: 
ceedlnga  of  Sixth  Symposium  on  Naval  Hydros 
dynamics,  Washington,  D.C.  (1966). 

11.  Thompson,  J.  F.  and  Shanks,  S.  P.  .  "Numer¬ 
ical  Solution  of  the  Navlel -Stokes  Equa¬ 
tions  for  Arbitrary  2D  Submerged  Hydro¬ 
foils  in  a  Channel  of  Finite  Depth,"  MMSU- 
EIRS-ASE-77-6,  Mississippi  State  Univer¬ 
sity,  Mississippi  State.  Mississippi 
(1977). 

12.  Warsi,  Z.  U.  A.,  Thompson,  J.  F. ,  "Machine 
Solutions  of  Partial  Differential  Equa¬ 
tions  in  the  Numerlcslly  Generated  Coor¬ 
dinate  System,"  MMSU-EIRS-ASE-77-1 , 
Engineering  and  Industrial  Research 
Stacion,  Mississippi  Stste  University, 
(1977). 

13.  Schllchting,  H,,  Boundary  Layer  Theory, 
4th  Ed.,  McGraw-Hill,  (I960). 


If* 


TRANSFORM  PVU* 

Figure  1.  Doubly-Connected  Region  with  Free- 
Surface 


physical,  plane 


TRANSFORMED  PLANE 

Figure  2.  Modified  Doubly-Connected  Region  with 
Fr--.  i-Surface 


Note!  In  the  interest  of  spice,  all  flguraa 
hava  bean  made  email,  and  conawquantly,  aome 
■calls  ara  difficult  to  sad.  Therefore, 
eatreme  ordinate  veluee  have  been  edded  in 
larger  type.  Larger  vereions  of  all  flguraa 
can  ba  found  in  Rafarancaa  8  and  11,  availabla 
from  Mlaaiaalppl  Stata  Univaraity  through  tha 
rrcoikI  author. 
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Figure  J.  Hydrofoil  Geometry  end  Coordlnetee 
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Figure  4.  Karman-Tref f tz  Airfoil 


Figure  5.  Coor  \nate  system  for  three  Froude 
number* ,  Re  -  20,  t  »  8.0  -  Karman- 
Trefft*  Airfoil  located  1  chord  below 
free  aurfece. 


Figure  7.  Time  history  of  lift  for  three  Froude 
numbers.  Re  -  2.0  -  Karman-Tref f tz 
Airfoil  located  1  chord  below  free 
surface. 


Figure  6.  Time  hlatory  of  drag  for  three  Froude 
mabere,  Re  ■  20  -  Karman-Treff t* 
Airfoil  located  1  chord  below  frea 
surface. 


Figure  S.  Pressure  distribution  fcr  various 
Reynolds  and  Froude  mabera  at 
t  -  8.0  -  Karaan-Traffts  Airfoil 
located  1  chord  below  free  surface. 


Figure  9.  Pressure  distribution  for  two  Reynolds 
nunbers ,  F  -  0.5,  t  -  6.0  -  Karman- 
Trefftx  Airfoil  located  1  chord  below 
a  free  surface. 


Figure  11.  Velocity  vector  field  at  three  tines. 
Re  -  20,  F  ■  0.5  -  Circular  cylinder 
located  1  chord  below  f ree-surface. 


Figure  10.  Coordinate  systea  at  thzec  tinea. 

Re  •  20,  f  *  0.5  -  Circular  cylinder 
located  1  chord  below  free-surface. 


Figure  12.  Velocity  vector  field  of  Kansan- 

Trefftx  Airfoil  translating  In  the 
negative  x  -  direction. 


Figure  13.  Velocity  vector  field  of  Karman- 
Treffts  Airfoil  translating  toward 
free  surface,  Re  *20,  F  -  1.0  and 
t  ■  1.75  (free  etreen-flxed  coor¬ 
dinates)  . 
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Figure  17,  Coordinate  System  -  First  17  n-lines 


Figure  14.  Velocity  vector  field  of  Karman- 
Trefftz  slowly  pitching  5*  about 
its  center  chord  at  three  times, 
Re  ■  20,  F  •  1.0  (free  stream- 
fixed  coordinates). 
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Figure  lb.  Deep  and  Shallow  Water  Configurations 
(Non-Dimensional ) 
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Tast  li;  Irofoil  (Dimensions  in  Feet) 


Figure  16.  NACA  Airfoil  approximul  Ing  the  teat 
hydrofoil.  Chord  •  1,  maximum  thlcli- 
neea  •  0.145  located  at  322  chord, 
leading  edge  radius  •  0.04,  and 
trailing  angle  «  16.3*. 
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Figure  18.  Velocity  vector  field  at  two  times 
shoving  close-up  of  body,  Re  ■  100, 
F  «  0.33  -  Airfoil  located  0.841 
chords  below  free  surface  and  2.2 
chorda  from  bottom. 


Figure  19*  Coordinate  eye tea  at  two  times.  Re  ■ 
100,  t  »  2.0  «  Airfoil  located  0.841 
chorde  below  free  surr’ece  end  2.2 
chorda  from  bottom. 
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(a)  Physical  Plane 


Figure  26.  Pressure  distribution  at  two  tines, 

Re  •  100,  F  •  2.0  -  Airfoil  located 

1.56  chords  below  free  surface  and  { 

0.27  chords  fron  bottom. 

q> 

1.6. -  - T 

. 

(b)  Transformed  Plane 

* 

!  !  Figure  29. 

Relation  Between  Physical  and  Trana- 
formed  Planes 

Figure  32.  Initial  Coordinate  System  - 
Plunging  Hydrofoil 
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Figure  33.  Lift  Coefficient  -  Plunging 
Hydrofoil 


T  -  .*1 

Figure  34.  Continued 


Figure  34.  Velocity  Vactoro  -  Plunging 
Hydrofoil  (0.001  Amplitude, 
0.628  Period) 


Figure  33.  Detail  of  Surface  -  Body  Contact 
Region  -  Plunging  Hydrofoil 
(0.001  Amplitude,  0.628  Period) 
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T  -  61 

Figure  35.  Continued 


Figure  36.  Surface  Elevation  -  Plunging 
Hydrofil  (0.001  Amplitude, 
0.628  Period) 


Figure  37.  Surface  Pressure  -  Plunging 
Hydrofoil  (0.001  Amplitude, 
0.628  Period) 
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FINITE-DIFFERENCE  COMPUTATIONS  USING  BOUNDARY-FITTED  COORDINATES  FOR 
FREE-SURFACE  POTENTIAL  FLOWS  GE.  i RATED  BY  SUBMERGED  BODIES 


H.  J.  Hauaallng  and  R.  M.  Colaman 
David  W.  Taylor  Naval  Ship  Research  and  Development  Cantar 
Setheeaa,  Maryland  20064 


Abstract 

Finite-difference  techniques  are  used  with 
boundary-fitted  coordinates  to  compute  the  two- 
dimensional  unsteady  potential  flow  generated 
by  a  circular  cylinder  In  motion  below  a  free 
water  surface.  Both  linearized  and  nonlinear 
boundary  conditions  are  employed  for  swaying 
and  translating  cylinders.  The  time-dependent 
physical  region  Is  transformed  Into  an  H-shaped 
computational  region.  Since  the  geometry  of 
the  flow  region  Is  not  known  In  advance,  but  Is 
part  of  the  solution,  the  transformation  must 
be  computed  simultaneously  with  the  flow  field 
for  each  time  step.  When  nonlinear  free- 
surface  boundary  conditions  are  used,  a 
numerical  filtering  procedure  Is  needed  to 
eliminate  numerical  Instability.  A  comparison 
of  linear  results  for  surface  elevation  and 
forces  with  existing  steady-state  solutions 
shows  that  accurate  -(-suits  can  be  obtained 
with  such  a  numerical  scheme.  Nonlinear 
results  Indicate  that  the  scheme  Is  useful  for 
analyzing  nonlinear  free-surface  flows 
Involving  nonbreaking  waves. 


i-  Introduction 

In  a  previous  paper  Haussllng  and 
Van  Eseltlne  [1]  discussed  the  application  of 
finite-difference  methods  to  two-dimensional 
potential  flows  generated  by  pressure  distri¬ 
butions  moving  over  a  free  water  surface. 

Such  unsteady  problems  weie  solved  with  a 
scheme  which  coaiblned  a  numerical  solution  of 
the  Laplace  equation  with  numerical  approxima¬ 
tions  to  the  time-dependent  free-surface 
boundary  conditions.  Both  linear  and  nonlinear 
boundary  conditions  were  considered.  In  the 
linear  case  the  Laplace  equation  was  solved  In 
a  rectangular  region.  In  the  nonlinear  case, 
the  physical  region,  bounded  above  by  the  wavy 
free  surface,  was  transformed  Into  a  rectangle 
to  facilitate  the  numerical  solution  of  the 
Laplace  equation. 

When  the  flow  Is  generated  by  a  body 
rather  than  by  a  surface  pressure  distribution, 
the  numerical  problem  Is  more  difficult.  The 
geometry,  even  In  the  linear  case,  Is  much  more 
complex,  and  the  simple  transformation  used  In 
[1]  for  the  nonlinear  problem  cannot  be 
applied.  Such  complex  geometrlas  are  often 
treated  with  a  rectangular  finite-difference 


grid  using  flnite-dlf^  _,ice  formulae  for 
unequal  mesh  spacing  (irregular  stars)  at  the 
boundaries  as  in  the  marker-and-cell  method  [2], 
Irregular  stars  can  sometimes  be  handled 
efficiently  with  Imbedding  techniques  [J],  In 
another  approach,  which  Is  used  In  the  present 
work,  numerical  transformations  map  arbitrary 
geometries  Into  rectangular  regions  [«].  The 
resulting  boundary-fitted  coordinate  systems 
simplify  the  application  of  boundary  conditions 
at  curved  boundaries,  are  applicable  to  three- 
dimensional  problems,  and  are  particularly 
useful  with  time -dependent  geometries  such  as 
those  found  with  unsteady  nonlinear  water-wave 
probl ems . 

This  paper  describes  the  application  of 
boundary-fitted  coordinates  to  the  computation 
of  unsteady  potential  flows  generated  by  a 
circular  cylinder  In  swaying  or  translating 
motion  below  a  free  surface.  Both  linear  and 
nonlinear  problems  have  been  considered. 

In  the  nonlinear  case,  the  Initial  numeri¬ 
cal  scheme  was  found  to  be  unstable.  Therefore, 
a  numerical  filtering  scheme  proposed  by 
Shapiro  [51  and  used  by  Longuet-HIgglns  and 
Cokelet  [6]  was  used  to  stabilize  the  calcula¬ 
tions.  Comparison  of  the  linear  results  for 
surface  elevation  and  forces  /1th  solutions 
obtained  by  other  methods  Indicates  that  these 
finite-difference  techniques  can  yield  accurate 
results.  Results  for  nonlinear  problems 
Indicate  that  the  method  Is  useful  for  analyzing 
nonlinear  free-surface  flows  as  long  as  wave 
breaking  does  not  occur. 


II.  Mathematical  Formulation 
The  Inltlal/Boundary-Value  Flow  Problem 

Consider  a  circular  cylinder  In  motion  In 
water  of  depth  d  with  submergence  h  below  a 
free  surface  as  shown  In  Figure  1.  An  (x,y)- 
coordlnate  system  1$  chosen  with  the  origin 
In  the  undisturbed  free  surface.  The  coordinate 
system  may  be  fixed  or  It  may  move  with  the 
body.  It  Is  assumed  that  the  flow  Is  Irrota- 
ttonal  and  that  the  fluid  Is  Incompressible  and 
lacks  surface  tension.  It  1$  also  assumed  that 
the  surface  elevation  can  be  described  at  any 
time  t  by  specifying  y  as  a  single-valued 
function  of  x:  y  ■  Y(x,l).  This  assumption  Is 
made  for  convenience  and  Is  not  valid  If  the 
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Figure  1.  Body  in  Notion  In  Mater  of  Dep‘h  d(x). 


waves  approach  breaking  conditions. 

The  variables  are  nondimensionallzed 
according  to  the  scheme 

(*' ,y')  ■  L(x,y),  t'-  Lt/U,  ^ 

♦'  •  LUf,  p'  *  pU2p,  Y'  ■  LY 

where  the  primes  denote  dimensional  variables, 
♦  (x.y.t)  is  tiie  velocity  potential,  p  is  the 
pressure,  p  is  the  density,  and  U  and  L  are 
characteristic  speed  and  length  scales  associ¬ 
ated  with  the  body. 


represented  by  n.  Arbitrary  initial  conditions 
are  represented  by  4q  and  Yq. 

The  dynamic  pressure  on  the  body  surface 
can  be  computed  from  the  Bernoulli  equation 
without  the  hydrostatic  term  as 

p  *  -v<uv(*x24V)/2  l9) 

The  resistance  and  lift  coefficients  are 

R  -  resistance/pLU2  -  -/pn  ids  (10) 

L  -  11ft/pLU2  ■  Jpn  ■  jds  (11) 


The  initial/boundary-value  problem  is 
defined  by 


♦xx+*yy  *  0l  'd<y<Y 
Yt  ■  «u(t)Yx-f;(Y)(+ay  at  y*Y  (3) 

♦t  ■  6u(t)ax-Y/Fr2-(ax2+ty2)/2  at  y-Y  (4) 
JO  at  y  ■  -d 

V*  •  n  -  |  (5) 

Iv1  •  n  at  the  body  surface 

♦x  •  0  at  x  ■  t-  (6) 

♦  ■  *0.  Y  ■  Y„  at  t-0  (7) 

The  subscripts  x,  y,  and  t  denote 


differentiation.  The  velocity  of  the  body  is 
t)  with  horizontal  component  u.  For  a 
reference  frame  moving  with  horizontal  speed  u, 
4*1  and  appropriate  convective  terms  are 
present  in  (3)  and  (4).  For  a  fixed  frame,  4*0 
and  those  terms  are  absent.  The  dimensionless 
parameter  is  the  Froude  number 

Fr  -  U/(gl)1/J  (8) 

where  g  is  the  gravitational  acceleration.  The 
unit  normal  vector  to  a  boundary  is 


where  1  and  j  are  unit  vectors  in  the  x-  and 
y-directions,  respectively,  and  where  the 
integrations  are  over  the  body  surface. 

When  wave  slopes  are  small,  the  linearized 
free-surface  boundary  conditions 


Y 


t 


a 


t 


SuYx  +  *y  j 
4u*x  -  Y/Fr 2 J 


at  y-0 


(12) 


often  provide  sufficient  accuracy.  Similarly, 
if  the  body  displacements  are  small,  the  body 
boundary  condition  in  (6)  can  be  applied  at  the 
mean  body  position. 

The  Transformation 


To  simplify  the  numerical  solution  of  the 
problem,  the  time-dependent  physicel  region 
(Figure  1),  cut  off  suitably  far  upstream  and 
downstream.  It  transformed  to  a  time-dependent 
computational  region  which,  as  shown  in 
Figure  2,1s  composed  solely  of  rectangles.  The 
body  is  mapped  onto  the  slit  LE,  the  free 
surface  onto  AB,  the  bottom  of  the  water  onto 
IH,  the  upstream  boundary  onto  AN  ar-i  JI,  and 
the  downstream  boundary  onto  SC  and  SH.  The 
boundaries  JKLMN  and  COCFG  represent  cuts  within 
the  fluid. 

Similar  transformations  represented  by 
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Figure  2.  The  Transformed  Computational  Region. 


t  -  dx.y.t) 


n(x,y,t) 


have  been  computeo  by  Thompson  et  al  [4]  as 
solutions  to  the  Poisson  equations 


Exx  +  <yy  ■  p^.n.t) 

(14) 

V  +  V  "  9(t*T'*t) 

(15) 

with  appropriate  boundary  conditions.  The 
source  functions  P  and  Q  are  specified  such 
that  an  efficient  numerical  scheme  results. 

The  use  of  the  H-shaped  region  In  Figure  2  Is 
an  extension  of  the  work  of  Thompson  and  his 
co-workers  which,  as  will  be  seen,  leads  to  a 
numerical  scheme  with  nice  properties  for  the 
problems  under  consideration. 

For  computational  purposes,  the  generating 
system  (14)  and  (15)  Is  transformed  to  the 
computational  space  by  Interchanging  dependent 
and  Independent  variables  to  yield 

0*U'2e<Cn  +  YXnn+  j2(P*t*(,Kn)"0  (,6) 

«yu  -  28yCi)  +  Yynn+  J2(Pyt*Qyn)'0  (17) 


a  ■  x  *  ♦  y  2  &  ■  x„x  ♦  y„y 

n  'r\  5  n  C  n 

,  (18) 

Y*V+V  j  *  Yn  •  Vt 

The  transformation  can  then  be  determined  by 
solving  (16)  and  (17)  subject  to  the  following 
boundary  conditions:  The  (x.y)-coordlnates  of 
the  free  surface  are  specified  on  AS  (Figure  2), 
the  coordinates  of  the  body  are  given  on  IE 
(top  and  bottom),  the  coordinates  of  the  lower 
boundary  are  given  on  HI,  and  the  coordinates 
of  the  upstream  and  downstream  boundaries  are 
specified  on  Ml,  01,  8C,  and  GH.  Reentrant- 
type  boundary  conditions  are  applied  on  the 
cuts  as  follows:  The  (x.y)-coordlnates  on  CD 
match  those  on  GF;  the  boundary  pairs  MN  and 


KJ,  HI  and  KL,  and  DE  and  FE  are  similarly 
matched. 

For  a  circular  cylinder  In  water  of 
constant  depth  this  transformation  yields  the 
coordinate  system  displayed  In  Figure  3.  Lines 
of  constant  n  extend  between  the  upstream  and 
downstream  boundaries  except  near  the  body 
which  they  encircle.  Lines  of  constant  C  run 
between  the  free  surface  and  the  bottom  of  the 
water  except  where  they  Intersect  the  body 
surface.  The  coordinate  system  Is  cylindrical 
near  the  body  but  also  conforms  to  the  shape  of 
the  region  occupied  by  the  water. 

Again  for  computational  reasons,  the 
governing  equations  and  boundary  conditions  are 
transformed  to  the  (t ,n) -coordinate  S  j»'  5 1  £?» . 
Equation  (2)  Is  rewrltter 

o* ff'2B4,  +y*  ftf,  ■  0  (19) 

Cn  nn  n  t 

where 

o  -  J2Q  t  •  J2P  (20) 

Equations  (3)  and  (4)  transform  to 

!V*.const.nt  *[4u-<*nVVn)/J]Y 

(21) 

V(>eVVc),J  4t  " '  "» 

(*t)t.n.con,tant*Xt(Vn-*.,yt)/J-yt«Vn 

-Vt^u^vy^/J-Y/Fr’  (22) 

•t(Vt-V/*(x(*s-\*5)1]/(JJ!) 


Since  tha  coordinate  system  Is  time  dependent, 
time  derivatives  of  the  x-  and  y  coordinates 
appear  In  (22).  At  the  upstream  and  downstream 
boundaries  (6)  Is  replaced  by 
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Figure  3.  The  Boundary-Fitted  Coordinate  System  as  it  Appears  in  Physical 
Space  for  Both  the  Linear  Problem  and  the  Nonlinear  Problem  at  t=0. 


y  -  yr4  "0  at  t-C,  and  r,*c  (23)  (16)  and  (17)  are  replaced  by  central  difference 

n  5  c  n  1  1  formulae  yielding 


The  normal  derivative  of  ♦  at  a  boundary 
can  be  written  in  the  form  (ref.  [7]) 

''♦•ii  ■  [♦(.(g,yf+xn)-4ii(g'y{+xt)]/ 

'  |  /2  W 

td(Hg')2)  '  1 

where  g'*dy/dx  is  the  slope  of  the  boundary.  By 
multiplying  numerator  and  denominator  by  x, , 
equation  (24)  con  be  rewritten  in  the  form 

v*-n  ■  (ate-4nY)/(Jvl/?)  (25) 

Thus  (5)  becomes 


,P,  ,/2) 


l.r'Url.r,|y1_1<J 


1-1  .j 


t(vi.J+Ji,JQi.J/2) 


+^i.r'i.jqi.j/2> 


ij*i 

y1,JM 

“l.J-1 
yi  J-l 


(27) 


(♦f_a-»nv)/(Jv1/2) 


0  at  n*n, 
v-n  at  n-n^ 


(26) 


-<81.j/2> 


(x1tl,jel*xt-l.j-r*1-lj*l 

ly1+l.Jfl*y1-’.j-ryi-l.Jtl 


Since  the  shape  of  the  fluid  region  Is  not 
known  in  advance  but  is  part  of  the  solution, 
the  transformation  canno'  be  carried  out  in 
advance.  Equations  (16)  and  (1/),  which 
generate  the  transformation,  must  be  solved  at 
each  time  in  conjunction  with  the  solution  of 
the  fluid  flow  problem  (19),  (21 )-(23) ,  and 
(26). 


111.  The  Numerical  Scheme 

This  section  presents  the  numerical  aspects 
of  both  the  transformation  and  flow  problem 
solution.  Further  details  concerning  the 
numerical  transformation  can  be  found  in 
ref.  [B). 

The  domain  of  integration  in  the  (t,n)- 
plane  is  replaced  by  a  uniform  network  of 
points  specified  by  (-.,  •  1,  n,  *  j),  with 
1*1,. ...149  and  J-l,. ...28  (Figure  2).  The 
differential  equations  are  replaced  b* 
difference  equations  Involving  t:,c  values  of 
the  variables  at  thesj  grid  points. 

To  compute  the  transformation,  equations 


'*1+1. J-l  \ 
•yiO.J-l  | 


]/2(c 


1.J  Y1.J' 


where  ^  B|  j>  r,  j  and  J(  j  are  central 
difference  approximations  to  (18). 


The  transformation  has  singularities  at 
the  points  H,  K,  0,  and  F  in  the  transformed 
plane  (Figure  2)  which  correspond  to  on’y  two 
points  In  physical  space.  With  zero  source 
terms,  (P-Q-0),  very  large  grid  cells  would  be 
present  near  these  points.  The  source  terms 
are  specified  so  as  to  attract  grid  points 
toward  these  singularities  to  improve  the 
resolution  In  their  neighborhood.  Source  terms 
of  exponential  form  as  suggested  by  Thompson 
et  al  [9]  are  used  for  this  purpose. 

For  convenience,  equation  (27)  is  solved 
by  successive  overrelaxation  (SOP),  Similar 
difference  equations  have  been  solved  with 
alternating-direction  Implicit  schemes  by  Shia, 
Ghle,  and  Studerus  [10],  Although  the  present 
calculations  were  carried  out  on  a  COC  6400 
computer,  other  research  [11]  has  shown  that 
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with  a  \ector  processing  computer  such  as  the 
Texas  Instruments  Advanced  Scientific  Computer 
mesh  generation  equations  such  as  (27)  car  be 
solved  very  efficiently  using  SOR  by  sweeping 
the  stash  in  the  so-called  "red-black“  manner. 

Equation  (19)  is  replaced  by  the 


Yj+'  and  ,  new  values  of  the  quantities 

1  lihl 

are  computed  according  to  the  smoothing 
formula 


f.  > 


[-f1+2‘fi-2+4(Wfi-l)+l°  fi]/16  (31) 


difference  equation 

M.j  2  K“i.j+,i.j/z)»Hl.j 

Such  filtering  schemes  were  discussed  by 

Shapiro  [5].  They  were  used  successfully  by 

Longuet-Higgins  and  Cokelet  [6]  to  eliminate  a 
similar  instability  encountered  in  the  numerical 
calculation  of  the  development  of  breaking 

+(ai,j*Ti,j/2)*i-l,3+(Ti,j+0i  ,J'/2)4i  ,j+l 

(28) 

waves. 

*(Ti.j'°1.j/2,41 ,j-’'(B1.j/2)(*1t1 ,j+1 

'*i-i,M'*1+l,j-r*1-l,j+l)J/2(,1i.j+1ri,j) 

which  is  also  solved  with  SOR. 

Euler'c  modified  nsthod  of  time  differ¬ 
encing  is  used  to  replace  the  free-surface 
boundary  conditions  (21)  and  (22)  by 

vf1  =  v"  +  at(f"+1  ♦  f")/2  (29) 


and 


=  *  4t<Gf’  *  Gi>/2  <30) 

l)hj  1)0^  1  1 


where  the  superscripts  refer  to  time  levels, 
at  is  the  time  increment,  and  and  are 
finite-difference  approximations  to  the  right- 
hand  sides  of  (21)  and  (22). 

The  implicit  equations  (29)  and  (30)  are 
solved  iteratively  for  a  and  Y  at  the  advanced 
time  level.  T  o  iterative  solution  of  these 
equations  is  combined  with  the  iterative 
solution  for  the  velocity  potential  and  the 
mesh  point  coordinates.  A  time  advancement 
of  the  surface  elevation  and  the  potential  on 
the  surface  according  to  (2D)  and  (30)  is 
followed  by  an  updating  of  the  grid  point 
coord  nates  according  to  1 27 )  and  then  an 
adjustment  of  +  below  the  surface  according 
to  (28)  and  finite-difference  approximations  to 
the  boundary  conditions  (23)  and  (26).  Thus 
the  new  grid  point  distribution  and  flow  field 
are  computed  simultaneously.  The  iteration 
procedure  is  started  with  initial  estimates  of 

y1|,+  ''  x"+’,  and  y"*3  obtained  by 

extrapolation  from  two  previous  time  levels. 

The  Iterations  are  halted  when  the  percentage 
change  of  x,  y,  a,  and  V  from  iteration  to 
iteration  is  lass  than  some  specified  small 
number,  usually  cn  the  order  of  0.1X. 

When  linearized  boundary  conditions  are 
applied,  the  Laplace  equation  is  solved  in  a 
time- independent  region  in  (x.y)-space.  Thus, 
for  the  linear  case,  the  grid  system  need  be 
generated  only  once. 

To  eliminate  the  numerical  Instability 
encountered  earlier  by  Haussling  and 
Van  tseltine  [1]  using  a  similar  nonlinear 
numerical  scheme,  a  filtering  procedure  is 
applied.  After  each  advancement  of 


IV.  Results 

The  translating  cylinder  is  considered  with 
nonlinear  boundary  conditions  for  three  sub¬ 
mergence  depths.  For  the  smallest  submergence 
the  linear  boundary  conditions  are  also  used  for 
comparison  with  other  linear  solutions.  The 
swaying  cylinder  is  considered  with  11, .ear  and 
nonlinear  boundary  conditions  for  one  submer¬ 
gence  depth. 

Translating  Cylinder 

The  first  problem  considered  is  the 
linearized  one  for  a  circular  cylinder  acceler¬ 
ating  from  rest  to  a  constant  speed.  The 
moving  coordinate  system  is  used.  Thus  6=1  in 
(21)  and  (22).  The  characteristic  length  scale 
L  is  the  diameter  of  the  body  and  the  speed 
scale  U  is  the  final  speed.  The  center  of  the 
cylinder  is  one  diameter  below  the  undisturbed 
free  surface  and  the  depth  of  the  water  is 
2.5  diameters.  The  body  is  accelerated  with 
constant  acceleration  from  rest  at  t-0  to 
dimensionless  speed  -1  at  dimensionless  time  1. 
Thus 


-t  0  S  t  <  1 
-1  1st 


(32) 


The  grid  used  is  shown  in  Figure  3.  The  Froude 
number  is  Fr  -0.566.  This  particular  case  was 
considered  first  fur  accuracy  comparison  since 
Giesing  and  Smitn  [12]  have  presented  solutions 
to  the  steady  version  of  this  problem. 

The  evolution  of  the  free  surface  is  shown 
in  Figure  4.  Initially  the  surface  Is  pushed 
upward  ahead  of  and  pulled  downward  behind  the 
cylinder  in  an  antisymmetric  manner.  Then  a 
wave  train  gradually  develops  downstream.  By 
t  -  9.6  the  surface  elevation  near  the  body  is 
close  to  the  steady  profile  predicted  by  Giesing 
and  Smith  [11],  This  linear  result  predicts 
that  the  free  surface  is  tangent  to  the  body 
surface.  Such  a  solution  must  be  far  from 
reality  since  the  exact  boundary  conoltions 
applied  to  such  a  surface  configuration  would 
predict  that  no  water  flows  over  the  top  of  the 
body. 

In  Figure  5  the  corresponding  lift  and 
resistance  coefficients  for  the  linear  problem 
are  plotted  against  time.  The  resistance  is 
nonzero  at  t-0  because  of  the  acceleration 
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Figure  4.  Linear  Free  Surface  Evolution  for  the  Translating  Cylinder  Compared  with  the 
Steady-State  Results  of  Glesl.ig  and  Smith  [12]:  h  ■  1,  d  *  2.5,  Fr  ■  0.566. 


Figure  5.  Time  History  of  Linear  Resistance  and  Lift  Corresponding  to  Figure  4  Compared 
with  the  Steady-State  Results  of  Glestng  and  Smith. 


Figure  6.  Nonlinear  Free-Surface  Profiles  for  the  Translating  Cylinder  at  t  *  0.75 
Computed  With  and  Without  Numerical  Filtering:  h  ■  1,  d  «  2.5. 


reaction.  There  Is  a  discontinuity  In  the 
resistance  at  t  *  1  when  the  acceleration 
ceases.  The  forces  appear  to  be  approaching 
the  steady  values  predicted  by  Gleslng  and 
Smith,  although  at  t  »  9.6  the  force  values 
are  still  changing  significantly. 

The  next  case  considered  Is  the  fully 
nonlinear  version  of  the  same  problem.  Calcu¬ 
lations  were  carried  out  without  the  filtering 
of  equation  (31)  from  t  ■  0  to  t  »  0.75  when 
growing  free-surface  oscillations  c'  small 
wavelength  were  noted.  The  calculations  were 
rerun  from  t  ■  0.6  to  t  ■  0.75  with  the 
filtering.  The  filtered  and  unflltered  results 
are  compared  In  Figure  6.  Note  that  the 
smoothing  eliminates  the  unwanted  high  frequency 
waves  without  otherwise  significantly  altering 
the  surface  elevation. 

The  calculations,  however,  could  not  be 
continued  much  beyond  t  -  0.7E  since  by  this 
time  features  had  appeared  In  the  velocity 
potential  near  the  surface  which  could  not  be 
resolved  by  the  finite-difference  grid.  These 
features  are  displayed  In  Figure  7  where  the 
free-surface  potential  Is  plotted  for  several 
times.  Continuation  of  the  computations  would 
be  meaningless.  Such  a  breakdown  of  the 
calculations  might  <nd1cate  a  deficiency  of  the 
numerical  scheme-  for  Instance,  Inadequate 
resolution.  On  the  other  hand,  a  deficiency  of 
the  mathematical  model  might  also  be  Indlcated- 
for  example,  wave  breaking  cannot  be  handled 
within  the  present  potential-flow  theory. 
Comparisons  with  other  nonlinear  solutions  and 
experiments  can  help  determine  which  of  these 
two  possibilities  is  being  encountered. 

It  Is  appropriate  to  note  at  this  point 
that  steady,  large-amplitude,  nonbreaking  waves 


Figure  7.  Evolution  of  the  Nonlinear  Free- 
Surface  Potential  for  the  Translating 
Cylinder:  h  •  1 ,  d  ■  2.5. 
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figure  8.  Nonlinear  Free-Surface  Evolution  for  the  Translating  Cylinder  Compared  with  Steady- 
State  Linear  Results  of  Zarda  and  Marcus  [13]:  h  *  1.25,  d  =  2.75. 


can  exist  In  certain  situations  where  an  attempt 
to  reach  such  a  steady  state  with  an  unsteady 
numerical  calculation  for  an  accelerated  body 
would  fail  because  of  wave  breaking  during  the 
transient  period.  Such  steady,  nonlinear 
solutions  might  have  to  be  approached  in  a 
different  manner.  It  seems  quite  likely  that 
at  least  some  of  the  nonlinear  problems  con¬ 
sidered  here  fall  into  this  category. 

The  translating  cylinder  was  next 
considered  with  a  submergence  of  1.25  instead 
of  1  and  a  depth  of  2.75  instead  of  2.5.  Once 
again  filtering  is  needed  to  eliminate  an 
instability  which  appears  early  in  the  calcu¬ 
lations.  but  in  this  case  the  flow  development 
can  be  followed  to  t  :  4.8  before  features 
develop  which  cannot  be  adequately  handled  by 
the  numerical  scheme.  Figure  8  shows  the  free- 
surface  evolution  along  with  the  steady  linear 
surface  profile  computes;  by  Zarda  and 
Marcus  [13].  A  trough  develops  downstream 
from  the  body.  As  the  gap  between  the  body  and 
the  surface  narrows,  t.:e  flow  speed  in  the  gap 
increases.  This  increased  flow  speed  leads  to 
Increased  downstream  convection  which  prevents 
the  trough  from  moving  to  a  position  over  the 
Dody  as  it  does  in  the  linear  case.  The 
computed  pressure  distribution  on  the  body  at 
t  ■  4.6  is  compared  with  the  linear  steady- 
state  distribution  computed  by  Zarda  and 
Marcus  in  Figure  9.  Although  the  linear  and 
nonlinear  pressures  are  essentially  the  same 
on  the  bottom  of  the  cylinder,  the  high  flow 
speed  over  the  top  of  the  cylinder  in  the  non¬ 
linear  case  results  in  a  shift  of  the  pressure 
minimum  on  the  upper  surface  toward  the 
trailing  end. 


Figure  9.  The  Nonlinear  Pressure  Distribution 
on  the  Translating  Cylinder  at  t  ■  4.8 
Compared  with  Steady-State  Linear  Results 
of  Zarda  and  Marcus:  h  *  1.25,  d  ■  2.75. 


exists  on  the  upstream  face  of  the  growing  wave. 
In  reality  a  wave  developing  in  this  manner 
would  break,  and  continuing  the  calculations 
without  a  more  sophisticated  mathematical  model 
would  be  meaningless.  In  any  case,  the  grid 
cannot  adequately  resolve  such  a  surface 
configuration  and  the  calculations  break  down. 
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8y  t  •  4.8  a  very  steep  slope  dY/dx  :  3.3 


Figure  10,  which  shows  the  computed  grid  at 
t  •  4.8,  reveals  that  the  resolution  is  bad  In 
the  area  of  high  surface  curvature  In  the  trough 
and  near  the  wave  crest.  If  meaningful,  the 
calculations  could  be  continued  with  better 
resolution  by  allowing  grid  points  to  move  along 
the  surface  to  critical  areas  and  by  attracting 
constant  n  grid  lines  toward  the  surface  through 
use  of  the  transformation  source  terms  P  and  Q. 

By  Increasing  the  submergence  to  1.5,  the 
relative  magnitude  of  the  nonlinear  terms  Is 
further  reduced.  In  Figure  11  the  nonlinear 
results  computed  with  filtering  are  again  com¬ 


pared  with  linear  steady-state  results  of  Zarda 
and  Marcus.  Once  more  a  very  steep  wave  slope 
of  about  3.5  develops  and  the  calculations  break 
down.  However  this  condition  Is  not  reached 
until  t  ;  6.0.  The  trough  near  the  body  Is  not 
as  deep  as  with  the  samller  submergence  but  Its 
horizontal  location  Is  roughly  the  same  In  both 
cases.  Since  the  steady-state  linear  solution 
exhibits  a  maximum  slope  of  about  0.3,  It  Is 
very  likely  that  this  Is  a  cose  where  a  steady- 
state  nonbreaking  nonlinear  solution  exists  but 
cannot  be  reached  with  the  present  approach 
because  of  breaking  during  the  transient  period. 


Figure  10.  The  Boundary-Fitted  Coordinate  System  for  the  Translating 
Cylinder  at  t  *  4.8;  h  *  1.25,  d  *  2.75. 


Figure  It.  Nonlinear  Free  Surface  Evolution  for  the  Translating  Cylinder  Compared  With 
Steady-State  Linear  Results  of  Zarda  and  Marcus:  h  ■  1.5,  d  •  3.0. 


Staying  Cylinder 

In  addition  to  the  translating  cylinder,  a 
swaying  cylinder  Is  considered.  A  fixed 
reference  frame  Is  used  so  that  5  =  3  in  (21) 
and  (22).  In  the  nonlinear  case  the  finite- 
difference  grid  must  deform  In  response  to  both 
the  surface  waves  and  the  move went  of  the  body. 
The  center  of  the  cylinder  is  one  cylinder 
diameter  below  the  undisturbed  surface,  and  the 
water  depth  Is  2.S  diameters.  The  character¬ 
istic  speed  U  Is  the  maximum  speed  of  the 
cylinder.  The  dimensionless  frequency 
(frequency  .  L/U)  Is  4  and  the  Froude  m-ber  Is 
Fr  *  0.354.  The  horizontal  position  of  the 
center  of  the  body  Is 

x  -  0.25  cos  (4t)  (33) 

The  evolution  of  the  free  surface,  computed 
with  both  linearized  (free-surface  and  body) 
and  exact  boundary  conditions.  Is  shown  In 
Figure  12.  For  this  problem  there  Is  no 
significant  difference  between  the  linear  and 
nonlinear  results.  Comparison  of  the  surface 
at  t  -  2.1  with  the  profile  at  t  *  3,  the  two 
times  being  roughly  1/2  period  apart,  shows 
that  the  surface  elevations  above  the  cylinder 
(near  x  •  0)  are  essentially  temporally 
periodic  by  t  *  3. 

Figure  13  shows  the  t'me-dependent  grid 
system.  By  the  time  the  body  rea^s  Its 
maximum  displacement  (near  t  >  1.5}  a  larg^ 
grid  cell  Is  present  on  one  side.  Time- 
dependent  source  terms  P  and  Q  In  th*  grid 
generating  equations  should  be  l.-lpful  in 
maintaining  a  suitable  mesh  system. 

The  nonlinear  swaying  bodv  calculations 
remained  stable  without  filtering.  Pe- 1  jps  the 
Instability  would  have  appeared  If  the  calcu¬ 
lations  had  been  continued  or  If  the  non- 
linearities  had  been  more  Important.  On  the 
other  hand  the  increased  stability  might  be  due 
to  the  form  of  the  equations  In  the  fixed  frame 
of  reference.  Additional  research  should  be 
carried  out  to  determine  >he  condition:,  which 
necessitate  the  us?  -f  the  filtering. 


V .  Conclusions 

Finite-difference  techniques  have  been 
applied  with  boundary  fitted  coordinates  to 
solve  water  wave  problems  for  flow  generated  by 
a  submerged  circular  cylinder.  The  coordinate 
system  used  (Figures  2  and  3)  leads  to  efficient 
distribution  of  grid  points  for  free  surface 
problems.  The  method  Is  general  and  can  be 
extended  to  three-dimensional,  time-dependent, 
arbitrary  geometries.  Kutta  conditions  can  be 
applied  when  necessary, 

A  comparison  of  the  numerical  solutions  of 
unsteady  linearized  problt—  with  other 
solutions  to  steady-state  problems  (Figures  4 
and  5)  Indicates  that  the  finite-difference 
schemas  can  provide  accurate  estimates  of  such 
phenomona  as  surface  elevations  and  wave  forces. 
Numerlcil  filtering  Is  useful  for  stabilizing 
nonlinear  calculations  (Figure  6).  When  high 


velocity  gradients  or  very  steep  waves  develop, 
the  calculations  break  down  (Figures  7,  8  and 
11).  Higher  resolution  and/or  Improved 
mathematical  models  are  needed.  Adjustments  to 
the  coordinate  system  are  needed  to  resolve 
flow  fields  associated  with  steep  waves  and 
moving  bodies  (Figures  10  and  13). 

For  the  cylinder  translating  near  the  free 
surface  nonlinear  effects  are  Inqwrtant.  The 
wave  trough  associated  with  the  body  Is  further 
downstream  than  In  the  linear  case  (Figures  8 
and  il).  Low  pressure  values  occur  on  the  body 
between  the  top  and  trailing  end  (Figure  9). 
Nonlinear  free-surface  effects  are  not  signifi¬ 
cant  for  the  particular  swaying  cylinder  problem 
considered  (Figure  12). 
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David  W.  Taylor  Naval  Ship  Research  and 
Development  Center 


The  two  papers  just  presented  demonstrate 
quite  Impressively  how  far  finite-difference 
methods  have  evolved  In  dealing  with  Initial- 
bounaary-value  problems  for  two-dimensional 
Irregularly  shaped  flow  domains  that  deform  with 
time.  The  authors  circumvent  the  well-known 
difficulties  associated  with  the  use  of  rectan¬ 
gular  coordinates  for  computing  free-surface 
flows  around  arbitrarily  shaped  bodies  by  employ¬ 
ing  numerically  generated  curvilinear-coordinate 
systems  In  which  a  coordinate  line  coincides 
with  each  of  the  boundaries  of  the  physical  re¬ 
gion.  This  means  that  the  curvilinear  finite- 
difference  grid  must  be  numerically  determined 
at  each  time  step  along  with  the  solution  of 
the  fluid-flow  equation- 

It  Is  especially  interesting  to  note  that 
the  technique  for  generating  such  curvilinear 
coordinate  systems  Is  very  general  (conformal 
mapping  Is  a  special  case),  and  is  independent 
of  the  flow  equations  to  be  solved.  Thus,  it  Is 
appropriate  that  at  this  Conference  we  are  ex¬ 
posed  to  the  results  obtained  with  the  use  of 
this  approach  for  two  different  types  of  flow 
formulations.  Shanks  and  Thompson  have  solved 
the  difficult  Navler-Stokes  equations  of  viscous 
flow  past  hydrofoils  moving  In  or  near  a  free 
surface  at  relatively  low  Reynolds  nutters.  In 
a  complementary  effort,  Haussllng  and  Coleman 
have  treated  the  Inflnlte-Reynolds-nuiter  case 
of  unsteady  potential  flow  past  submerged  cir¬ 
cular  cylinders  with  both  linear  and  non-linear 
free-surface  conditions. 

While  there  are  various  ways  of  setting  up 
the  numerical  procedure  for  defining  the  curvilin¬ 
ear  grid  system  and  performing  the  flow  calcula¬ 
tions,  both  papers  here  use  an  elliptic  system 
of  equations  with  Olrlchlet  or  Neumann  boundary 
conditions  to  transform  the  physical  flow  domain 
In  (x.y)-spatlal  coordinates  Into  a  region  com¬ 
posed  of  rectanoles  In  U,n)-coord1nates  with 
constant  mesh  site.  The  use  of  elliptic  equa¬ 
tions  for  the  coordinate-generating  scheme 
appears  to  be  a  natural  choice  suggested  by 
the  extremum  principle  for  certain  elliptic 
boundary-value  problems.  The  dependent  and 


Independent  variables  of  the  coordinate  trans¬ 
formation  are  then  Interchanged  so  that  the  flow- 
field  computations  can  be  conveniently  performed 
on  the  fixed  (t.n)  grid  which  does  not  change 
with  time.  The  flow  equations  to  be  solved  must 
also  be  transformed  to  this  computational  grid. 
Although  this  step  Introduces  cross  derivatives 
and  complicates  the  solution  of  these  equations 
somewhat,  the  advantages  gained  by  performing 
the  calculations  In  the  transformed  region 
Include  the  convenience  of  a  uniform  rectangular 
grid  and  greater  accuracy  In  applying  the  boun¬ 
dary  conditions  along  straight  lines.  There  Is 
considerable  flexibility  In  the  choice  of  the 
configuration  for  the  transformed  region  which 
depends  both  upon  the  geomel-v  of  the  physical 
flow  domain  and  the  extent  to  which  grid-point 
density  is  desired  In  critical  locations.  For 
submerged-body  problems,  Haussllng  and  Coleman 
Chose  an  H-shaped  transformed  region  which 
exhibits  certain  advantages  over  the  T-shaped 
region  employed  by  Shanks  and  Thompson. 

The  grid-generating  elliptic  systems  used 
In  both  papers  are  Poisson  equations  with  special 
functions  P(c,n)  and  Q(c,n)  for  the  Inhomogeneous 
terms.  It  Is  these  functions,  called  source 
terms  or  driving  functions,  which  provide  a  means 
of  controlling  the  density  or  spacing  of  the  cur¬ 
vilinear-coordinate  lines  so  that  greater  accur¬ 
acy  may  be  obtained  where  details  of  the  flow 
behavior  are  Important.  Although  neither  Shanks 
and  Thompson  nor  Haussllng  and  Coleman  discuss 
how  the  functions  P  and  Q  are  determined,  they 
define  them  In  terms  of  exponential  functions 
In  their  papers.  I  would  like  to  suggest  that 
further  research  be  undertaken  by  the  authors 
on  a  rationale  for  choosing,  or  specifying,  these 
functions  because  of  their  influence  on  the  spac¬ 
ing  of  the  curvilinear-coordinate  lines.  In 
this  connection,  the  use  of  computer  graphics 
consoles  as  an  aid  to  "Isuallzlng  and  influencing 
the  final  choice  of  the  grid  system  becomes  very 
Important,  especially  fur  computing  free  surface 
flows  around  large,  complex  ship  structures. 

Another  Important  aspect  of  the  numerical 
procedure  Is  the  behavior  of  the  Jacobian  of 
the  coordinate  transformation.  If  the  Jacobian 
vanishes,  or  becomes  sufficiently  close  to  zero 
at  certain  grid  points,  Inaccuracies  In  the 
solution  of  the  flow  problem  may  result,  de¬ 
pending  on  various  circumstances.  Shanks  and 
Thompson  point  out;  as  a  result  of  their  experi¬ 
ence  with  a  variety  of  problmes,  that  the  pres- 


234 


ence  of  a  zero  Jacobian  defx  -is  on  the  type  of 
configuration  chosen  for  the  transformed  plane. 

In  order  to  avoid  unacceptable  configurations  and 
the  ensuing  Inaccuracies,  it  is  probablv  advis¬ 
able  to  automatically  monitor  the  Jacobian  as 
part  of  the  grid  definition  procedure,  as  recom¬ 
mended  by  Oberkamc  '  [l]  . 

In  both  papers,  the  systems  of  finite- 
difference  equations  approximating  the  coordi¬ 
nate  transformation  equations  and  the  flow 
equations  and  the  flow  equations  are  solved 
simultaneously  using  the  ■'asy-to-prog-am  SOR 
(Successive  Over-Relaxation)  method.  Much  faster 
methods  could  be  applied,  and  are  indeed  under 
investigation  by  several  researchers,  for  example 
K,  Ghia  and  U.  Ghia  of  the  University  of  Cincin- 
ati.  Haussling  and  Coleman  rr'er  to  their  work 
on  alternating-directior  implcit  methods  in 
their  paper,  and  they  have  recently  reported 
further  advances  which  will  lead  to  ever.  Taster 
metrods  [2] . 

The  four  authors  of  these  two  significant 
papers  are  to  be  congratulated  for  carrying  for¬ 
ward  the  numerical  solution  of  very  challenging 
flow  problems  to  a  point  where  they  can  begin 
to  be  applied  to  three-dimensional  ship  hydro- 
dynamic  problems.  However,  as  these  authors 
Indicate,  there  Is  still  much  work  to  be  done, 
not  the  least  part  of  which  is  to  improve  the 
handling  of  steep  surface  waves  iri  the  case  of 
potential  flow,  and  to  Increase  the  range  of 
the  Reynolds  number  for  viscous-flow  problems. 

[1]  Oberkampf,  W.L.,  "Domain  Mappings  for  the 
Numerical  Solution  of  Partial  Differential  Equa¬ 
tions,"  Int‘1.  J.  Numerical  Methods  In  Engineer¬ 
ing,  Vol .  10,  211-223  (1976). 

[2]  Ghia,  U.,  Hodge,  J.K.,  and  Hankey,  W.L., 

“An  Optimization  Study  for  Numerically  Generat¬ 
ing  Surface-Oriented  Coordinates  for  Higher 
Reynolds  Number  Flow,"  Hrlght-Patterson  AFB 
AFFDL-TR  Report  (to  appear,  Fall  1977). 


Discussion 
by  Nils  Salvesen 

of  paper  by  H.J.  Haussling  and  R.M.  Coleman 

The  steady-state  nonlinear  problem  of  uni¬ 
form  flow  past  a  body  may  be  solved  by  two 
approaches:  (1)  It  may  be  solved  In  the  time 
domain  as  an  initial-value  problem  advancing  In 
time  until  a  steady-state  condition  has  been 
reached,  and  (2)  It  may  be  solved  as  a  steady- 
state  problem  where  the  free-surfece  shape  Is 
Initially  assured  and  then  through  an  Iteration 
scheme  systematically  changed  until  the  free- 
surface  conditions  are  satisfied.  Since  It 
would  be  extremely  difficult  to  construct  an 
Iteration  scheme  that  would  work  for  the  three- 
dimensional  ship-wave  probleat.  It  might  seem 
that  the  Initial-value  approach  would  be  the 
most  suitable  for  three-dimensional  problems, 
even  though  we  have  had  more  success  with  Itera¬ 
tion  techniques  than  with  the  Initial-value 
approach  for  two-dimensional  problems. 

However,  as  shown  by  Haussling  and  Coleman, 
the  numerical  time-domain  solution  may  often 
break  down  before  a  steady-state  condition  has 
been  reached.  Model -tank  experiments  have 


shown  that  there  are  steady-state  conditions  with 
stable  non-breaking  waves  that  can  only  be  ob¬ 
tained  by  accelerating  the  body  through  Inter¬ 
mediate  conditions  where  wave  breaking  is  present. 
Figure  1  shows  the  results  from  an  experiment 
conducted  at  the  David  W.  Taylor  Naval  Ship  Re¬ 
search  and  Development  Center  In  a  40-foot  tank 
having  two-by-two-foot  cross  section.  A  sub¬ 
merged  foil  which  spanned  the  width  of  the  tank 
was  used  as  the  wave  generator.  The  foil  which 
was  towed  by  a  submerged  wire,  generated  waves 
which  were  sufficiently  uniform  across  the  tank 
to  be  considered  as  two-dimensional  waves. 


The  shaded  region  In  Figure  1  Indicates  the 
combined  conditions  of  foil  submergence  and 
speed  for  which  breaking  occurred.  The  numbers 
next  to  each  point  In  the  figure  give  the  maxi¬ 
mum  slopes  measured  at  the  first  crest  of  unbro- 
xen  waves.  The  inception  of  wave  breaking  Is 
effected  by  the  acceleration  of  the  foil  before 
breaking  occurs.  The  left-  and  right-hand  parts 
of  the  dotted  lines  In  Figure  1,  which  we  shall 
refer  to  as  the  lower  and  upper  speed  limits  for 
nonbreaking  waves,  have  been  obtained  by  two 
different  acceleration  patterns.  For  the  lower 
speed  limits,  tha  foil  was  accelerated  very 
slowly  until  breaking  occurred,  whereas  for  the 
upper  speed  limits,  the  foil  wes  accelerated 
rapidly  to  a  speed  somewhat  higher  than  the 
limiting  speed;  then  after  uniform  nonbreaking 
waves  had  formed  behind  the  foil.  It  was  slowly 
decelerated  until  breaking  occurred.  Thus,  the 
breaking  conditions  were  always  obtained  by 
approaching  from  an  established  stable  condition. 

These  experimental  results  seem  to  Indicate 
that  there  are  steady-state  conditions  that 
cannot  be  obtained  by  accelerating  the  body  from 
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rest  without  wave  breaking  occurring  at  inter¬ 
mediate  stages  and  therefore  it  seems  likely  that 
any  numerical  scheme  modeling  such  cases  would 
also  have  to  break  down  at  some  intermediate  time 
step.  I  would  like  to  use  this  opportunity  to 
suggest  some  initial-value  time-domain  approaches 
where  this  wave-breaking  problem  can  be  avoided. 
For  the  two-dimensional  case  of  a  submerged  body 
as  investigated  by  Haussllng  and  Coleman,  one 
could,  for  example,  let  the  starting  condition 
be  the  uniform  flow  past  a  deeply-submerged  body 
and  then  slowly  decrease  the  submergence  until 
the  desired  condition  is  reached.  One  could 
also  let  the  starting  condition  be  the  uniform 
flow  past  an  infinitesimal  thin  body,  and  then 
slowly  increase  the  thickness  of  the  body.  Such 
an  approach  would  be  applicable  to  both  two-  and 
three-dimensional  bodies.  However,  these  ap¬ 
proaches  have  the  disadvantage  that  the  geometry 
of  the  problem  would  change  with  each  time  step. 
Therefore,  the  best  approach  seems  to  be  one 
suggested  to  me  by  K.J.  Bai,  namely,  to  consider 
the  body  as  a  porous  medium.  One  would  start 
with  uniform  flow,  going  completely  tnrough  the 
body  and  then  in  the  time  domain  change  the  body¬ 
boundary  condition  so  that  less  and  less  fluid 
goes  through  the  body  until  it  finally  becomes  a 
solid  body. 


Author's  Reply 

by  H.J.  NaussTing  and  R.M.  Coleman 
to  discussion  by  Nils  Salvesen 

We  would  like  to  thank  Dr.  Salvesen  for  pre¬ 
senting  some  interesting  experimental  results 
which  support  the  plausibility  of  our  numerical 
solutions.  To  continue  his  discussion  of  methods 
for  avoiding  transient  breaking  waves  we  point 
out  once  more  that  the  boundary-fitted  coordinate 
systems  can  handle  time-dependent  geometries. 

Thus  changes  In  body  thickness  or  depth  of  sub¬ 
mergence  could  be  treated.  However,  the  most 
satisfying  solution  to  tne  wave-breaking  prob¬ 
lem  might  evolve  from  the  current  studies  of  the 
physics  of  this  phenomenon.  With  the  development 
of  mathematical-nunerical  models  of  breaking 
waves  calculations  could  be  carried  out  beyond 
the  time  at  which  breaking  first  occurs. 
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A  REVIEW  OF  NUMERICAL  METHODS  FOR  SOLUTION 
OF  THREE  DIMENSIONAL  CAVITY  FLOW  PROBLEMS* 


Robert  L.  Street 
Stanford  University 
Stanford,  California  94305 


Abstract 

Available  and  developing  techniques  for  the 
numerical  solution  of  three-dimensional,  fully- 
cavitating  flows  about  hydrofoils  and  other 
bodies  are  reviewed.  Three  areas  are  exam¬ 
ined,  viz.  ,  linearized  methods,  methods  based 
on  matched  asymptotic  expansions,  and  fully 
nonlinear  methods.  For  the  first  two  areas 
there  are  presently  available  two  specific  tech- 
niqueh  usable  for  quantitatively  accurate  de¬ 
sign;  interestingly  both  techniques  rely  on  the 
use  of  two-dimensional  characteristics  of  the 
flow  applied  stripwise  in  the  three-dimensional 
flow  field.  The  area  of  fully  nonlinear  methods 
is  still  developing.  The  finite  element  method 
and  the  inverse,  stream  function  and  potential 
method  have  both  been  applied  successfully  to 
three-dimensional  free  surface  flows. 

Introduction 

It  was  just  over  eleven  years  ago  that 
Widnall  (1966)  published  her  numerical  simu¬ 
lation  of  three-dimensional,  fully-cavitating 
flow  about  hydrofoils.  That  work  and  work  pre¬ 
ceding  it  incorporated  a  number  of  limiting 
assumptions.  Only  within  the  last  year  or  so 
new  techniques  have  become  available  so  that 
there  are  now  available  quantitatively  accurate 
methods  for  the  design  and  analysis  of  three- 
dimensional,  fully-cavitating  flows. 

The  purpose  of  this  paper  is  to  review  a  set 
of  available  and  potentially  valuable  techniques 
for  the  numerical  solution  of  steady-state, 
three*  dimensional,  fully-cavitating  flows  about 
hydrofoils.  This  review  is  not  Intended  to  be 
comprehensive;  indeod,  it  is  focused  on  a  fow 
techniques  and  a  represent itive  set  of  refer¬ 
ences. 

We  assume  that  the  reader  la  well  acquainted 
with  the  inviscid  theory  for  steady- state,  fully- 
cavitating  flow  and  with  the  statr-of-the-art  in 
two-dimensional,  in  axisymmetric,  and  In  the 


three-dimensional,  linearized  asymptotic 
theories  where  numerical  computation  is  not  a 
major  feature.  Reference  to  Ciilbarg  (1960), 
Gurevich  (1965),  Wu  (1966,  1972)  and  Acosta 
(1973)  provides  the  basic  background.  Wu 
(1975)  gives  a  more  recent  overview.  Leehey 
(1973)  and  Leehey  and  Stellinger  (1975)  cover 
the  linearized  asymptotic  theories.  We  also 
3hall  not  review  the  classic  numerical  calcula¬ 
tions  performed  prior  to,  say,  1965  as  these 
are  well  reviewed  in  the  literature  just  cited. 

We  focus  on  three  aspects  of  the  numerical 
simulation  of  steady-state  t>"*ee  dimensional 
flows.  We  begin  with  an  examination  of  the 
linearized  techniques.  Next  we  review  the  use 
of  matched  asymptotic  expansions.  Finally  we 
close  with  an  examination  of  fully  nonlinear 
techniques.  While  the  linearized  end  asymp¬ 
totic  expansion  methods  yield  viaole  des.gn 
techniques  for  finite  span  hydrofoils,  none  of 
the  nonlinear  techniques  is  yet  ready  for  design 
application.  Several  of  the  fully  nonlinear 
methods  do  look  ripe  for  exploitation,  however, 
and  in  the  end  we  focus  on  the  finite  element 
method. 

Linearized  Methods 

Widnall  (1966)  derived  a  linearized  three- 
dimensional,  lifting-surface  theory  for  fully- 
cavitating  hydrofoils  of  finite  span  in  steady  or 
oscillatory  motion  through  an  infinite  fluid.  The 
planform  of  the  cavity  was  assumed  to  be  a  rec¬ 
tangle  of  finite  length  and  of  span  equal  to  that  of 
the  foil.  Widnall  (1966)  argueb  that  the  predic¬ 
tion  of  lift  and  moment  on  the  foil  is  not  sensi¬ 
tive  to  tho  assumed  cavity  length  when  It  exceeds 
about  twice  the  chord  of  the  foil.  It  is  well 
known  that  this  approximation  does  not  hold  for 
shorter  cavities,  and  indeed  is  not  an  accurate 
representation  of  tho  cavity  shape  for  longer  ones 
(see  the  discussion  of  Furuya  and  Acosta,  1976, 
below). 


•This  work  was  supported  in  part  by  the  Naval  Sea  Systems  Command  General  Hydromechanics 
Research  Program,  Subproject  SR  023  01  01,  administered  by  the  David  W.  Taylor  Naval  Ship 
Research  and  Development  Center,  Contract  N00014-75-C-0277. 
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In  Widnall' 8  (1966)  analysis  a  pair  of  coupled 
integral  equations  are  derived  by  use  of  the 
pressure  potential  and  Gteen's  theorem.  The 
known  boundary  conditions  on  the  foil  and  the 
assumed  cavity  pressure  (i.  e.  ,  cavitation  num¬ 
ber)  provide  enough  information  to  determine 
the  unknown  distributions  of  pressure  doublets 
on  the  foil  and  pressure  sources  on  the  foil- 
cavity  surfaces  if  the  cavity  planform  shape  and 
length  are  assumed  and  the  cavity  is  terminated 
by  requiring  the  pressure  source  distribution  to 
go  to  zero  beyond  the  cavity  trailing  edge. 

The  numerical  problem  is  solved  by  repre¬ 
senting  the  pressure-doublets  distribution  in  a 
series  with  unknown  coefficients  while  the  source 
terms  are  represented  as  simple  delta  functions. 
The  coefficients  re  found  by  satisfying  the 
boundary  conditions  at  a  suitable  series  of  col¬ 
location  points.  The  results  showed  reasonable 
agreement  with  available  experimental  data, 
indicating  the  efficacy  of  the  lifting- surface 
theory. 

Nishiyama  (1970)  made  an  important  contri¬ 
bution  to  the  linearized  theory  by  illustrating 
how  two-dimensional  theory  is  relevant  to  the 
three-dimensional  problem  (this  had  been  done 
many  years  ago,  of  course,  for  the  fully  wetted 
flow;  see  Van  Dyke,  1964).  This  concept  of 
using  essentially  two-dimensional  (or  stream- 
wise)  components  of  the  flow  was  to  reappear 
in  the  paper  of  Jiang  and  Leehey  (1977),  which 
in  many  ways  is  a  synthesis  of  the  Nishivama 
(1970)  and  Widnall  (1966)  concepts,  and  in  the 
work  of  Shen  and  Ogilvie  (1972)  and  Furuya 
(1975b). 

Nishiyama  (1970)  expressed  the  flowfield 
over  a  fully-cavitating  hydrofoil  as  the  super¬ 
position  of  pressure  doublets  on  the  foil  and 
sources  over  the  foil-cavity  surface.  For  lin¬ 
earized  flow  and  large  aspect  ratio  (span  b  >  > 
chord  c),  he  demonstrated  that,  with  sufficient 
accuracy,  two-dimensional  flow  is  maintained  at 
each  spanwite  location  over  the  foil  with  re¬ 
spect  to  an  effective  angle  of  attack.  This  angle 
is  the  actual  phyelcal  angle  of  attack  lesa  the 
Induced  angle,  produced  at  each  apanwise  loca¬ 
tion  by  the  Induced  velocity  of  tho  trailing  vurtox 
sheet  springing  downwards  from  the  cavity  ter¬ 
mination.  The  induced  angle  depends  on  the 
circulation  about  th-  foil  plus  cavity  in  each 
atreamwiae  plane. 

Nishiyama  (1970)  formulated  and  solved  an 
integral  equation  for  the  circulation  with  a 
specified  cavitation  number.  He  expanded  the 
circulation  in  a  trigonometric  aeries  and  satis¬ 
fied  the  integral  equation  at  an  appropriate  num¬ 
ber  of  points  over  the  foil  to  find  the  unknown 
coefficients  in  the  aeries.  A  key  is  that  no  a 
priori  specification  is  needed  for  the  cavity 
length  which  is  found  to  vary  with  apanwise 
position. 


Interestingly,  Nishiyama's  results  seem  to 
follow  the  trend  of  the  lift  data,  as  it  varies  with 
cavitation  number,  better  than  Widnall' a  results 
do.  However,  her  results  are  generally  closer 
in  magnitude  to  the  actual  data,  except  in  the 
case  of  lowest  angle  of  attack  and  largest  aspect 
ratio  presented  by  Nishiyama  (1970).  Although 
Nishiyama  begins  with  a  lifting-surface  theory, 
he  effectively  reduces  it  to  a  lifting -line  theory 
through  the  use  of  large  aspect  ratio  approxima¬ 
tions.  It  is  not  surprising  then  that  his  theory 
works  best  for  large  aspect  ratio,  but  that  there 
is  little  to  choose  between  the  Widnall  (1966)  and 
Nishiyama  (1970)  results, 

Tsen  and  Gullbaud  (1974)  solved  the  lifting 
surface,  linearized  flow  problem,  usir  ,  a  re¬ 
fined  version  of  Widnall* a  (1966)  approach. 

While  they  apparently  achieved  improved  re¬ 
sults,  the  results  of  a  comparison  with  theory 
were  not  satisfactory  according  to  them  oecause 
the  angles  of  attack  for  much  of  the  experimental 
data  were  beyond  the  range  of  linearized  theory 
and  because  the  nonlinear  lift  from  tip  vortices 
is  important  for  smaller  aspect  ratios.  Their 
paper  suggests  strongly  the  need  for  nonlinear 
methods. 

Jiang  and  Leehey  (1977)  have  refined  the  lin¬ 
earized  lifting  surface  theory  and  achieved  an 
impressive  correlation  between  linearized  cal¬ 
culations  and  their  experimental  data  for  an 
elliptical-plamorm,  flat-plate  foil  of  aspect 
ratio  5.  Interestingly,  the  angles  of  attack  for 
the  experiments  range  from  11°  to  18°,  well 
beyond  the  normal  range  of  linearize^  theory. 

Jiang  and  Leehey  (1977)  employ  distributions 
of  discrete  vortices  (on  the  foil)  and  sources  on 
the  foil  and  cavity.  The  unknown  distributions 
of  the  strengths  of  the  singularities  are  found  by 
satisfying  coupled  integral  equations  at  colloca¬ 
tion  points  on  the  projection  of  the  foil  plus 
cavity  plsnforrn.  A  key  element  In  their  solu¬ 
tion  is  an  iteration  procedure  in  which  the  span- 
wise  variation  of  cavity  length  is  adjusted  until 
a  uniform  cavitation  number  is  achieved  across 
the  entire  spanwiso  range  of  the  cavity.  Thus, 
Jiang  and  Leehey  (1977)  combine  two  of  thr  moat 
important  features  of  Wldnali's  { I  '66)  lifting- 
surface  theory  end  Nishiyama's  lifting-line 
theory  in  their  new  method. 

Jiang  and  Leehey’s  (1977)  method  appears  to 
represent  the  beet  that  can  be  obtained  with  lin¬ 
earised  theory  and  claerly  provides  a  usable  do- 
sign  tool  of  quantitative  accuracy.  While  the 
linearised  method  has  well  known  limits  end  hee 
been  developed  so  far  only  for  infinite  fluid  flows 
it  does  offer  simplicity  and  reasonable  cost  as 
attractive  features. 


Asymptotic  Expansion  Methods 

Van  Dyke  (1964)  describes  the  concepts  of 
singular  perturbation  analyses.  He  gives  a 
rule,  viz. ,  a  perturbation  solution  is  uniformly 
valid  unless  the  perturbation  parameter  is  the 
ratio  of  two  lengths.  In  cases  where  the  per¬ 
turbation  parameter  is  a  ratio  of  two  lengths 
singular  behavior  is  to  be  expected  and  the 
method  of  matched  asymptotic  expansions  is 
applicable.  The  flow  past  large  aspect  ratio 
wetted  and  fuily-cavitating  hydrofoils  both  offer 
cases  in  which  the  perturbation  parameter,  the 
aspect  ratio,  is  the  ratio  of  two  lengths, 
namely  the  spun  and  the  effective  chord 
(strictly  speaking,  the  chord  of  the  foil  plus  the 
cavity  is  the  proper  length  for  scaling).  Far 
from  the  body  the  primary  reference  length  is 
the  span.  Near  the  body  we  recognize  a  sec¬ 
ondary  length  scale,  the  local  chord  length. 
Thus,  these  large  aspect  ratio  problems  are 
naturals  for  solution  by  the  method  of  matched 
asymptotic  expansions  in  which  the  asymptotic 
expansion  of  the  far  field  solution  is  expressed 
in  terms  of  the  inner  variables  (i.  e.  ,  variables 
scaled  on  the  chord)  and  then  matched  term-by- 
tenr.  to  the  asymptotic  expansion  of  the  near 
field  solution  expressed  in  terms  of  the  outer 
variables  (i.e.  ,  variables  scaled  on  the  span). 

Leehey  (1973)  and  Leehey  and  Stellinger 
(1975)  have  successfully  applied  the  method  of 
matched  asymptotic  expansions  to  linearized 
flow  past  large  aspect  ratio  fuily-cavitating 
hydrofoils.  However,  their  method  is  essen¬ 
tially  analytic,  involving  no  substantial  numer¬ 
ical  analysis.  Accordingly,  we  do  not  review 
their  work  here, 

Shen  and  Ogilvie  (1972)  developed  a  non¬ 
linear  hydrodynamic  theory  for  the  planing  of 
large  aspect  ratio  surface «  by  the  use  of  the 
theory  of  matched  asymptotic  expansions.  Al¬ 
though  their  work  is  also  essentially  analytic, 
we  describe  it  briefly  because  of  its  relevance 
to  the  numerical  method  developed  by  Furuya 
(1975b)  which  is  the  focus  of  this  section. 

Shen  and  Ogilvie  (1972)  treated  the  three- 
dimensional  flow  generated  by  a  high -aspect- 
ratio  planing  surface  gliding  with  constant 
speed  and  at  arbitrary  angle  on  the  free  sur¬ 
face  of  an  infinitely  deep  weightless  fluid. 

After  defining  the  small  parameter  *  =  AR-1 
where  the  aspect  ratio  AR =(Span)^  /Wetted- 
Planing- Area,  they  sought  a  solution  asympt  ¬ 
otically  valid  as  €  *  0.  This  leads  to  the  defi¬ 
nition  of  a  near  ;  leld  wnere  distance  from  the 
planing  surface  is  comparable  to  the  chord 
length  of  the  planing  surface  and  of  a  far  field 
where  distance  from  the  planing  surface  is 
comparable  to  its  span.  li  the  apan  is  normai- 
lized  to  2,  then  the  chori  vanishes  in  the  far 
field  view  as  (  -■>  0.  In  the  far  field  view  the 


planing  surface  becomes  representable  by  a  line 
of  doublets  in  a  uniform  flow.  In  the  near  field 
view  we  hold  the  local  chord  constant  as  C  -•  0 
so  that  the  span  approaches  infinity  and  the  flow 
in  this  region  becomes  approximately  two- 
dimensional. 

Solution  of  the  far  field  problem  is  straight¬ 
forward,  The  key  idea  of  Shen  and  Ogilvie  (1972) 
was  to  solve  the  two-dimensional  near  field 
problem  exactly,  i.  e.  ,  without  introducing  lin¬ 
earizing  approximations.  The  method  of  matched 
asymptotic  expansions  was  then  used  to  match 
the  near  field  and  far  field  solutions.  The  result 
is  a  uniformly  valid  nonlinear  solution  matched 
(in  this  case)  to  the  second  order  in  the  small 
parameter  c=AR"*,  In  addition,  this  method 
yields  an  unambiguous  definition  of  the  height  of 
the  planing  surface  above  the  undisturbed  free 
surface  at  infinity. 

The  hydrofoil  problem  corresponding  to  Shen 
and  Ogilvie’ s  planing  problem  was  solved  by 
Furuya  (1975b).  His  objective  was  "to  provide  a 
simple  yet  accurate  method  for  design  of  super- 
cavitating  hydrofoils  of  large  aspect  ratio  near 
a  free  surface,  having  practically  no  limitations 
on  the  admissible  foil  profile  and  angle  of 
attack."  In  the  context  of  matched  asymptotic 
expansions  as  described  above,  Furuya  (1975b) 
employs  a  two  dimensional  nonlinear  free- 
streamline  theory  for  the  near  field  flow  region 
and  Prandtl's  lifting-line  theory  for  the  far  field. 
The  small  parameter  c  5  1 /(Aspect  Ratio)  is 
used  as  in  Shen  and  Ogilvie  (1972),  with  (Aspect 
Ratio)  =  (span)2/(projected  area  of  the  foil  on  the 
horizontal  plane).  The  matched  asymptotic  ex¬ 
pansions  arc  taken  in  the  limit  as  c-*0.  The 
effect  of  this  approach,  it  should  be  remembered, 
is  to  eliminate  consideration  of  the  ’  ehavior  of 
the  flow  near  the  foil  tips.  Thus,  the  cavity 
width  (spanwise)  is  equal  to  the  foil  span  exactly 
at  and  near  the  foil.  Furthermore,  for  the  far 
field  problem  to  be  a  lifting  line  flow,  it  is 
necessary  that  the  foil  plus  cavity  chord  be 
small  compared  to  the  span.  Accordingly,  the 
theory  is  valid  in  principle  only  fer  "short" 
cavities. 

Furuya’s  (1975b)  configuration  is  shown  in 
Fig.  1;  the  notation  is  self-explanatory.  The 
spanwise  foil  submergence  h(z)  is  taken  to  be 
of  the  order  of  the  chord  length  so  h/(span)  = 

0(c). 

In  the  limit  as  f  -* 0  with  foil  span  (=2)  held 
constant  the  far  field  flow  appears  as  a  lifting 
lin*  (the  foil)  with  trailing  vortices,  all  lying  in 
the  free  surface  (Fig.  2),  The  solution  to  this 
problem  to  order  c^  has  exactly  the  same  form 
as  that  for  a  fully  wetted  foil  except  for  a  factor 
of  2  in  the  first-order  term,  caased  by  the 
imaging  at  the  free  autface.  This  lifting  line 
solution  has  in  it  an  unknown  vortex  strength 
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y(z),  to  be  determined  in  the  matching  pro¬ 
cess. 


r 


Figure  3.  Schematic  of  Near  Field,  Two- 
Dimensional  Flow  in  Stretched 
Coordinates  [After  Furuya  ( 1975b)  ]. 

The  corresponding  boundary-value  problems 
for  the  near  and  far  fields  are  given  in  Table  1. 


Figure  1.  Schematic  of  Three-Dimensional 
Flow  About  Hydrofoil  Near  a  Free 
Surface,  (a)  Flow  configuration, 
(b)  View  from  upstream  [After 
Furuya  (1975b) ] . 
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Figure  l.  Schematic  of  Far  Field  Flow  About 
Large  Aspect  Ratio  Hydrofoil 
[After  Furuya  (1975b)], 

The  near  field  configuration  is  found  by  let¬ 
ting  <  -  0  with  the  chord  held  fixed.  This  is 
accomplished  by  describing  the  near  field  in 
terms  of  the  stretched  coordinates  (X,  Y,Z)  ■ 
(x/t,  y/f,  a/f).  As  in  the  case  of  Shen  and 
Ogilvie  (1972),  the  near  field  flow  Is  nonlinear 
and  two-dimensional.  The  solution  used  Is  that 
oi  Furuya  (1975a)  which  employs  the  Tulin 
double-spiral  vortex  model  (Fig.  3), 


Tabte  1.  Near  and  Far  Field  Boundary  Value 
Problems  for  Hydrofoil  f  After 
Furuya  (1975b)]. 

There  the  cavitation  number  is 


w  1  2 
ipq™ 

as  usual.  While  the  lifting-linr  solution  for  the 
far  field  is  easily  expanded  in  powers  of  t ,  the 
two-dimensional,  nonlinear  near-field  solution 
is  more  complex,  requiring  first  expansion  of 
the  solution  in  terms  of  a  transform  plane 
parameter. 

The  submergence  depth  h(a)  is  related  to  the 
rest  of  the  problem  by  calculation  of  the  location 
of  the  stagnation  streamline.  Furuya  (1975b) 
uses  the  method  of  additive  composition  as  de¬ 
scribed  by  Van  Dyke  (1964).  The  result  is 
achieved  by  summing  the  near  and  far  field 
solutions  for  h(t)  and  then  subtracting  their 
common  part.  This  yields  a  stable  and  well 
defined  submergence  depth  (ae  contrasted  U  'he 
problem  found  in  two  dimensions). 
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The  full  set  of  nonlinear  equations  relating 
to  parameters  of  the  problem  contains  five 
ur’tnowns.  The  last  of  the  equations  is  ob¬ 
tained  by  specifying  the  flow  angle  of  the  upper 
cavity  sheet  .'t  downstream  infinity  in  the  two- 
dimensionai  solution  to  be  equal  to  the  "down- 
./ash"  angle  obtained  in  the  three-dimensional 
solution.  Of  the  previous  four  equations,  two 
were  generated  by  the  near  field  solution  and 
two  by  the  far  field  solution  through  the  match¬ 
ing  procedure. 

Furuya  (1975b)  describes  a  numerical  itera¬ 
tive  procedure  to  solve  the  system  of  five 
nonlinear  equations  described  above.  His  pro¬ 
cedure  converges  rapidly  and  stably  in  4  .0  8 
iterations  to  relative  errors  of  less  than  3x10*^ 
for  rectangular  flat-plate  foils.  For  these 
foils  the  numerical  results  are  in  excellent 
agreement  (for  lift  and  drag)  with  experimental 
data  for  aspect  ratios  of  2,  5,  4  and  6  at  various 
angles  of  attack  and  cavitation  numbers.  Al¬ 
though  the  theory  assumes  large  aspect  ratio, 
short  cavity  and  shallow  submergence  the  nu¬ 
merical  results  are  good  even  for  c  =  0.  4, 

(7  =  0.1  and  h  =  2  chords. 

Furuya  and  Acosta  (1976)  present  a  set  of 
experimental  data  taken  to  test  the  Furuya 
(1975b)  theory.  The  test  hydrofoil  had  a  flat 
lower  surface,  sharp  and  straight  leading  edge, 
and  a  partially  tapered  planform.  The  taper 
served  to  simulate  somewhat  an  elliptic  loading 
and  to  avoid  strong  tip  vortices  observed  on 
rectangular  planforms.  The  theoretical  pre¬ 
dictions  are  excellent  for  lift  and  drag  (Fig.  4 
and  5)  and  give  impressive  agreement  for  cavity 
shape  (Fig.  6).  It  is  clear,  from  Fig.  6,  that 
the  variable  cavity  length  with  span  approach  is 
an  appropriate  improvement  employed  in  the 
recent  models  of  Furuya  (1975b)  and  Jiang  and 
Leehey  (1977). 
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Figure  4.  Typical  Lift  Coefficient  Versus 

Cavitation  Number  0  and  Angle  of 
Attack  a  [After  Furuya  and 
Acosta  (1976)  J. 
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Figure  5.  Typical  Results  for  Drag  Coefficient 
Versus  Cavitation  Number  0  and 
Augle  of  Attack  a  [After  Furuya 
and  Acosta  (1976)], 


Figure  6.  Spanwise  Variation  of  Cavity  Length 

at  One  Chord  Submergence  and  tt  =  15°. 
(a)  0  3  0.  13,  (b)  0=  0.  072, 

Furuya  (1975b)  notes  that,  while  the  method 
has  only  been  applied  to  flat  plate  foila,  the  tech¬ 
nique  is  applicable  to  arbitrary  planform  and 
foil  profile,  including  a  rounded  leading  edge  and 
a  small  dihedral  angle.  Thus,  although  the  actual 
flow  behavior  near  the  foil  tips  has  yet  to  be 
treated,  this  nonlinear  method  is  a  powerful  and 
accurate  design  tool  for  large  aspect  ratio  fullv- 
cavitating  hydrofoils  near  a  free  surface. 
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Fully  Nonlinear  Method* 

An  Overview 

There  are  several  major  categories  of  nu¬ 
merical  techniques  applied  to  free  surface 
flows,  including  finite -difference  and  finite- 
element  methods.  Amongst  the  finite - 
difference  methods  we  also  find  formulations 
in  which  the  problem  is  solved  in  a  stream 
function  and  velocity  potential  space  or  in 
which  the  formulation  is  based  on  the  distri¬ 
bution  of  singularities  on  the  free  surface  of 
the  flow  (normally  called  a  boundary  integral 
equation  technique). 

Our  work  in  numerical  simulation  began  with 
a  study  by  Mogel  and  Street  (1974)  involving 
two-dimensional  cavitating  flows.  We  used  a 
finite -difference  technique  and  solved  a  prob¬ 
lem  of  flow  past  a  plate  in  a  water  tunnel  by 
employing  a  Rif.bouchinsky  model  and  imaging 
to  achieve  an  exact  formulation.  Irregular 
finite -difference  stars  were  employed  along  the 
curved  free  surface  boundary.  We  also  em¬ 
ployed  a  refinement  of  the  finite  difference  grid 
In  the  neighborhood  of  the  separation  point  on 
the  flat  plate.  The  solution  of  the  finite- 
difference  equations  for  the  velocity  components 
was  achieved  by  successive  over -relaxation 
(SOR).  Because  the  velocity  components  were 
employed  as  the  unknowns,  the  solution  required 
simultaneous  satisfaction  of  the  Laplace  equa¬ 
tion  for  each  velocity  component  and  of  the  non¬ 
linear  free  s  irface  boundary  conditions.  The 
solution  converged  and  gave  reasonable  results. 
However,  the  cost  for  the  two-dimensional  case 
was  equal  to  the  cost  for  a  solution  of  similar 
accuracy  for  a  three-dimensional  disk-in-water- 
tunnel  flow  by  the  finite -element  method. 

Brennen  (1969)  combined  a  finite-difference 
technique  with  a  mapping  to  the  stream  function 
and  velocity  potential  space  to  solve  the  axi- 
aymmetric  flow  past  a  circular  disk  in  a  cir¬ 
cular  water  tunnel  using  a  Riabouchinsky 
model.  A  difficulty  with  the  extension  of  this 
technique  to  more  general  bodies  is  that  tho 
solution  le  inverse  because  the  stream  function 
and  velocity  potential  apace  solution  must  be 
mapped  back  to  physical  space  to  obtain  the 
final  geometry. 

White  and  Kline  (1975)  developed  a  general 
r,  ethod  for  the  solution  of  turbulent  separated 
jd symmetric  flows.  In  their  general  develop¬ 
ment  they  employed  a  boundary  integral  tech¬ 
nique  for  the  potential  flowfield  outside  the 
boundary  layers  dtveloping  in  their  diffuser 
flows.  Unlike  grid  techniques,  ths  boundary 
integral  method  requires  computation  of  un¬ 
knowns  only  over  the  flow  boundary.  The 
solution  technique  obtains  the  potential  flow 
from  the  numerical  solution  of  Green's  third 
identity  and  iteratively  solves  for  the  correct 


location  of  an  initially  unknown  free  surface  (see 
La  rock,  1977,  in  these  proceedings).  In  prin¬ 
ciple  this  technique  can  be  extended  to  general 
three-dimensional  flows.  Inters stingly,  a  very 
similar  technique  was  developed  by  Armstrong 
and  IXmharn  (1953).  They  applied  a  vortex 
sheet  singularity  to  free  streamline  flows, 
thereby  generating  an  integral  equation  whose 
solution  formed  part  of  an  iterative  procedure 
to  locate  the  initially  unknown  free  surface. 

They  solved  several  axisymmetric  cavity  flows 
in  an  infinite  fluid  field  and  obtained  reasonable 
agreement  with  experiment. 

The  application  of  the  finite -element  method 
to  free  streamline  flows  was  first  made  by 
Chan,  et  al.  (1973a,  1973b).  They  showed  that 
the  finite-element  method  could  be  used  to 
solve  for  the  velocity  potential  in  two-dimen¬ 
sional  and  axisymmetric  ideal  fluid  flows  in¬ 
volving  a  free  surface.  The  trial-free -boundary 
technique  used  involved  assumption  of  the  loca¬ 
tion  of  the  free  surface,  solution  of  the  resulting 
well  posed  problem,  and  relocation  of  the  free 
surface  according  to  the  free  streamline  bound¬ 
ary  condition. 

In  the  next  two  sections  we  follow  up  on  two 
methods.  First,  we  review  a  three-dimensional 
formulation  of  the  inverse  stream  function  and 
velocity  potential  by  Jeppson  (1972).  Second, 
we  deucribe  our  own  progress  in  the  application 
of  the  finite  element  method  to  three-dimen¬ 
sional  flows. 

The  Inverse  Method 

Working  independently  Jeppson  and  Brennen 
both  developed  inverse  solution  methods  for  free 
streamline  flows  and  presented  these  results  in 
their  Ph.  D.  dissertations  in  1966  (see  Brennen, 
1969,  and  Jeppson,  1969  and  1970,  for  example). 
Jeppson  (1972)  and  Davis  and  Jeppson  (1973)  sub¬ 
sequently  developed  sn  inverse  formulation  for 
three-dimensional  flows  in  which  a  velocity 
potential  and  two  stream  functions  were  used. 

By  changing  the  conventional  roles  played  by  the 
variables  of  ths  problsm,  ths  inverse  method 
converts  a  free  surface  with  an  unknown  posi¬ 
tion  in  physical  space  into  a  plane  of  known 
position  in  the  inverse  stream  function  and 
velocity  potential  epace.  The  major  disadvan¬ 
tage  of  the  aefchod  Is  that  ths  shape  of  curved 
solid  bodiss  cannot  bs  exactly  prescribed  in  ad¬ 
venes  in  physical  spans.  However,  Jeppson'e 
method  hse  been  successfully  applied  to  a 
three-dimensional  groundwater  How  with  a  free 
surface  and  to  fully-wetted  flow  past  s  body 
moving  beneath  a  frue  surface.  Accordingly,  it 
assmsd  appropriate  to  review  here  the  funda¬ 
mentals  of  his  formulation. 

Consider  an  inviscld,  steady-state  flow  in 
three -dimension#  past  a  body  in  the  presence  of 
free  surfaces  or  cavities.  Let  the  vnegritude 
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of  tfa#  cartesian  coordinate#  (x,  y,  2)  be  the 
dependent  variable#  and  define  a  velocity  poten¬ 
tial  #  zn d  two  additional  function*  (4/,  «!<♦)  a# 
die  independent  variable#.  The  two  stream 
functions  defined  by  Yih  (1957)  as  surfaces 
normal  to  equipotential  surfaces  and  tangen¬ 
tial  to  the  velocity  vector  (such  that  their  in¬ 
tersections  define  the  stream  lines  of  the  flow) 
meet  the  necessary  requirements.  As  a  result 
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in  which,  u,  v,  and  w  are  the  components  of 
velocity  vector  ^  in  the  x,  y,  and  *  coordinate 
directions,  respectively,  1.  e.  ^  «  uT  +  vj  + 
Using  vector  notations  Eqns,  2,  3,  and  4  can  be 
written  as 


3*  m  Ax  fly  Ax  fly 
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These  are  a  set  of  coupled,  nonlinear,  first- 
order  partial  differential  equations.  When  com¬ 
bined  with  appropriate  boundary  conditions  this 
set  comprises  a  well-posed  boundary  value 
problem.  This  coupled  set  of  first-order  equa¬ 
tions  must  be  solved  simultaneously  and  has 
^een  a  major  stumbling  block  to  more  aggres¬ 
sive  use  of  the  method.  Jeppson  (1972)  says, 
’’They  cannot  be  combined,  at  least  in  an  obvi¬ 
ous  manner,  by  differentiation,  for  example,  to 
obtain  a  reasonably  simple  higher  order  equa¬ 
tion  for  only  one  dependent  variable,  "  [cf. , 
Brennan,  1969.  ]  Davis  and  Jeppson  (1973)  add, 
"The  writers  believe  a  more  satisfactory 
method  (or  methods)  must  exist  for  solving  the 
space  boundary  value  problems  aesociated  with 
three  simultaneous,  nonlinear  partial  differen¬ 
tial  equations. " 

Suppose  we  consider  tho  flow  paet  a  body  in 
a  rectangular  channel.  Then  Figs.  7  and  8 
from  Davie  and  Jeppson  (1973)  illustrate  the 
coordinate  syeteme  and  boundary  conditions  in 
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i.e. , 

the  incompree- 

•ibis,  steady- state  continuity  equation  is  satis¬ 
fied. 


The  surfaces  formed  by  holding  1)1  and 
constant  are  orthogonal  to  equipotentiai  sur¬ 
face#.  However,  the  two  surfaces  formed  by 
holding  4»  and  4**  constant  are  not  necessarily 
orthogonal.  Jeppson  (1972)  Imposes  the  re¬ 
quirement  that  4*  and  4>*  are  orthogonal  axes 
and  demonstrates  that  the  selected  functions 
are  orthogonal.  This  yields  a  well  defined 
orthogonal  3-space  for  (4,  4 «,  4/*). 

Employing  Implicit  function  theory  one  finds 
the  mathematical  formulation  governing  the  in¬ 
verse  functions  x(+,  4*.  4**)#  y(fr,  4».  4»*)  and 
via,, 
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(1973).  1 
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i  j  re  8.  Illustration  of  the  Formulation  of  the 
Problem  of  Flow  Around  a  Three- 
Dimensional  Body  in  a  Rectangular 
Channel  in  (a)  the  Physical  Space  and 
(b)  the  Inverse  Space.  [After  Davia 
and  Jeppson  (1973),  ] 

the  physical  and  inverse  spaces.  Sides  5  and  6 
represent  the  inflow  and  outflow  sections. 

Sides  1,  2  and  4  are  solid  boundaries,  while 
side  3  is  the  free  surface.  The  location  of  the 
free  surface  can  be  found  from  application  of 
the  Bernoulli  equation  during  the  solution  pro¬ 
cess  if  the  total  head  in  the  flow  ie  specified. 

Equations  (6-8)  are  solved  oy  the  method  of 
finite  differences.  The  space  is  replaced 

by  a  three-dimensional  finite -difference  grid, 
with  the  values  xijfc,  y^,  s^  to  be  found  at  die 
node  points  of  the  grid.  Jeppson  (1972)  did  not 
difference  these  equations  directly.  He  firet 
combined  diem  by  differentiation  to  obtain  asp¬ 
erate  second-order  equations  for  x,  y,  s  in 
different  planes  within  '8^4'*  specs  under  the 
assumption  that  certain  relatively  small  cross- 
terms  could  be  taken  ae  known  aft  each  level  of 
an  iteration  scheme.  He  then  solved  the  result¬ 
ing  porous  media  flow  problem  by  SOR  and  LSOR 
methods.  The  details  are  given  in  Jeppson 
(1972), 

On  the  other  hand  I>vis  and  Jeppson  (1973) 
attacked  the  first-order  equation  system  di¬ 
rectly.  After  testing  several  methods  they 


settled  on  a  modified  Gaues-Seidel  method. 
Because  only  first-order  differences  appear  in 
the  three,  coupled  nonlinear  equations,  which 
must  be  solved  simultaneously,  only  first-order 
differences  can  be  used  in  tile  finite -difference 
scheme;  otherwise,  point- iterative  methods 
will  not  converge,  Eight  possible  combinations 
of  first-order  differences  (forward  and  back¬ 
ward)  exist  and  can  be  used  to  represent  Eqns. 
(6-8).  Davis  and  Jeppson  (1973)  use  a  weighted 
sum  of  these  eight,  the  weights  depending  on 
the  location  of  a  given  node  point  in  the 
finite -difference  grid. 

Jeppson  (1972)  presented  a  successful  sim¬ 
ulation  of  a  three-dimensional  porous  media 
flow  with  a  free  surface.  Davis  and  Jeppson 
(1973)  solved  three-dimensional  flow  past 
prolate  spheroids  in  a  rectangular  duct  and  in 
a  rectangular  channel  with  a  free  surface. 

They  also  formulated,  but  did  not  solve,  the 
cavity  flow  problem.  No  comparisons  to  ex¬ 
perimental  results  were  made. 

A  major  advantage  o.'  the  inverse  method  is 
that  the  solution  is  carried  out  in  a  simple 
domain  of  known  geometric  properties,  in 
spite  of  the  unknown  locations  of  free  sur¬ 
faces.  Major  disadvantages  lie  in  the  inability 
to  prescribe  curved  body  surfaces  directly  in 
tha  physical  space  (the  shape  is  given  para¬ 
metrically  in  the  +*l*t|<*  space  and  known  in 
physical  space  only  after  the  solution  is  ob¬ 
tained)  and  in  the  difficulties  associated  with 
solving  the  set  of  coupled,  nonlinear,  first 
order  partial  differential  equations.  It  appears, 
however,  that  this  method  deserves  further 
study. 


The  Finite  Element  Method 

Larock  and  Taylor  (1976)  applied  finite- 
element  techniques  to  solve  the  Jetflow  from  a 
circular  pipe  and  orifice  under  the  influence  of 
gravity.  The  resulting  flow  is  three-dimen¬ 
sional,  namely,  the  Jet  remains  essentially 
circular  but  droope  under  the  action  of  gravity 
creating  a  three-dimensional  flowfleld.  They 
employed  the  velocity  potential  as  tee  depen¬ 
dent  variable  and  allowad  it  to  vary  quAdrat- 
ically  within  each  isoparamatrlc  hexahedron 
element.  An  Iterative  approach  was  used  to 
determine  the  free  surface  position  whose 
precise  location  is  initially  unknown.  The 
formulation  of  their  problem  is  relatively 
straightforward  and  they  are  able  to  prescribe 
the  flowrate  in  the  pipe  and  then  proceed  with 
their  Iteration  to  find  the  location  of  tea  stream 
surfaca. 

Street  and  Ko  (1977)  solved  the  problem  of  a 
fully  cavitating  flow  past  a  disk  in  a  water  tun¬ 
nel.  To  illustrate  the  use  of  a  finite -element 
technique,  we  repeat  their  formulation  here 
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and  apply  it  to  the  case  of  flow  past  an  elliptic 
plate  in  a  rectangular  water  tunnel. 

The  flow  it  a t turned  to  be  incompressible, 
steady,  and  irrotational.  Hence,  it  is  governed 
by  a  velocity  potential  ^(x.y,  z)  which  satisfies 
the  Laplace  Equation  7^p  =  0  within  the  fluid 
and  generally 


V 


a  -VQ 


(9) 


so,  in  the  usual  notation  and  Cartesian  coordi¬ 
nate  system, 

u  *  v  =  -tofi/dy:  w  =  -8p/9z  (10) 


The  streamline  conditions 

dy  _  v  dz  w 
dx  u  *  dx  u 


(in 


V  =  — N20]|^2  i  =  [N]  loi* 

l*2o'  (15) 

W  e  employ  a  quadratic  variation  within  the 
hexahedral  20 -node  element.  In  Eqn.  (15)  the 
0.  are  the  values  of  the  velocity  potential  at 
the  corner  and  mid-side  nodes  of  the  element, 
while  the  N-  arc  the  well-known  shape  func¬ 
tions. 

(c)  The  isoparametric  element. 

We  have  chosen,  as  noted  above,  a  20-node 
hexahedron  element.  Figure  9  shows  a  sche¬ 
matic  of  our  isoparametric  element  in  the  phys¬ 
ical  Cartesian  space  and  in  its  transformed 
space. 


describe  the  free  surface,  where  in  the  absence 
of  gravity  influence 

2  2  2  2 

u  +  v  +w  *q  =  constant  (12) 

c 


As  a  consequence,  in  terms  of  a  coordinate 
system  oriented  along  the  streamline,  the 
change  of  potential  on  the  free  surface  is  given 
by 


8<p 

8s 


(13) 


In  the  finite -element  method  we  represent  a 
problem  solution  as  a  continuous  function  in 
terms  of  values  at  the  edges  of  finite  volumes 
in  the  problem  domain  and  with  a  specified  var¬ 
iation  locally  within  such  volumes  as  functions 
of  the  edge  value.  Partial  differential  equa¬ 
tions  are  replaced  by  integrals  which  are  sub¬ 
sequently  replaced  by  a  set  of  algebraic  equa¬ 
tions  which  can  be  solved  directly  and  exactly. 

There  are  three  parts  to  a  finite -element 
method  formulation: 

(a)  The  variational  principle. 

Functional: 

V 

in  which  the  functional  \  is  minimized  with 
respect  to  the  velocity  potential  values  speci¬ 
fied  at  finite  element  nodes 

(b)  The  functional  representation  within  an  ele- 

msolt 


Figure  9.  The  Isoparametric  Element. 


Now  the  functional  in  Eqn.  (14)  is  mini¬ 
mized  with  respect  to  the  nodal  values 
within  each  element  (Huebner,  1975).  Thus, 


®*1.  = 
*r 


0 


(16) 


or  for  each  element 


•  [h]  (*|*  .  0  (17) 

The  global  sum  over  all  elements  produces  a 
linear  algebraic  equation  set 

rH][<p]  .  0  (18) 


Within  element: 


A  unique  solution  is  guaranteed  by  specification 
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of  the  or  p  derivatives  along  the  flow 
boundaries. 

For  the  isoparametric  element  of  Fig.  9  we 
write  a  transform  from  the  physical  space  to  a 
set  of  natural  local  coordinates  (£,t),  £)  such 
that  each  element  occupies  the  cube  bounded  by 
<  !•  Generally  then  (Huebner,  1975) 
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Figure  10.  Schematic  of  Cavity  Flow  Problem. 

centerline  section  for  one  quarter  of  the  flow. 
The  flow  velocity  is  prescribed  upstream 
while  a  Riabouchinsky  cavity  model  is  used; 
thus,  only  the  forward  half  of  the  cavity  is 
shown.  The  upper  half  of  the  flow  (not  shown) 
is  symmetric  to  the  part  shown. 


Xj,  yj,  Zj,  and  (pj  are  the  nodal  values  in 
ement.  The  key  idea  is  that  the  mathe- 


where  x^, 

each  element.  The  key  i 
matical  formulation  is  easily  made  on  a  set  of 
cubes  while  physically  wo  can  handle  complex 
curved  boundary  surfaces. 


The  essence  of  the  transformation  [Eqn.  (19)] 
<s  in  the  Jacobian 


The  boundary  conditions  for  a  fully -c a vi tat- 
ing  flow  in  a  water  tunnel  are  straight  forward. 
With  a  Riabouchinsky  model,  the  downstream 
boundary  is  an  equipotential  line.  If  the  poten¬ 
tial  downstream  is  taken  to  be  zero,  then  when 
a  free  surface  shape  is  known  (assumed  or  cal¬ 
culated)  die  potential  can  be  computed  on  the 
free  surface  by  Eqn.  (3  3).  The  remainder  of 
the  flow  boundaries  are  rolid  or  no  flow  bound¬ 
aries,  except  upstream  from  the  plate.  Typi- 
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cal  boundary  conditions  are  illustrated  in  Fig. 
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Figure  10  Is  a  schematic  of  the  physical 
problem.  We  model  the  flow  past  an  elliptic 
plate  of  semi-axes  P  and  Q  in  a  rectangular 
water  tunnel  of  half-width  W  and  depth  D.  The 
elliptic  plate  le  assumed  to  be  supported  on  one 
side  of  die  tunnel.  In  Fig.  10  is  shown  a 


in  which  qc  is  the  magnitude  of  the  velocity  on 
the  free  surface,  '  die  prescribed  up¬ 
stream  u -component  of  velocity,  p^  ie  die  up¬ 
stream  pressure,  pc  is  the  cavity  pressure, 
and  p  is  the  fluid  density.  In  our  case  we 
elect  to  prescribe  1)^  and  to  detarmine  qc 
and  o  as  part  of  the  solution  process. 

With  the  given  boundary  conditions  (cf. , 

Fig.  10),  an  assumed  free  surface  location, 
and  specified  geometry  of  plate  and  tunnel,  the 
finite  element  method  can  be  used  to  find  the 
nodal  valuas  pi  of  tha  velocity  potential  and  to 
detarmine  the  huid  velocities  u,  v  and  w.  We 
next  move  the  free  stream  surface  to  a  better 
location. 

The  total  process  can  be  summarised  as 
follows: 
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a.  Establish  the  geometry.  Input  all  data 
including  locations  of  all  corner  nodes,  assumed 
form  of  free  surface,  assumed  U^,  etc.  The 
computer  program  then  locates  all  the  mid- 
nodes. 

b.  Generate  "stiffness'’  matrix  H  (Eqn.  18). 
Account  for  various  boundary  conditions  where 

or  0  derivatives  are  specified  and  for  iso¬ 
parametric  mappings, 

c.  Solve  for  0^  by  Gaussian  elimination 
and  back  substitution. 

d.  Calculate  fluid  velocities. 

e.  Move  the  free  surface.  Movement  is 
accomplished  by  integration  (cf.  „  Larock  and 
Taylor,  1976)  along  free  streamlines  beginning 
at  element  corner  nodes  on  the  edge  of  the 
plate.  This  establishes  a  set  of  lines  which  are 
tangent  to  die  velocity  in  accordance  with  the 
streamline  equations 
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A  periodic  cubic  spline  interpolation  is  em¬ 
ployed  in  planes  x  =  constant  to  locate  the  ele¬ 
ment  transverse  mid-nodes  which  are  missed 
by  the  integration  process. 

f.  Establish  new  values  of  0  on  the  free 
surface. 

g.  Modify  the  "stiffness"  matrix  H.  Only 
elements  near  the  free  surface  are  changed  by 
the  move  so  only  a  small  part  of  H  in  changed. 

h.  Return  to  Step  c  unloss  free  surface 
movement  is  less  than  an  arbitrary,  preset, 
small  amount.  If  this  happens  the  solution  is 
complete. 

The  solution  program  has  been  implemented 
on  the  IBM  360/91  and  370/168  Triplex  System 
at  the  Stanford  Linear  Accelerator  Center. 

With  1325  nodes  and  224  elements  in  a  typical 
case,  one  iteration  (Steps  a  through  h)  takes 
about  45  seconds  and  solution  is  achieved  in 
about  15  iterations. 

Street  and  Ko  (1977)  applied  the  above  tech¬ 
nique  to  two  geometries.  First,  they  repro¬ 
duced  the  geometry  used  by  Brennen  (1969),  via. , 
a  Riabouchinsky  model  of  flow  past  a  circular 
disk  in  a  circular  tunnel.  The  finite  element 
results  for  <?  and  cavity  radius  B  agreed  to 
within  2  percent  with  Brennan's  results  whsn 
the  physical  geometry  was  specified.  Second, 
they  examined  flow  peat  e  disk  in  e  square  water 
tunnel,  demonstrating  for  the  first  tims  (a)  a 
fully  nonlinear,  three-dimensional  cavity  flow 
and  (b)  the  effect  of  three-dimensionality  on  the 
well  effect  in  this  flow  (as  comparsd  to  that  in 
the  axleymmetrlc  case). 

Figure  11  shows  the  wall  effects  for  flows 
past  rilffVs  in  both  circular  and  square  water 
tunueio  (in  Fig.  lo.  the  square  tunnel  flow  corre¬ 
sponds  t  O  '*  ‘»d  P^W).  The  square -tunnel 

flow  (which  is  thres  dimension,.')  deviates 


noticeably  from  its  axisymmetric  counterpart 
for  small  W/P,  1.  e. ,  where  wall  effects  are 
large. 

We  have  bogun  the  simulation  of  cavitating 
flow  past  the  elliptic  plate  in  a  rectangular 
water  tunnel.  No  definitive  results  have  been 
obtained,  but  the  cavity  shape  appears  to  re¬ 
main  elliptical  during  the  first  few  iteration 
steps. 


Figure  11.  Wall  Effects  in  Cavitating  Flow 
Past  Disks. 


Prognosis 

The  prognosis  for  numerical  simulation  of 
thr  :t -dimensional,  fully-cavi  eating,  steady  - 
state  flows  is  good.  Jiang  and  Lsehey  (1977) 
have  developed  a  linearised  method  which  is  in 
good  agreement  with  experimental  data  and  is 
not  limited  to  Urge  aspect  ratio  or  short  cavi¬ 
ties.  The  method  of  Furuya  (1975b),  while 
having  such  limitations  in  principle,  works  well 
outside  those  limits  and  is  nonlinear  with  re¬ 
spect  to  angle  of  attack.  Neither  of  these  meth¬ 
ods  accurately  models  the  tip  regions  of  the 
flow,  but  this  does  net  seem  to  be  a  m*|or  lim¬ 
itation  at  the  moment. 

Street  and  Ko  (1977)  have  successfully 
applied  a  finite -element  method  which  is  fully 
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nonlinear  to  simple  pure  drag  Howe.  A*  illus¬ 
trated  herein  their  simulation  can  be  extended 
and  is  applicable  in  principle  to  hydrofoils  in 
lifting  flow.  This  method  directly  handles  the 
tip  regions;  but  may  experience  difficulties  at 
low  angles  of  attack  due  to  the  rapid  changes  in 
flow  near  separation  and  the  extreme  curvature 
of  the  free  surface  there. 

The  inverse  method  of  Jeppson  {1972}  and 
Davis  and  Jeppson  (1973)  deserves  further 
study.  In  spite  of  the  difficulties  associated 
with  solving  the  governing  equations,  the  method 
has  been  successfully  applied  to  free-surface, 
non-caviiating  flows.  An  extension  to  cavi taw¬ 
ing  flow  based  on  a  Riabouchinsky  model  appears 
feasible. 

A  method  likely  to  make  a  major  contribu¬ 
tion  to  fully  nonlinear  flow  simulation  is  the 
boundary  integral  equation  technique.  White 
and  Kline  (1975)  used  it  successfully  for  axi- 
symmetric  free-surface  flows.  Larock  (1977) 
presents  an  application  of  the  method  in  these 
proceedings.  Finally,  Hess  (1972)  has  demon¬ 
strated  the  power  of  the  technique  in  fully- 
wetted,  three-dimensional,  lifting  potential 
flows. 
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Abstract 

A  numerical  lifting  surface  theory 
was  derived  for  a  supercavitating  hydro¬ 
foil  of  finite  span  in  steady  flow. 
Discrete  vortices  and  sources  were  used 
to  represent  the  physical  model,  and 
the  coupled  integral  equations  were  re¬ 
duced  to  a  set  of  simultaneous  alge¬ 
braic  equations.  The  cavity  length  was 
iterated  to  get  the  desired  cavitation 
number  over  the  cavitated  planform.  The 
calculation  of  supercavitating  hydro¬ 
foils  of  elliptic  planform  was  perform¬ 
ed  and  compared  with  analytical  solu¬ 
tions  and  with  experiments.  Results  of 
these  calculations  indicate  that  this 
numerical  solution  gave  a  more  accurate 
prediction  of  lift  and  moment  coeffi¬ 
cients  on  a  supercavitating  hydrofoil 
than  existing  asymptotic  theories. 

I  introduction 

Considerable  theoretical  and  ex¬ 
perimental  work  has  been  done  on  three- 
dimensional  supercavitating  hydrofoils, 
but  the  agreement  between  the  theory  and 
experiment  is  not  fully  satisfactory. 

A  few  attempts  have  been  made  to 
apply  a  numerical  lifting  surface 
technique  to  cavitating  hydrofoils. 
Widnall  (1966)  and  Unruh  and  Baas  (1974) 
used  a  double  lattice  -  source  repre¬ 
sentation  for  the  prediction  of  forces 
on  supercavitating  hydrofoils  of  finite 
span.  Both  make  priori  assumptions  of 
cavity  length  which  are  not  appropriate 
for  short  cavities.  Efremov  and  Soroka 
(1975) used  the  Lawrence  approximations 
and  an  elliptic  source,  vortex  distri¬ 
bution  along  the  span  to  transform  the 
three-dimensional  problem  to  two- 
dimensional  aquations  for  rectangular 
supercavltated  wings.  Niahiyama  (1970) 
made  no  a  priori  assumptions  regarding 
the  cavity  length,  which  was  determined 
from  the  two-dimensional  results  and 
corrected  by  using  induced  angle  of 
attack.  The  integral  equations  were 
simplified  by  the  condition  of  large 
aspect  ratio.  A  matched  asymptotic 


solution  for  large  aspect  ratio  has  been 
derived  by  Leehey  (1973).  The  paper  by 
Leehey  and  Stellinger  (1975)  showed  good 
agreement  between  asymptotic  theory  and 
experiments  for  lift  and  drag  coeffi¬ 
cients  in  a  certain  range  of  c/a  (cavi¬ 
tation  number  divided  by  angle  of 
attack).  Theoretical  moments  were  too 
large,  indicating  the  need  for  lifting 
surface  corrections. 

This  numerical  method  is  a  lift¬ 
ing  surface  theory  for  a  supercavitating 
hydrofoil  of  finite  span.  The  discrete 
vortex  and  source  method  is  used  to 
formulate  the  equations.  The  governing 
equations  for  this  problem  are  a  pair  of 
coupled-integral  equations  relating  the 
unknown  boundary  values  of  the  upwash 
and  the  cavity  pressure  to  the  unknown 
distribution  of  vortices  and  sources  on 
the  foil-cavity  surfaces.  An  iteration 
scheme  is  used  to  alter  the  cavity 
length  until  the  desired  cavitation  num¬ 
ber  is  reached  over  the  cavitated 
planform. 

The  numerical  accurnry  of  the 
present  method  is  tested  in  two- 
dimensional  flow.  The  results  compare 
well  with  the  linearised  analytical 
solution  of  Geurst  (1960).  The  predi¬ 
cated  results  of  elliptic  foil  were 
compared  with  analytical  solutions  by 
Leehey  (1973),  end  with  experiments  by 
Leehey  and  Stellinger  (1975).  The 
results  show  that  the  improvement  has 
been  mads  after  considering  the  lifting 
surface  effect. 

!i _ Linearised  Theory 

The  linearised  problem  for  a 
cavitating  hydrofoil  of  finite  span  in 
steady  flow  can  be  represented  by  a 
set  of  coupled  integral  equations.  The 
derivation  proceeds  .  ther  from  Green's 
theorem  of  from  thu  solution  for  the 
velocity  field  induced  by  a  distribution 
of  vortices  and  sources.  This  distrib¬ 
ution  must  be  chosen  to  satisfy  the 
revelant  boundary  conditions.  The 
numerical  model  we  are  about  to  describe 


is  shown  in  Figure  1. 


Figure  1.  Foil  Planform  and  Typical 
Vortex  Source  Element 


(1961)  proved  that  for  two-dimensional 
steady  flow,  the  re-entrant  jet  and 
Riabouchinsky  models  for  cavity  term¬ 
ination  reduced  upon  linearization  to  a 
statement  that  the_cavitv  is  closed  at 
its  end.  The  reouirsment  that  the 
source  strength  be  zero  beyond  the  cav¬ 
ity  trailing  edge  and  the  sum  of  sources 
is  zero  are  necessary  to  meet  this 
condition. 

Based  on  the  boundary  conditions, 
the  integral  equations  for  three** 
dimensional  steady  flow  can  be  writ¬ 
ten  as 


V(x,-o,j)  ±  £(x,  i) 


The  source  distribution  g(x,z) 
represents  the  slope  difference  between 
the  upper  cavity  surface  and  the  mean 
camber  line  of  the  foil  or  the  lower 
cavity  surface  at  the  point  (x,o,z). 

The  vortex  distributions  (y  (x,z)  ,<$  (x,z)) 
create  the  perturbation  velocity  differ¬ 
ences  in  the  x  and  z  components  between 
the  upper  and  lower  surfaces  at  the 
point  (x,o,z).  This  leads  to  the 
result 
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The  boundary  conditions  specified 
are  the  normal  velocity  on  the  wetted 
surface  of  the  foil,  a  constant  pressure 
in  the  cavity,  and  closure  of  the  cavity. 
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where  h(x,a)  ia  the  y-ordinete  o£  the 

wetted  eurfaoa.  S_  1*  the  surface  of 
c 

the  oevlty  ae  projected  onto  the  x-i 
plane.  Pp  la  cavity  preaaure.  Geuret 
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where  S#  ie  the  projection  of  the  foil 
eurfece  on  to  the  x-r.  plane  and  Sw  la 

the  projection  of  the  wake  region  on  to 
the  same  plane,  la  free  stream 
preaaure.  The  unknowns  ara  the  source 
strength,  vortex  strength  and  cavity 
surface  location. 

The  solution  of  thesa  integral 
equations  will  represent  the  llnenrliad, 
•upercevatating  hydrofoil  of  finite 
apan  in  steady  flow.  The  forces  and 
momants  can  ba  calcualted  using  the 
Bernoulli  equation. 

Ill  Numerical  Method 
The  solution  of  the  problas  )t 
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obtained  by  reducing  the  coupled  inte¬ 
gral  equations  to  a  set  of  simultaneous 
algebraic  equations. 

The  surface  is  divided  into  small 
elements.  The  element  used  in  this 
model  is  one  obtained  by  dividing  the 
foil  and  cavity  semispan  into  strips 
with  cosine  spacing,  while  the  chord  is 
divided  into  strips  of  constant  spacing 
cm  the  foil  and  on  the  cavity  behind 
the  foil.  In  order  to  increase  the  rate 
of  convergence  for  the  number  of  ele¬ 
ments  used,  the  firBt  two  elements  of 
each  chordwise  strip,  near  the  leading 
edge,  have  only  one-half  the  chord  spac¬ 
ing  of  the  rest  of  the  elements  on  the 
foil. 


The  model  uses  discrete  vortices 
and  sources  to  represent  the  foil  and 
cavity.  Each  element  contains  a  bound 
line  vortex,  a  trailing  vortex  and  a 
line  source.  The  quarter-chord  line  of 
each  element  contains  the  bound  vortex, 
and  the  induced  velocities  are  calculat¬ 
ed  for  all  elements  at  their  midspan, 
three-quarter  chord  positions.  James 
(1972)  showed  that  for  the  best  effi¬ 
ciency  the  vortex  and  control  points 
should  be  arranged  according  to  the 
Pistolesi  approximation,  i.e.,  at  the 
quarter  and  three-quarter  chord  points 
on  each  element.  The  concentrated  line 
source  is  taken  to  be  a  constant  dis¬ 
tribution  across  each  element  at  its 
three-quarter  chord  position.  Since 
the  source  distribution  is  singular  at 
the  cavity  loading  edge  and  termination 
point,  these  control  points  should  be 
placed  away  from  the  singularities. 
Therefore,  the  first  control  point  is 
located  at  the  three-quarter  chord  and 
the  source  is  located  at  the  quarter 
chord.  The  local  vortex  or  source 
strength  is  given  by  the  discrete  vortex 
or  source  strength  divided  by  the  ele¬ 
ment  width. 

Since  the  cavity  length  is  unknown, 
a  closure  condition  is  applied  to  indiv¬ 
idual  spanwise  strips  in  the  calculation. 
Otherwise,  the  iteration  technique  does 
not  converge.  This  condition  satisfies 
the  overall  global  condition.  It  alao 
allows  the  variation  of  cavity  length 
along  the  span  to  vary.  This  approach 
ie  axact  for  a  symmetric  foil.  The 
source  integration  along  a  atrip  between 
s  — *^  and  s  **1^  is 


wise  integration  becomes 
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The  first  integral  is  zero  if  the 
cavity  is  closed  both  at  its  leading 
edge  and  trailing  edge.  The  second 
integral  is  zero  due  to  the  eyrrmetry  of 
the  cavity.  This  Integral  therefore 
represents  the  strlpwise  closure  condi¬ 
tion. 


The  effect  of  all  singularities 
must  be  calculated  at  each  control 
point.  The  Biot-Savart's  law  is  used 
to  calculate  the  induced  velocity  at  a 
control  point  due  to  a  constant  strength 
discrete  vortex  segment.  The  Kirchhof f ’ s 
law  and  Kelvin's  theorem  must  be  satis¬ 
fied  for  the  vortex  distribution.  Con¬ 
sider  the  vortex  segment  (x1,o,z1>  to 

(Xj,o,Zj)  with  strength  V  per  unit  length. 

Defining  (4,0  as  the  coordinates  of  a 
general  point  on  the  vortex,  and  (x,z) 
as  the  coordinates  of  a  control  point, 
the  Induced  velocity  et  (x,z)  due  to  the 
bound  vortlcity,  y  ,  ie 
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where  x,(0  end  1(0  ere  the  epenwiee 

profilee  of  the  leeding  edge  and  cevity 
termination  point.,  respectively.  Let 
g+  (*,«,)  repreeent  the  profile  of  the 
cavity-foil  combination.  Then  the  etrip- 
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The  induced  velocity  due  to  the  trail¬ 
ing  vortex  (xro,z^)  to  (x^/O^z^)  with 
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The  total  velocity  induced  by  a 
vortex  distribution  is  the  sum  of  the 
influence  of  all  the  spanwiae  and  chord- 
wist  vortices. 

According  to  the  linearized 
Bernoulli  equation,  the  pressure  induced 
by  the  source  component  is 
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where  is  the  source  potential.  The 

P  due  to  the  line  source  ((x. ,o,z.)  to 
a  li 

Cx2>o,z2l)  can  be  calculated  by  the  line 
integration 
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Equations  (8 )  and  (12)  are  not 
suitable  for  numerical  computation  if 
d//a  becomes  small  (Kirwir  Oppenheii.i 
(1974)).  The  following  approximate 
formulas  are  used  for  this  special  case. 

(1)  for 
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An  ir.teration  is  used  to  alter  the 
cavity  length  until  the  desired  cavita¬ 
tion  n.iber  is  reached  over  the  cavitated 
planform.  A  cavity  length  is  assumed 
and  the  matrix  coefficients  are  calcul¬ 
ated.  Solving  the  matrix  with  approp¬ 
riate  boundary  conditions,  we  can  get 
the  distribution  of  vortices  and  sources, 
and  the  cavitation  nur  er  on  each  strip. 
Then  a  new  cavity  length  is  choaen  using 
the  calculated  cavitation  number.  The 
length  is  adjusted  by  using  Newton's 
method  with  Geurst's  steady  state 
analytic  solution. 

The  linear  algebraic  equations 
which  satisfy  the  boundary  conditions 
are  solved  by  using  GauBsin  elimination 
with  equilibration  and  partial  pivoting 
(e.g.  Isaacson  and  Keller  (1966)).  The 
convergence  tests  had  been  made  both  on 
two-dimensional  cavity  flow  (Uhlman  4 
Jiang  (1977))  and  three-dimensional 
supercavltating  hydrofoils.  Table  1 
gives  the  number  of  elements  chosen  in 
the  numerical  calculation. 


Table  1  Values  of  Vortex  and 
Source  Element 


No.  of  element 

along  the  chord  12 

on  the  foil 

No.  of  element 

in  the  cavity  6  to  14 

behind  the  foil 

No.  of  element 
along  the  6 

semi span 


P  esent  numerical  results  for  two- 
dimens  onal  supercavitating  flow  are 
compared  with  Geurst's  analytic  solution 
(1*360)  and  Golden's  numerical  scheme 
(1975).  Golden  used  a  uniform  distri¬ 
bution  of  the  singularity  in  each 
element  and  the  best  choice  of  control 
points.  Figure  2  simply  confirms  that 
these  methods  of  solution  lead  to  iden- 
ticle  results. 


The  lift  and  moment  calculation 
for  supercavitating  hydrofoils  of 
elliptic  planform  was  performed  and 
compared  with  analytic  solutions  by 
Leehey  (1973) ,  experiments  by  Leehey 
and  Stellinger  (1975)  and  experiments 
by  Maixner  (1977).  Leehey  utilized  the 
method  of  matched  asympt Dtic-expan9ions . 
The  theory  is  valid  to  first  order  in 
angle  of  attack  and  second  order  in  the 
reciprocal  of  aspect  ratio.  In  the 
experiments  of  Leehey  and  Stellinger 
forces,  moments  and  cavity  lengths  were 
measured  for  aspect  rat.o  3  and  5  super¬ 
cavitating  hydrofoils  of  elliptic  plan- 
form.  Maixner  investigated  the  water 
tunnel  wall  effects  on  supercavitating 


o 
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Figure  2.  Cavity  «engh  vs.  u/g  Flat  plate 


hydrofoils  of  finite  span  by  using  a 
geometrically  similar  family  of  three 
hydrofoils  (JR  »  5)  .  He  showed  that  the 
previous  tests  by  Leehey  and  Stellinger 
were  reliable.  The  standard  wind  tun¬ 
nel  wall  correction  is  adequate  when 
the  foil  span  is  equal  to  or  less  than 
half  of  the  tunnel  depth.  It  should  be 
noted  that  the  data  of  Leehey  and  Stell¬ 
inger  was  based  on  the  cavitation  number 
calculated  by  using  the  vapor  pressure 
rather  than  the  measured  cavity  pres 
sure.  In  the  comparison  with  present 
results,  for  the  aspect  ratio  5  foil, 
experimental  data  for  the  medium  foil 
is  taken  from  Maixner' s  results  where 
measured  cavity  pressure  were  used. 

Figures  3  and  4  show  the  ratio  of 
the  lift  coefficient  to  the  angle  of 
attack,  C^/a.  versus  o/a  for  the  aspect 

ratio  5  and  3  hydrofoils,  respectively. 
The  agreement  between  theory  and  exper¬ 
iment  is  good.  For  small  values  of  o/a, 
there  is  much  better  agreement  with  the 
present  numerical  theory  than  with 
Leehey' s  asymptotic  theory.  The  foil 
and  cavity  combination  is  no  longer  cf 
large  aspect  ratio  at  small  o/a,  so  the 
asymptotic  theory  is  not  valid. 

The  moment  coefficient  is  taken 
about  the  mid-chord,  consistent  with 
the  right  hand  rule.  Figures  5  and  6 
show  the  moment  coefficient  for  the 
aspect  ratio  5  and  3  hydrofoils. 

Since  Leehey’ a  matchi,  1  asymptotic  expan¬ 
sion  theory  neglects  the  lifting  surface 
effect,  it  is  expected  that  the  present 
numerical  lifting  surface  theory  would 
show  better  agreement  with  experiments. 


figure  3.  C^/a  vs.  e/a,  *»5 


2C4 


cr/a 


Figure  4.  C./a  vs.  a/a,  3 

L 

The  nondimensional  cavity  length 
versus  the  ratio  of  cavitation  number 
to  angle  of  attack  is  shown  in  Figures 
7  and  8.  The  cavity  length  is  measured 
from  the  leading  edge  at  the  spanwise 
location  of  the  centroid  of  the  foil 
area.  Generally  speaking,  the  agree¬ 
ment  between  the  theory  and  experiments 
is  very  good. 

In  Maixner’s  experiment,  the 
cavity  pressure  was  measured  with  a  foil 
surface  pressure  tap.  A  noticeable 
"hook"  was  found  in  the  lift  and  moment 
data  at  higher  angles  of  attack  (Figures 
345).  Ram  effects  on  the  cavity 
pressure  measurement,  due  to  the  dynamic 
pressure,  were  further  investigated  on 
the  large  foil  used  in  Maixner's  test. 
The  cavity  pressure  readings  are  taken 
both  inside  the  cavity,  using  a  total 
head  tube,  and  on  the  foil  surface. 

The  L-shaped  total  head  tube  protuded 


er/a 

Figure  G.  cM/a  vs*  o/a»  JR  *3 


i/c 

Figure  7.  oe  /a  vs.  L/C,  AR  -  , 


downwards  into  the  cavity  from  the  upper 
tunnel  wall  ao  that  it  was  parallel  to 
the  foil  surface  and  pointed  towards  the 
leading  edge,  away  from  the  impinging 
re-entrant  jet.  Pigure  9  shows  that 
the  readings  from  the  foil  surface 
pressure  tap  are  consistently  higher 
than  the  measured  cavity  pressure, 
especially  at  higher  angles  of  attack 
and  shorter  cavity  lengths.  If  the 
improved  cavity  pressure  measurements 
had  been  taken  in  the  experiments  of 
Maixner,  the  discrepancy  from  theory 
at  higher  angles  of  attack  and  shorter 
cavities  would  probably  have  been  smaller. 

V  Conclusions 

The  discrete  vortex  and  source 
method  was  developed  for  supercavitating 
hydrofoils.  The  cavity  length  was 
iterated  to  get  a  uniform  cavitation 
number  over  the  cavity  planform.  The 
lift  and  moment  coefficients  for  supsr- 
cavitating  hydrofoils  of  elliptic  plan- 
form  in  steady  flow  was  performed  and 
compared  well  with  previous  experiments. 
A  more  accurate  prediction  of  lift  and 
moment  coefficients  was  obtained  by  the 
preeent  numerical  method  than  with 
existing  asymptotic  theories. 
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SUPERCAVITATING  FOIL  OF  AN  ARBITRARY  SHAPE 
BENEATH  OR  ABOVE  A  FREE  SURFACE  OR  IN  A  CASCADE 


B.YP 

David  W.  Taylor  Naval  Ship  arc  n  end  Development  Center 

Betheeda,  f '  *  *  td  20084 


1.  INTRODUCTION 

Linear  ami  nonlinear  models  of  supercavitating  foils 
have  been  investigated  extensively.1 ‘,4  AH  investigations 
involve  a  considerable  amount  of  numerical  work.  Thus  the 
advent  of  high  speed  computers  naturally  requires  efficient 
numerical  methods  to  be  applied  to  the  solution  of  the  flow 
field  and  the  design  of  supercavitaling  toils.  Recently  a  large 
effort  has  been  exerted  toward  numerical  computation  of 
cavity  flows15  either  by  the  singularity  method.16  the  finite 
difference  scheme17  or  by  the  finite  element  technique. 18 
This  effort  seems  to  be  particulars  fruitful  for  three- 
dimensional  flow,  highly  complicated  boundary,  and 
consideration  of  nonlinear  effects,  in  (he  present  study,  an 
application  of  numerical  technique  to  a  linear  two- 
dimensional  supcrcavitating  foil  is  considered,  cxpccially 
from  a  design  point  of  view. 

Fourier  scries  have  long  beei.  used  in  linear  airfoil 
theory.19  And  a  theory  of  hydrofoli-airfoil  correspond¬ 
ence1’10  has  made  the  Fourier  series  useful  for  »hc  linear 
theory  of  supcrcavitating  foils.  However,  when  the  boundary 
conditions  become  complicated  as  for  foils  in  a  cascade 
Fourier  scries  become  cumbersome7  when  currying  out 
computations.  Fortunately,  as  ir  other  applications  of 
Fourier  series,  such  as  to  information  theory,  the  use  of  the 
Fast  Fourier  ITunsImm  (FFTl  technique*0  greatly  assist 
numerical  computations. 

In  the  present  theory,  in  order  to  use  the  FIT 
effectively,  many  physical  quantities  are  conveniently 
represented  by  Fourier  series  and  its  coefficients.  It  is 
demon.trulcd  thut  FF'F  computations  can  be  performed 
accurately  in  u  relatively  .hurt  time  tty  a  simple  -hangc  of 
the  transformation  function,  the  method  can  be  easily 
applied  to  different  boundary  conditions  such  as  those  for  a 
infinite  medium,  beneath  a  free  surface,  or  in  u  cascade. 

Hie  linear  theory  of  supercavitating  toils  is  particularly 
useful  for  designing  the  foil,  since,  in  addition  to  the  great 
advantages  of  superposition,  the  usual  foil  at  its  design 
condition  has  a  small  angle  of  attack  and  a  thin  cavity. 
Besides,  many  parameters  such  as  cavity  thickness,  angle  of 
attack,  lift  coefficient,  and  camber  cun  be  controlled  easily 
in  th  -  linear  theory. 

There  are  three  important  title rrelu.ed  general  require¬ 
ments  for  supercavitaling  toils  large  lilt-drag  ratio,  no  face 
cavitation,  and  adequate  cavity  thickness.  Although  the 
linear  theory  indicate*1 -1 11  that  the  center  of  pressure  should 
he  near  (Ik*  trailing  edge,  lot  the  vqmreinent  of  huge  lilt 
drag  rulio,  this  kind  of  foil  may  have  negative  cuvity 
thickness.5  A  negative  cavity  thickness  could  Ik  avoided  hy 
supefposinf  angle  of  attack,  but  still  the  camber  shape  may 
be  vulnerable  to  lace  cavitation.  Although  the  conventional 
design  method  has  been  considered  to  give  a  favorable 


pressure  distribution, ,-5,,°  this  does  not  guarantee  satisfactory 
foil  performance.  One  other  possible  design  method  would 
be  to  specify  the  favorable  camber  shape  first  and  then 
determine  the  angle  of  attack  and  the  leading  edge  cavity 
thickness.  For  this  purpose,  it  is  necessary  to  have  a  method 
for  computing  the  flow  field  about  a  supercavitating  foil  of 
arbitrary  shape.  The  significant  physical  quantities  of  the 
flow  field  include  not  only  the  pressure  distribution,  the 
lift  and  the  drag  coefficients,  but  aiso  the  shock-free  angle 
of  attack.4  and  the  foil  cavity  shape. 

The  present  study  deals  with  these  problems,  exploiting 
many  advantages  of  FFT.  A  particular  advantage  is  that  the 
shock-free  angle  of  attack  is  readily  supplied  by  F'FT. 
Numerous  results  of  computations  are  shown  fo:  ‘‘  sc  of 
a  cascade.  The  design  of  a  supi. cavil. jung  foil  is  accom¬ 
plished  by  combining  three  different  elementary  foils;  a 
shock-free  foil  with  a  given  camber  shape,  a  flat  plate  with 
an  angle  of  attack,  and  a  point  drag5  to  increase  the  leading 
edge  thickness.  The  relative  effectiveness  of  the  angle  of 
attack  and  the  point  drag  in  increasing  cavity  thickness  is 
examined  numerically. 

The  resent  method  and  the  compiler  program  mjy  be 
utilized  effectively  for  the  design  of  jp;  ivit  ubui  foil 

for  a  high  speed  hydrofoil  or  a  supcrc  ivit  iting  propeller. 

2.  FORMULATION  Of  PROBLEM 

A  supercavitating  foil  with  t  infinitely  long  cavity  is 
first  considered  near  a  free  surface  or  in  a  cascade .  The 
angle  of  attack  of  the  foil  is  small  and  the  flow  perturbation 
due  to  Ilk  foil  is  assumed  to  he  small,  inu*  a  linear  theory 
is  considered  to  be  applicable  h*,.  I  in-  imeaii/id 
inaticul  boundary  tor  the  foil  and  cavity  i*.  ■  .''nsidr:”'*  *•' 
along  the  x  axis  which  is  paiallcl  to  the  velocity  at  x  -  -  — 
where  the  velocity  is  unity.  Four  possible  flow  geometries 
of  a  foil  c  ivity  liuomhrv  near  a  free  surfac.-  ;  m  .i  cu**.. 
is  siii.wD  m  Figure*.  I  1 

For  convenience,  the  complex  perturbation  velocity, 
u -tv,  is  changed  to  a  modified  complex  vcloci-v 
Ft/i  '  u  -o'2  -  iIv-Vq*)  where  *»  i»  the  -  .nticr 

defined  by  the  pressure  nt  *  *  !*«,,  and  Iht  pressure  on 

the  cavity,  l*c 

P, 

.!  ) 

l'v* 

where  p  n  the  density  of  wafer  I  lie  boundaries  arc  Iran* 
formed  to  thr  half  plane*  dn-wn  tn  Figures  lb,  c  4b,  w.  and 
the  corresponding  transformation  futuk,„ji£  arc  sltown  in 
Figures  U  4s  'hen  auoid'ng  to  the  hydrofoil  "TMt 
correspondence '■ 1 0  the  luiuriutintd  plane  becomes  the 
alrfotl  plane  where  airfoil  theory  can  tie  applied. 
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The  velocity  at  x  *  «•  may  he  expressed10  in  terms  of  CL 


v«»  *  I-  a  sin  7  -  a*  > 


0.1  x 


5.  SHOCK  FREE  ANGLE 

From  Equations  t Jl.  (6).  (*»)  and  (II) 

V-*A  +  A»  u 

“-Ts{-a(B"  +1B')  (B» -:“=)} 

where 

I-,  =*  -  il  sin  7  [b„A  ♦  i  |b.  A,  *  X)  Bn,An  *  I  *  An  -I5}] 
n»  ) 

it »  ! 

Hence,  the  elite  live  angle  ol  it  tack.  A.  is  given  by 
F,  -4KA0 

A  - - (I 

3 ».)  *7  (»o 


Usually  Al(  and  v*  are  negative  sc  that  A  has  to  be 
positive  to  prevent  face  cavitation.  Thus,  in  general.  I  A  | 
will  be  much  smaller  than  I  A„  |.  Shock-free  entry  can  be 
obtained  by  setting  A  =  0.  or 


In  this  analysis,  it  is  interesting  to  note  (he  relations 
between  the  angles  of  attack  and  the  velocity  at 
F|  /(4K)  in  Equation  (14)  is  the  angle  of  velocity  at  <»  due 
to  pure  camber  on  a  shock-free  foil.  If  F,  =  0.  (hen  in  the 
case  of  Hal  plate 


p  - - - '  i i 

|^asin  7  (b„  +  3  B,)  +  y  ^B„  -  \  B,j|  +  4K 

In  the  general  case.  I  (  7*0.  we  can  write 

A  =  0  (Au-  F,/(4Kl)  (W>) 

Thus,  when  we  consider  that  any  foil  is  represented  by  .1 
superposition  of  attack  angle  and  camber,  the  effective  angle 
of  attack  due  to  cumber  is  the  same  as  that  due  to  a  tlat 
plate  with  the  attack  angle.  -  F(/4K. , 

6.  CAVITY  THICKNESS 

The  cavity  thickness  is  obtained  by  integrating  v  shown 
in  equations  (*))  and  (10)  along  x.  To  build  an  actual 
supcrcavitating  foil,  the  cavity  thickness  has  to  be  thick 
enough  to  provide  adequate  foil  strength.  The  cavity  thick¬ 
ness  is  not  known  a  priori,  whether  the  given  value  is  the 
pressure  distribution  on  the  foil  or  (he  shape  or  the  foil. 

As  in  the  case  of  designing  a  supcrcavitating  foil  with  a 
given  load  distribution,  the  cavity  thickness  may  still  be 
negative  even  when  a  camber  shape  is  given.  Then  either 
angle  of  attack  und/or  a  point  drag  can  be  superposed  to 
provide  cavity  thickness,  in  the  present  solution,  an 
unreasonable  cavity  shape  of  the  given  foil  near  the  leading 
edge  cun  be  detected  easily  by  simply  observing  the  sign  of 
the  constant  A.  Low-drag  cambers  such  as  two-  or  three- 
term  cambers  in  an  infinite  medium  have  been  chosen  for  a 
shock-free  foil  in  an  infinite  medium.  However  when  this 
camber  shape  is  used  near  a  free  surface  or  in  u  cascade  it 
will  no  longer  be  shock  free.  In  the  present  analysis,  from 
equation  (14),  it  is  easy  to  find  the  angle  of  attack  that 
makes  the  given  camber  shock-free.  If  the  camber  shape 
has  positive  curvature  everywhere  on  the  foil,  the  shock-free 
camber  shape  has  no  negative  cavity  thickness  although  the 
cavity  thickness  near  the  leading  edge  may  be  too  small.  I.r 
general,  shock  free  entry  of  a  low-drag  cambered  foil  does 
not  necessarily  make  the  cavity  thickness  non-negative 
everywhere. 

The  cavity  shape  due  to  a  flat  plate  can  be  obtained 
by  integrating 


,.-(A„-v,-)  (\ .  yi—'j 


where  v]M  is  the  y  component  of  velocity  at  x  ■  ••  due  to 
just  (he  flit  plate. 

lire  flat-plate  contribution  :o  cavity  shape  is  obtained  from 
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f  vfxldx=  /"f»( fl^rd{ 

->o  dS 

-  /"fv({ I - — - —  d{  (IK) 

I  -  'a{  sin  7  +  .«*  (• 

The  integrand  with  respect  to  $  behaves  better  in  the 
neighborhood  of  $  =  x  -  0  than  in  the  integration  with 
respect  to  x  without  using  the  transformed  coordinates. 


not  intended  to  he  mathematically  optimum.  This  optimiza¬ 
tion  aspect  is  investigated  in  the  following  section  lor  a 
sitperca  vita  ling  foil  in  a  cascade  by  systematic  change  of 
parameters.  A  mathematical  formulation  of  a  general 
variational  problem  is  not  very  neat  because  with  a  shock* 
free  foil,  neither  negative  strength  of  the  point  drag.  kg.  nor 
negative  angle  of  attack,  a  is  allowed.  However,  when  a 
increases.  ky  has  to  decrease  because  the  cavity  thickness  is 
given.  Thus,  the  permissible  range  of  a  and  ko  fall  in  a 
narrow  domain  for  a  given  camber  shape,  rendering  an  easy 
numerical  plot. 


The  cavity  shape  due  to  a  unit-strength  point-drug 
singularity  at  the  leading  edge  is1 2 

y({>  *  -  A:  sin  7  x<$>  +  -  — ■ —  /tan*'  +  7l 

wK  v  j  cos  7  f  \  cos 7  /  / 


(l*H 


which  results  from  integration  of  the  y  component  of 
velocity 


;rKri,sinr) 


with  respect  to  x. 


Ihe  present  analysis  .an  lx*  used  lor  either  a  given 
arbitrary  shape  of  foil  face  or  a  given  load  distribution  on 
the  foil.  If  the  shape  of  the  toil  is  given  in  Ihe  physical 
plane,  say 


y  =  fix  I 


then  front  linear  theory. 


1  fx(x(M 


Thus,  v  in  equation  (.1)  is  known.  If  the  foil  has  a  blunt 
leading  edge.  |f„|  may  be  infinitely  large  at  the  leading  edge, 
and  equation  (.1)  can  not  Ik-  used.  In  this  case,  the  foil  is 
considered  to  consist  of  two  foils:  a  thin  leading-edge  foil 
f|  and  a  non-lifting  foil  consisting  of  a  point  drag.12  t  hat  is 

V  -  f„  (*(()!  -  fu  (K(t)J  ♦  j~  Q  -  a  <in  yj 


8.  OPTIMUM  ANGLE  OF  ATTACK 

The  cavity  thickness  of  the  foil  is  considered  at  a  given 
point  x,  as  a  superposition  of  a  shock-free  camber,  u  flat 
plate,  and  the  cavity  of  a  point  drag.  The  cavity  thicknesses 
may  be  written  respectively  as 

y,/(L  =  c  f,  fC\ 

y  2  AY  =  «  I't/C, 

y  ,/C  L  =  k(1  fj/(  (  (20) 

where  f| .  f»  and  fj  are  functions  of  cascade  parameters, 
for  convenience  y( .  y>.  y^.  c.  a.  Iq,  and  the  cavity  thickness 
of  the  composite  foil.  t(X|  1  are  all  considered  to  be  divided 
by  a  given  design  lift  coefficient.  C'L  or  all  the  quantities  are 
considered  for  a  unit  (’L.  If  the  composite  foil  is  considered, 
the  cavity  thickness  is. 

i  =  y,  +y2  +  y, 

=  cl,  ♦af,  +k0  r,  cn 

The  drag  coefficient  is.  from  Table  I . 


1 1>  i  /lr  ,  .  q  . 
,--k7k  l?7*  +  a 


wiie  re 


r~  ”  I  +kci<L) 

M 


c:> 


(Ml 


where  f,x*  fx  -  <kn/K»)<  l/$  -  a  sin  7)  is  small  and  can  be 
be  expanded  in  a  Fourier  scries.  After  performing  an 
analysis  with  f|„.  the  point  drug  will  he  added  separately  in 
a  simple  way  as  shown  in  the  following  sections. 

7.  FOIL  DESIGN 

The  design  method  for  u  supercavilating  foil  near  a  free 
surface  has  been  studied  for  zero  cuvitution  number. 5  For  a 
cascade,  a  given  pressure  mode  was  considered  to  create  a 
reasonable  foil. 1,1  It  would  be  very  userul  to  design  a 
supercavi tiling  foil  with  a  circular-arc  camber  or  so-called 
two-term  camber  or  any  other  given  exmber  shupcs  in  a 
cascade  or  beneath  a  free  surface.  A  typical  technique3*12 
involves  a  superposition  of  three  elementary  foils,  a  shock 
free  foil  with  a  given  camber  shape,  a  flat  plate  with  an  angle 
of  attack,  and  the  point  drag,  for  which  all  the  useful 
formula  are  given  In  the  previous  sections. 

lire  philosophy  of  superposition  of  the  three  elemen¬ 
tary  foils  to  design  a  good  supervavitating  foil  involves  first 
making  »avity  thickness  positive  by  angle  of  attack  and  then 
making  the  cavity  ihkknesa  near  the  leading  edge  thicker  by 
a  point  drag.  Although  this  philosophy  has  been  based  on  a 
general  knowledge  of  tow-drag  nonlifting  thick  foils,21  the 
combination  of  tire  angle  of  attack  and  the  point  drag  was 
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where  ,  and  CM1  are  given  by  equations  (6).  (71.  and 
(l.ll  for  a  given  foil.  Ct  j  and  (‘kj  are  very  succinctly 
represented  by  equations  (M.  (7).  and  ( 1.0  because  lor  a 
flat  p'ate,  A„  »  0  tn  *»  I.  ....  .1  with  only  non-zero 
coefficient  A0,  and  for  a  point  drag.*3 


Now  for  a  given  l.  the  rut*o  of  the  cavity  thickness  to  the 
given  (',  . 

I  -of 
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CMj  and  CL|  are  functions  of  cascade  parameters:  fj  arc 
functions  of  xt  as  well  as  the  cascade  parameters.  Therefore, 
if  the  camber  shape,  cascade  parameters  and  x,  are  fixed, 
Cxi'  and  fj  are  al!  constants.  Thus,  c  and  k0  are  linear 
functions  of  a  and  CD/Cj  is  a  quadratic  function  of  a. 

Thus  the  optimum  value  of  a  should  be  either  the  point  at 
d/dot(CD/CLJ)  =  0.  or  at  the  boundary  of  the  significant 
(a,  kft)  domain. 


If  a  -  0  and  or  »  a,  in  equation  (27),  and  correspond¬ 
ingly  k0  3  kg  and  k0  *  0.  then  physically  significant  values 
of  (a.  k0)  lie  in  the  domain 


0  <  a  <  a, 


the  cavity  pressure  and  the  down  stream  pressure,  with  a, 
and  a 3 corresponding  to  cavity  ends  as  shown  in  Figure  4. 
However  neither  the  pressure  distributions  on  the  foil  nor 
the  foil  shapes  of  the  solutions  w  and  Wj  arc  necessarily  the 
same,  because  the  cavitation  number  changes  according  to 
the  cavity  length.  If  the  lift  distribution  of  the  infinite- 
cavity  foil  is  kept  the  same  when  designing  foils  having 
finite  cavity  length,  the  above  theory  can  be  conveniently 
used. 

10.  COMPUTATIONAL  PROCEDURE  AND 

NUMERICAL  RESULTS 

When  the  foil  shape  is  given  in  a  cascade,  or  beneath  a 
free  surface,  the  foil  offsets  in  the  transformed  plane  have 
to  be  represented  by  a  Fourier  series.  Thus,  for  a  given 
boundary  geometry,  transformation  parameters  a  and  K  are 
computed.  In  general,  “a”  is  computed  by  Newton- 
Ruphson's  method  for  the  given  geometrical  parameters. 

The  initial  approximation  of  “a”  can  be  selected  from  the 
corresponding  graphs.10  Then  for  a  given  $  in  the  trans¬ 
formed  plane,  the  corresponding  x  of  the  physical  plane  can 
easily  be  computed  from  the  transformation  equations  in 
Figures  tl)  through  (3).  The  offsets  in  the  transformed 
plane  arc  expanded  in  a  Fourier  scries  by  FFT. 


0  <  k0  <  k6  (30) 

with  increasing  a  corresponding  to  decreasing 

When  the  amount  of  camber  factor  c  is  given,  the  angle 
of  attack  has  to  be  determined  from 


Then  the  condition  of  the  leading  edge  thickness  will  deter¬ 
mine  the  strength  of  the  point  drag.  k0.  Since  (he  large 
camber  may  induce  face  cavitation,  the  camber  naturally  also 
has  an  upper  limit. 

9.  FINITE  CAVITY  EFFECT 

For  a  design  problem  with  an  arbitrary  lift  distribution 
given  on  the  foil,  the  solution  for  the  supcrcavitating  cascade 
with  a  finite  cavity  length  has  been  readily  obtained' J  by  a 
superposition  of  a  simple  function  of  cavity  length  parameters 
onto  the  solution  for  the  infinite-cavity  problem  with  the 
same  lift  distribution.  When 

w,  ■<*,-!*,  I'll 

U  a  complex  velocity  of  infinite  cavity  length  with  a  lift 
distribution. 

pti 

then.  •  solution  w  for  the  finite-cavity  length  with  the  same 
lift  distribution  can  be  written 

w  -  w,  ♦  w,  (32) 

where 


There  are  several  FFT  routines  available  at  the  David 
W.  Taylor  Naval  Ship  Research  and  Development  Center. 
These  can  be  used  to  obtain  either  the  Fourier  coefficients 
or  the  sum  of  Fourier  series  at  each  small  interval.  The 
number  of  intervals  or  the  number  of  terms  in  the  Fourier 
series  is  2n.  The  routine  which  was  used  here  to  get  the 
Fourier  coefficients  of  v  in  a  cascade  in  Equation  (3b)  took 
0. 1 8  seconds  of  computing  time  with  n  ■  8  and  0. 1 1  seconds 
with  n  »  7  on  a  CDC  6600  computer.  With  these  two  sets 
of  Fourier  coefficients,  the  computed  values  of  CL  and 
C0  /CLi  differ  by  less  than  0. 1  percent  with  the  solidity 
c/d  *  I,  and  the  stagger  angle  y  •  I  radian.  If  the  solidity 
is  larger  than  1.5,  the  accuracy  is  decreased  slightly.  Fourier 
coefficients  from  Equation  (3b)  and  A0  from  the  shock- 
free  relation  in  Equation  ( 1 4)  contribute  to  the  actual  shock- 
free  angle  of  attack.  The  difference  between  these  two 
numbers,  Oq,  is  the  extra  angle  of  attack  to  be  added  to  the 
given  foil  in  order  to  make  It  shock-free.  Thu*,  the  shock- 
tree  nose-tail  line  is  the  sum  of  and  the  nose-tail  line 
angle  of  the  given  foil  with  respect  to  the  x  axis.  In  Figure 
5  a  circular  arc  foil  and  the  two-term  camber  foil  in  an 
infini.’e  medium  are  shown  at  the  shock-free  angles.  The  lift 
coefficients  and  the  drag-lilt  ratio*  at  the  shock-free  nglcs 
of  these  two  foils  in  ■  cascade  are  computed  from  Equations 
(6)  through  (8),  and  are  shown  in  Figures  6  and  7  as  normal¬ 
ized  by  the  lift  coefficient  in  an  infinite  medium.  A 
noticeable  feature  is  that  the  curve  of  drag-lift  ratio  is  almost 
parallel  ana  very  clo*e  to  the  curve  of  note-tail  line 
shock-free  angle.  This  means,  the  drag  originates  mostly 
from  the  shock-free  angle  of  attack,  and  very  Uttle  drags 
results  from  camber.  Also  shown  In  the  figures  art  the 
considerable  cascade  effects  resulting  f.om  Increasing 
solidities  However,  (he  circular  arc  and  the  two-term 
cambers  have  relatively  small  cascade  effects  compared  with 
those  of  a  fiat  plate  shown  in  Figure  7.  The  two-term 
camber  foil  performs  very  slightly  belter  than  the  circular 
arc  foil. 
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w,  (f )  -*  0,  Wj(f)  -*  0  for  x  ~4 


Wj  »  the  complex  velocity  due  to  a  constant  negative  pressure 
distribution  on  the  cavity  and  foil  equal  to  the  difference  of 


The  cavity  shape  is  obtained  by  computing  normal 
velocities  on  the  cavity  from  Equation  (10)  and  numerically 
integrating  them  with  reepect  to  x.  For  the  fiat  plate, 
Equations  ( 1 7)  rod  0  8)  art  used.  For  the  point  drag,  the 
cavity  shape  is  available  in  Equation  (19).  With  these  cavity 
shape*,  the  cavity  thickner  k  computed  and  fj  in  Equation 
(20)  is  prepared.  Thus,  fou  shape*  of  composite  foils  with  a 
given  cavity  thkJuw*  at  a  riven  x,  or  x , ,  are  analysed  for  a 
shock-free  circular  arc  foil.  When  the  lettered**  cavity 
thickness  divided  by  the  chord  length  and  the  lift  coefficient 
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Figure  6  -  Lift  Coefneknt  C,  Dreg-Lift  Ratio  D/L  of 
Supercavitating  Circular- Arc  Foil  y/CL0  *  16  (x  -  x1  >/(<>w) 
in  a  Cascade  of  Stagger  Angle  I  Radian, 
at  Shock  Free  Angle,  a/CL0 


it  0.1  at  Xj  *  0.1,  CD/C^  and  the  point  drag  singularity 
ko/CL  versus  the  angle  of  the  flat  plate  superposed  arc 
shown  in  Figure  8,  where  (d/da)<CD/CLJ)  is  positive.  A 
similar  curve  at  x,  ■  0.5  is  shown  in  Figure  9,  where 
(d/da)(C '0/CLJ)  is  negative.  In  general,  when  the  cavity 
thickness  Is  specified  near  the  leading  edge  td/doHCu/t’^) 
is  positive,  i.e.,  the  point  drag  is  more  efficient  for  increasing 
the  leading-edge  thickness.  When  the  cavity  thickness  is 
specified  near  the  trailing  edge.  (d/d<kH('p/CL2)  is  negative, 
i.e..  the  flat-plate  angle  of  attack  is  more  efficient  tj 
increase  the  trailing-cdgc  cavity  thickness.  However,  slopes 
of  (d/doHCp/C^ )  are  very  small,  i.e.,  the  cavity  thickness 
and  the  amount  of  camber  mostly  determine  C'u/( ’LJ 
irrespective  of  the  shape  of  camber. 

To  investigate  the  influence  of  camber  shape  on  the 
Uft  and  the  dr** lift  ratio,  a  variation  of  dreularare  camber 
to  considered  as  In  Figure  10.  The  x -coordinate  of  the 
maximum  camber  is  varied  by  a  factor  (s/4|(l  +  bxl  to  (he 
circular  arc  y  ■  4<x  -  xJ)  where  a  ■  I /ft*,  -  x,JKI  ♦  bx,)) 
is  the  factor  to  make  the  maximum  camber  equal  to  1.  and 
the  x  coordinate  of  the  maximum  camber  to 
*,  -  (-B  ♦  7 11  ♦  4A)/(JA)  wiU,  A  •  3b.  ind  B  *  2(1  -  bl 
The  lift  coefficient,  the  shock-free  angle  of  attack,  and  the 
dr**llft  ratio  of  the  deformed  circular  arc  are  shown  in 
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SOLIDITY,  c/d 

Figure  7  -  Lift  Coefficient  CL  Drag-Lift  Ratio 
D/L  of  Supercavitating  Two-Term  Camber  Foil 
y/CL0  "  4/5*  ( X  +  8/3  *w  -  4  x2 )  in  a 
Cascade  of  Stagger  Angle  !  Radian,  at 
Shock -Free  Nose-Tail  I  ine  Angle  a/CL0 
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Figure  8  -  Drag-Lift  Ratio  and  Strength  of  Point-Drag 
Singularity  for  Composite  Foil  of  Shock-Free  Circular 
Arc,  Flat  Plate,  and  Point  Drag  in  a  Supercavitating 
Cascade  of  Stagger  Angle  1  Radian  with  Cavity 
Thick-seas  t/(cCL)  ■  0.1  at  x  *  0.1 


Figure  It.  As  expected,  the  smaller  the  x -coordinate  of 
maximum  camber,  the  larger  the  shock-free  angle  of  attack. 

The  drag  due  to  the  camber  alone  is  negative  when  the  x- 

coordinate  of  maximum  camber  is  leu  than  0,5.  That  is, 

the  amount  of  negative  pressure  near  the  leading  edge  ever 

comes  the  positive  pressure  on  the  foil.  The  drag-lift  ratio 

of  the  shock-free  deformed  circular  arc  decreases  when  the 

x-coordinate  of  maximum  camber  increases,  even  when  the 

leading  edge  cavity  thickness  is  specified.  As  has  been 

discussed  often  in  the  past,  the  Influence  of  camber  shape 

on  lift  and  drag  is  related  to  the  cavity  thickness  distribution 

on  the  foil.  Thu*,  with  a  given  cavity  thickness  at  only  one 

point,  the  discumion  cf  the  influence  of  the  camber  shape 

on  the  lift  and  drag  cannot  be  completely  general.  In  general. 

when  the  curvature  of  the  foil  face  Is  positive  everywhere.  i 

I 
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FLAT  PLATE  ANGLE  OF  ATTACK.  a/Ct  (DEGREE) 

Figure  9  -  Drag-Lift  Ratio  fur  Composite  Foil  of 
Shock-Free  Circular  Arc.  Flat  Plate  and  Point  Drag  in  a 
Supercn vita  ling  Cascade  of  Stagger  Angle  I  Radian 
with  Cavity  Thickness  t/tcCLl  *  0.5  at  x  *  0.5 
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Figure  10  -  Variation  of  Circular  Arc 
y/f0  *  a  lx  -  n'M*  ♦  bx) 

i  shift  of  the  maximum  camber  towards  the  trailing  edge 
slightly  reduces  the  lift  drag  ratio  and  the  section  modulus, 
for  a  gtven  leading-edge  cavity  thickness. 

An  example  of  a  foil  cavity  shape  with  two-term 
cam  he ;  and  a  given  lea  ting-edge  cavity  thickness  is  shown 
in  Figure  I  2  together  with  the  corresponding  lift  distribu¬ 
tion.  The  analysis  of  a  supercavitaling  cascade  is  particularly 
useful  for  designing  supercavituting  propellers.  As  an 
example,  the  cascade  parameten  for  a  model  of  a  super- 
cavilaling  propeller  tested  at  the  David  W.  Taylor  Naval  Ship 
Research  and  Development  Center  (Model  .*770)  are  shown 
m  Figure  I  \  I  he  ranges  of  solidities  and  stagget  angles  are 
very  large. 

I'he  effect  of  finite  cavities  is  directly  related  to  the 
cavitation  number.  Of  course,  for  an  isolated  supcrcavitaung 
foil  beneath  u  free  surface,  the  cavitation  number  is  zero 
when  the  cavity  length  is  infinite  l  ot  a  cascade,  the  choke- 
flow  cavitation  number  is  a  function  of  cascade  parameters 
and  the  leading-edge  thickness.  In  Figure  14,  it  is  shown 
that  the  eboked-flow  cavitation  number  is  a  linear  function 
ul  the  cavity  thickness  per  unit  l\ .  lor  a  i;»ven  .ct  of 
cjscluK*  parameters  with  a  fixed  c  or  a  in  1  ipiation  1 24). 
tin  Figures  14.  I  5.  c  “  1.5  to  the  two  term  cjmher)  I  he 
larger  the  solidity,  the  larger  llv  '*te  t»f  change  of  the  c 
choked  ilow  cavitation  number  with  respect  t,»  the  increasing 
easily  thickness.  Assentin'  that  the  load  distributor)  on  the 
fmitevavity  supers  as  ifaimg  toil  is  the  same  as  in  l|u  v  jv  of 
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k-COORDINATE  OF  MAXIMUM  CAMBER 

Figure  II  -  Lilt  Coefficient,  Drag-Lift  Ratio  of 
Superca  vita  ting  Deformed  Circular  Arc 
y/f0  ■  a  (x  -  xJ  H 1  ♦  bx)  in  a  Cascade  of 
So,:  'ify  0.9H4  and  Stagger  Angle  I.IH6R 
Roman  at  Shock-Free  Angle  of  Attack 
a/f0 .  Normalized  by  Camber  fu 


Figure  1 2  -  Foil-Cavity  Shape  and  Ufi  Distribution 
in  a  Supcrcavitatlng  Cascade  with  c/d  •  0.47NH 
y  -  I.J0IS  and.  C0/CL*  -  0  9251 


choked  cavity,  the  Unite  cavity  effect  is  analyzed  ax  shown  in 
liquations  ( ’I )-CHl  using  the  technique  or  Reference  1 1 
I‘hc.i  the  lift,  the  drag  and  the  cavity-foil  shape  will  be 
fun*  lions  of  the  cavitatK.n  number.  Of  course,  thr  cavitation 
number  is  a  function  of  cas  ty  length.11  The  relations 


wo 


Figure  13  -  Cascade  P.  amrlcn.  in  Supercavitaiing 
Propeller  Mode 5  3770 


Figure  I  .  -  Relation  Between  Ovokcd  Mow  Cavitation 
Number  and  Lr«fing-Edfr  Hikinru  *f  Superceding 
Cascade  in  Blade  Srr'tom  of  Supm»<-  ng 
Propeller  Model  .P70 


br'ween  the  cavitat.on  number  and  the  cavity  length  arc 
shown  to  Figure  15  for  propeller  Model  3770  Figure  I* 
shows  that  near  the  hob  where  the  solidity  is  Urge,  the 
ijvitation  number  divided  h>  the  lift  coefficient  varies  »cn 
III  tie  with  cavity  length  Throughout  most  vectK  n«  of  t1* 
propeller  hiadc  a  cavity  of  two  and  one-half  chord  length 
pm  the  same  effect  as  a  cavity  ol  infinite  length  The 
design  section  cavilation  number  divided  by  lift  coefficient 
for  propeller  Model  3770  n  shown  in  Figure  14  for  each 
trctic.i.  The  cavit r  thickness  of  (he  Toil  in  Figure  1  <  is 
adtusied  to  the  design  value  of  cavitation  number  per  unit 
lift  coefficient  According  to  drufner  requirements  to  make 
the  entire  section  vuor  rum  tale.  the  foil  shape  could  br 
designed  lo  have  enough  ctvity  thickness  at  a  given  design 
section  cavitation  number 


Figure  1$  ion  Between  Cavitation  Number  and 

Cavil y-L  f  Supercavitaling  Cascade  in  Blade 
Sections  oi  >upcrravi tiling  Propeller  Model  3770 


Although  most  examples  tn  the  present  study  arc  lot 
cascades,  the  foils  beneath  or  above  a  Irec  surface  can  be 
treated  in  the  same  was  by  just  changing  the  transformation 
function  for  the  Fourier  coefficients  B,  in  I  quation  (5).  In 
the  case  of  an  infinite  fluid,  where  B0  -  I  and  Bn  -  0 
(n  *  I .  ..... h  the  problem  liecomes  much  simpler,  and  the 
use  of  FFT  couid  simplify  the  analysis  of  any  foil  shape. 
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Abstract 

A  discussion  of  tbe  use  of  boundary  Inte¬ 
gral  equation  techniques  to  solve  cavity  and 
jet  flow  problems  Is  presented.  The  need  to 
model  such  flows  as  a  mfxed-boundary-value 
problem  Is  demonstrated.  Application  of  the 
basic  method  requires  four  steps:  a  suitable 
discretization  of  the  problem,  formation  of 
the  resulting  matrix  of  linear  equations,  solu¬ 
tion  of  these  equations,  and  use  of  a  system¬ 
atic  shifting  algorithm  to  Improve  the  free 
surface  location.  Although  progress  has  been 
made  recently,  examples  show  step  four  Is  still 
In  need  of  further  research  and  Improvement. 

To  Illustrate  procedures,  simple  two-dimension¬ 
al  jet  and  cavity  flows  are  presented. 


I.  Introduction 

In  recent  years  the  design  of  high  perfor¬ 
mance  surface  vessels  and  other  marine  vehicles 
has  continued  to  focus  attention  on  the  need 
for  computationally  practical  solutions  to 
progressively  more  complicated  jet  and  cavity 
flow  problems.  Hydrodynamlclsts  have  now 
sought  these  steady-state  solutions  for  over  a 
century;  to  date  no  totally  satisfactory 
approach  has  been  presented  which  allows  a 
convenient  and  suitably  accurate  fully  non¬ 
linear  computation  of  these  flows,  especially 
In  throe  dimensions. 

During  the  past  decade  the  use  of  conformal 
mapping,  finite  difference  and  finite  element 
techniques  have  all  contributed  substantially 
to  progress  In  understanding  Jet  and  cavity 
flows.  However,  none  of  these  approaches  Is 
free  of  limitations  or  shortcomings,  and  the 
great  majority  of  the  work  has  been  restricted 
to  two  dimensions.  Conformal  mapping  Is  of 
course  limited  solely  to  two  dimensions.  From 
a  conceptual  point  of  view,  finite  difference 
and  finite  element  approaches  to  Jet  and  cavity 
flows  can  be  formulated  In  terms  of  a  velocity 
potential  so  that  there  is  little  If  any  dif¬ 
ference  between  a  two-dimensional  and  a  three- 
dimensional  problem;  the  shortcomings  here  are 
mostly  practical  ones, 

Toth  finite  difference  and  finite  rimarnt 
techniques  must  fill  the  tire  flow  domain. 

The  physical  domain  Is  always  rev  'ar  In 
shape  and  often  possess^  cur  .  .>  n  ndary 


surfaces.  Trial  free-boundary  techniques  de¬ 
pend  upon  shifting  of  the  free  surface  portion 
of  these  boundaries  as  the  solution  proceeds 
Iteratively.  Finite  difference  methods  are  not 
ideally  suited  to  the  treatment  of  boundary 
conditions  at  non-rectangular  boundaries,  and 
so  they  usually  either  (1)  use  Irregular  compu¬ 
tational  stars  there  and  suffer  some  loss  of 
accuracy,  or  (11)  solve  the  problem  In  a  veloc¬ 
ity  pot“nt1al  and  stream  function  domain  [1,2] 
and  tr„.,sform  the  solution  back  to  the  physical 
domain,  thereby  sacrificing  the  ability  to  pre¬ 
scribe  the  physical  geometry  a  priori.  Finite 
element  techniques  do  not  have  these  probl ems 
but  do  require  an  automated  mesh  adjustment 
scheme  near  free  surfaces,  preferably  a  qua¬ 
dratic  representation  of  the  velocity  potential 
and  possibly  the  use  of  Isoparametric  elements 
along  the  boundaries. 

In  jet  and  cavity  flows  the  most  Interesting 
and  useful  Information  from  a  solution  are  the 
spatial  location  of  all  free  surfaces  and  a 
knowledge  of  velocities  and/or  pressures  along 
the  boundaries.  This  realization  causes  one  to 
feel  that  full-domain  techniques  such  as  the 
finite  element  technique  are  in  a  sense  compu¬ 
tationally  Inefficient,  for  In  the  course  of 
developing  the  required  boundary  Information 
It  literally  generates  reams  of  Interior  data 
which  Is  often  of  minor  use. 

For  these  reasons  the  search  for  superior 
computational  techniques  for  high-speed  free 
surface  flows  continues.  This  presentation 
suggests  that  a  variant  of  the  boundary  Inte¬ 
gral  equation  method  holds  promise  of  being 
such  a  technique.  In  this  method  all  computa¬ 
tions  deal  directly  with  domain  boundaries. 

For  free  surface  flow  problems  the  vital  miss¬ 
ing  Ingredient  In  previous  Implementations  of 
the  method  was  a  systematic  algorithm  for 
shifting  the  trial  free-boundary  between  suc¬ 
cessive  Iterations;  the  present  paper  presents 
two  possibilities. 


II,  Basic  Theory 

Several  basic  Ideas  underlying  the  method 
have  been  understood  for  a  very  long  time 
(e.g.,  see  [3]),  but  most  computational  pro¬ 
gress  has  occurred  In  the  last  20  years  during 
the  computer  era.  Hess,  Smith  and  co-workers 
at  Douglas  Aircraft  have  been  among  the  most 


persistent  contributers  to  developments  over 
this  entire  period  (see  review  articles  [4,5]), 
while  a  more  diverse  interest  in  applications 
such  as  solid  mechanics  [6]  and  seepage  flow 
[7]  is  becoming  apparent  in  the  last  few  years. 
In  retrospect  the  approach  proposed  herein  is 
closely  related  to  boundary  integral  techniques 
developed  at  Stanford  University  by  Kline  et 
«L  as  part  of  a  continuing  investigation  of 
stall  prediction  in  diffusers  [8-1 1J. 

The  method  is  based  on  Green's  theorem  for 


/(FV2G  -  GV2F)dfl  *  J(FVG  -  GVF)*ndr  (1) 

r<  r 

a  domain  n  bounded  by  a  surface  r  having 
a  unit  outer  normal  n.  The  functions  F  and 
G  are  to  be  continuously  differentiable. 

When  both  F  and  G  satisfy  the  Laplace  equa¬ 
tion,  the  left  member  vanishes  and  one  obtains 
a  boundary  integral  equation  (BIE).  In  the 
present  case  one  functicn  Is  chosen  to  be  the 
velocity  potential  $  (let  F  *  q)  and  the 
other  to  be  a  fundamental  solution  of  the 
Laplace  equation.  The  most  common  choice  for 
3  is 


G  *  in  r  In  two  dimensions  (2) 

G  *  1/r  In  three  dimensions  (3) 


where  r  *  rpq  *  the  distance  from  any  arbi¬ 
trarily  chosen  point.  P  In  n,  to  a  point  Q 
on  the  boundary  r.  By  use  of  a  limit  process 
In  the  neighborhood  of  P,  one  finds 

t£'G3-n)dr  «> 

noting  that  VG-n  Is  equivalent  to  3G/3n.  If 
P  does  not  lie  on  F,  a  *  Zr  In  two  dimen¬ 
sions,  a  »  4x  In  three  dimensions.  If  P 
lies  on  f,  then  a  Is  the  "Internal  angle" 
subtended  In  passing  around  P.  Subsequent 
sections  of  this  paper  assume  P  lies  on  r. 
When  a  problem  is  well  posed,  either  q  or 
3q/5n  will  be  known  at  each  point  along  the 
boundary,  and  Eq.  4  then  becomes  an  integral 
equation  relating  the  known  function  G  and 
the  complementary  function  q  which  Is  to  be 
found.  One  additional  noteworthy  point  Is 
that  the  technique  Is  Inherently  mass-conserv¬ 
ing  In  Its  exact  form;  that  Is, 

Jk dr  ■  °  <5) 

Since  the  form  of  the  fundamental  solution 
chosen  for  G  ha  the  same  mathematical  form 
as  the  velocity  potential  for  a  point  source 
of  fluid,  tha  approach  Is  callad  the  surface- 
source  method.  Hess  »t  at.  have  fashioned 
this  technique  Into  eTilgfily  efficient  method 
of  solving  the  pure  Heumenn  problem  of  exteri¬ 
or  flow  over  solid  objects  o *  known  shape  In 
two  and  three  dimensions.  However,  Hess  cor¬ 
rectly  remarked  [7,  p.!5]  a  decade  eqo  that 


this  particular  technique  offered  at  best  a 
“cut  and  try"  approach  to  adjusting  free  sur¬ 
face  boundaries  until  all  appropriate  boundary 
conditions  are  satisfied. 

The  next  sections  will  demonstrate  how  so¬ 
lutions  to  jet  and  cavity  flows  can  fcs  sought 
systematically  by  use  of  Eq.  4  as  the  basis  of 
a  numerical  treatment  of  a  mixed  boundary  val¬ 
ue  problem. 


III.  The  Present  Technique 

Implementation  of  the  current  BIE  method 
depends  on  four  steps  (Hess  [5]  has  written 
extensively  on  the  first  three  steps  and  can 
be  referred  to  for  a  more  complete  account). 
These  steps  are:  discretization  of  the  prob¬ 
lem,  computation  of  the  coefficient  matrix  for 
the  unknown  values  of  q  and  aq/3n,  solution 
of  the  resulting  linear  equation  system,  and 
adjustment  of  the  free  surface. 

1.  Discretization 

Equation  4  normally  can  not  be  solved  In 
closed  form  for  q  and  aqfln.  The  usual 
approach  Is  therefore  to  discretize  Eq.  4  to 
obtain  a  set  of  N  algebraic  equations  In  the 
discretized  unknowns  qi  and  B  q/3  n)j ,  where 
1  =  1,2,. ..I,  j  =  1,2,. ..J  and  I  t  J  ■  N  so 
that  the  equation  system  Is  determinate.  This 
process  Involves  a  discretization  of  both  the 
boundary  geometry  and  the  urknowns. 


(b)  Approximation  by  N  segments 
Figure  1.  Discretization  of  boundary 


Geometry.  Figure  1  depicts  In  two  dimen¬ 
sions  the  process  of  approximating  the  true 
boundary  geomatry  by  dividing  it  into  N  seg¬ 
ments  of  known  (by  cno(ce)  shape  —  straight- 
llne  sepents  In  this  use.  Straight  lines 
are  simplest  to  usa.  Higher-order  polynomial 


are 


segments  can  better  approximate  the  boundary 
but  require  more  effort  to  iaplement.  Circular 
arcs  closely  approximate  parabolic  arcs  and  are 
mathematically  more  tractable  [12].  In  three 
dimensions  the  line  setpients  become  plates  of 
quadrilateral  or  triangular  shape;  both  have 
been  used.  Some  [13]  have  rejected  the  use  of 
quadrilaterals  because  adjacent  segments  some¬ 
times  can  not  be  aligned  to  give  a  C‘  continu¬ 
ous  approximation  to  the  original  surface  and 
the  elements  "leak";  Hess  [5 J  discounts  this  by 
considering  this  discretization  as  a  mathemat¬ 
ical  approximation  rather  than  a  physical  one. 


Unknowns.  The  sinplest  approach  is  to  as- 
suiie  that  q  and  5  d/3 n  are  constant  on  a 
discrete  boundary  segment,  and  historically  it 
is  the  most  frequent  choice.  Assuming  a  linear 
variation  of  the  unknowns  on  a  segment  is  be¬ 
coming  more  common,  however,  and  higher  order 
interpolation  functions  have  been  used  on  occa¬ 
sion  [12]. 

The  choice  of  order-of-approximatlon  for  the 
boundary  geometry  and  the  discretized  unknowns 
is  still  regarded  by  many  as  an  Independent 
pair  of  decisions,  but  Hess  [12]  has  shown  by 
series  expansion  techniques  and  numerical  ex¬ 
periments  for  the  Neumann  problem  that  mathe¬ 
matical  consistency  requires  the  approximation 
of  the  geometry  to  be  one  order  higher  than  the 
approximation  of  the  unknowns.  Although  the 
selection  of  straight-line  segments  and  linear 
interpolation  of  the  unknowns  is  thus  deemed  an 
inconsistent  approximation,  this  choice  is  be¬ 
coming  coirmon  and  often  yields  good  results. 

(It  will  also  be  used  in  the  examples  in  this 
paper.)  Finally,  fur  two-dimensional  B1E  for¬ 
mulations  based  on  complex  function  theory, 
order-of-approximatlon  arguments  appear  not  to 
be  applicable  because  the  resulting  expressions 
become  path  independent  so  that  ooundary  curva¬ 
ture  does  not  play  a  role  [14]. 


q(s)  *  )(s-Sj )/{sJ+1-Sj )  (6) 


and 


s-sJ)/(sj+l-sj> 


(7) 


where  s  is  the  coordinate  along  the  segment 
connecting  points  Pj  and  Pj+^. 


2.  Equation  Matrix 

When  Eqs.  6-7  are  employed  in  Eq.  4,  the  re¬ 
quired  Integrations  can  be  completed  in  closed 
form  to  yield  expressions  linear  in  the  q.'s 
and  (3q/3n)j's  and  involving  logar1thm1cJand 
inverse  tangent  functions.  In  a  higher-order 
approximation  the  superiority  of  circular  arcs 
over  parabolic  segments  becomes  apparent  here 
due  to  greater  ease  of  integration.  In  axi- 
sy erne  trie  problems  where  integrals  can  not  con¬ 
veniently  be  evaluated  in  closed  form,  one  must 
use  numerical  integration  with  care  to  achieve 
accuracy.  On  the  other  hand,  when  rpQ  is  sev¬ 
eral  times  the  segment  size  it  is  often  possi¬ 
ble  to  use  simplified  results  in  place  of 
lengthier,  exact  expressions;  this  factor  be¬ 
comes  most  Important  when  three-dimensional 
problems  are  considered. 

Hhen  Eq.  4  Is  evaluated  for  each  of  the  N 
points  P(  (i  •  1,2, ...N),  the  result  is  a  set 
of  linear  algebraic  equations  of  the  form 


1J  *J 


+  a' 
i  J\a  n/j 


(8) 


As  an  example  of  approximation  of  the  un¬ 
knowns,  refer  to  Figure  2,  For  the  linear 


where  summation  over  J  *  1,2,...N  is  implied. 
At  each  of  the  N  discrete  points  on  the 
boundary  either  qj  or  (a q>/3 n ) j  is  specified 
as  a  known  boundary  value,  and  the  final  N 
equations  to  be  solved  are 


Figure  2.  Portion  of  discretized  boundary 
approximation  one  may  write 


Aij  V  BJ  (9) 

Equation  9  is  obtained  from  Eq.  8  by  transp¬ 
osing  to  the  right  side  the  N  terms  known 
from  the  boundary  conditions,  and  qj  is  the 
remaining  vector  of  unknowns.  ” 

At  some  points  on  the  boundary  of  the  flow 
it  is  desirable  to  represent  exactly  a  discon¬ 
tinuity  in  3q/3n;  in  particular,  this  occurs 
at  a  comer  where  one  segment  represenMng  a 
wall  connects  with  another  which  has  fluid  flow¬ 
ing  across  the  domain  boundary.  To  model  this 
case  exactly,  one  simply  places  two  nodes  1 
and  j  atop  one  another  at  the  comer  (they  a  e 
connected  by  a  boundary  segment  of  zero  length) 
One  can  then  ass<  n  boundary  value  for  3  qb  n 

to  node  1  and/n  .iij  J;  if  only  one  value  of 

3q/3n  Is  speciriac,  then  q  can  be  specified 
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at  the  other  node.  Equation  9  must  also  be 
augmented  with  the  equation  Normal 

computations  for  the  segment  of  zero  length  are 
then  omitted  from  Eqs.  8-9. 


Solution  of  Equations 


The  coefficient  matrix  is  full  and  un- 
symnetric  in  distinct  contrast  to  the  finite 
element,  formulation  of  these  problems,  which 
would  yield  a  symmetric,  banded  matrix.  But 
the  matter  of  equations  N  via  the  BIE  method 
is  much  smaller  than  for  a  full  domain  method. 
Moreover,  the  diagonal  coefficients  tend  to  be 
relatively  large  although  the  matrix  is  not 
strictly  diagonally  dominant. 


in  two  dimensions  and  in  smaller  three- 
dimensional  problems  this  kind  of  linear  equa¬ 
tion  set  is  solved  directly  (e.g.,  Gaussian 
elimination).  For  large  three-dimensional 
problems,  iterative  solution  techniques  may  be 
preferred. 


4.  The  Free  Surface 

It  is  the  treatment  of  the  free  surface  it¬ 
self  that  spells  success  or  failure  for  the  BIE 
method  in  jet  and  cavity  flows.  Earlier  BIE 
techniques  concentrated  on  formulation  of  the 
pure  Neumann  problem.  Once  a  tentative  free 
surface  location  was  assumed,  a  Jet  flow  could 
be  formulated  and  "solved"  as  a  Neumann  prob¬ 
lem.  but  after  a  check  had  ascertained  that  the 
trial  location  did  not  satisfy  both  the  stream¬ 
line  tangency  and  constant  pressure  conditions, 
no  algorithm  was  available  to  adjust  the  free 
Surface  systematically  to  an  Improved  location. 
Cavity  flows  were  even  less  susceptible  to  such 
a  treatment. 

It  now  appears  that  the  BIE  method  should 
properly  treat  Jet  and  cavity  flows  as  mixed 
boundary  value  problems  which  are  solved  in 
conjunction  with  the  kind  of  general  surface 
shifting  algorithm  used  by  the  writer  and  sev¬ 
eral  other  investigators  over  the  past  five 
years  [8,9,16-19]. 

The  essence  of  the  scheme  is  to  assure  a 
constant  pressure  on  a  trial  free  surface, 

Fig.  3,  which  may  initially  be  incorrectly 


1*1 


Figure  3.  Schematic  of  free  surface 

located,  by  assigning  nodal  boundary  values  of 
by  integration  of  3p/3s  ■  V,  usually 


progressing  from  a  downstream  reference  value 
of  ♦  to  the  upstream  lip  frem  which  the  free 
surface  springs.  Here  V  *  fluid  speed  on  the 
free  surface.  After  Eq.  9  is  solved  for  values 
of  (3  p/Bn)*  along  the  free  surface,  the 
streamline  tangency  condition  is  used  to  adjust 
the  surface,  beginning  now  at  the  known  coordi¬ 
nates  of  the  Up.  first  the  new  local  free 
surface  slope  m'n+1 '  is  confuted  at  each  node 
1  in  terms  of  the  old  slope  ml"),  local  tan- 

rntial, speed  V  and  current  value  of 
P/3n)tn';  the  relation  is 


„(«+!)  ,  Vm(n)  ♦  (3P/8n)|nj 
V  -  m(n'(3p/9n)(n) 


with  use  of  an  outer  normal.  It  is  convenient 
to  Insert  these  slopes  directly  into  a  cubic 
spline  Interpolation  scheme  to  find  the  new 
free  surface.  Whether  V  varies  along  the 
free  surface  because  of  gravitational  effects 
is  of  little  consequence.  The  single  remaining 
problem  is  proper  selection  of  the  downstream 
value  of  V;  as  the  next  section  indicates,  no 
one  approach  currently  appears  superior  for 
both  jet  and  cavity  problems. 


Examples  and  Discussion 


BIE  techniques  [8-11]  at  Stanford  University 
have  in  the  last  couple  years  been  applied  to 
the  (assumed)  potential  flow  core  of  stalling 
flows  in  two-dimensional  and  axisymetric  dif¬ 
fusers  and  are  typified  by  the  flow  shown  in 
Figure  4a.  Line  AE  is  the  centerline  of  the 
diffuser  where  3p/9n  *  0.  Flow  across  the 


A  E 

(a)  Diffuser  jet 

B  C' 


(b)  Jet  or  cavity 

Mgure  4.  Jet  and  cavity  f.ow  examples 


inlet  section  O  «.irt  outlet  section  DE  Is 
c  .^-dimensional ,  the  velocity  94/3n  Is  pre¬ 
scribed  at  A£  and  computed  at  OE  at  the 
beginning  of  each  computational  cycle  from  con¬ 
tinuity.  Along  the  solid  wall  BC  of/3n  «  0. 
The  free  surface  CD  separates  from  the  wall 
at  C;  the  fluid  outside  surface  CD  H  as- 
‘.uned  to  b  at  constant  pressure.  With  the 
•nloclty  v  computed  at  D,  boundary  values  of 
o  are  assigned  along  the  trial  free  surface, 
md  Eg.  9  Is  tormed  and  solved.  The  computa¬ 
tional  cycle  is  repeated  until  a  convergent 
solution  is  attained.  In  axlsymmetrlc  problems 
[9]  the  Investigator:  uao  to  undencorrect  the 
amount  of  the  local  slope  adjustment 
jm(n+1)-m(n))  strongly  to  assure  convergence 
of  the  technique;  only  10  to  201  of  the  comput¬ 
ed  change  in  slope  was  actually  used  In  adjust¬ 
ing  the  surface  at  one  time.  Undercorrection 
was  apparently  not  needed  in  two-dimensional 
problems.  All  work  employed  straight-line  seg¬ 
ments  and  a  linear  approximation  for  unknowns; 
apparently  each  free  surface  experienced  a  to¬ 
tal  angle  change  of  a5°  or  less  (local  free 
surface  slope  |m|  1.0)  with  no  more  than  a 

5°  change  In  direction  per  segment. 

The  author  applied  the  foregoing  procedure 
to  the  configuration  shown  In  Figure  4b;  It  Is 
a  two-dlmer.slonal  jet  flow  from  a  slot  with 
a  *  70°  and  yi/y2  ■  4.0.  Twelve  segments 
were  used  to  model  the  free  surface;  for  conve¬ 
nience  the  velocity  across  AB  was  unity.  Un¬ 
accountably  the  scheme  did  not  converge  to  a 
solution  even  though  the  Initial  trial  free 
boundary  was  a  smooth  exponential  curve  located 
reasonably  close  to  the  expected  solution. 

With  a  different  physical  Interpretation  and 
a  different  assignment  of  boundary  values,  fig¬ 
ure  4b  depicts  a  Rlabouchlnsky  cavity  flow  past 
half  a  symmetric  wedge  In  a  water  tunnel.  Let 
AE  be  the  tunnel  wall,  BC'  Is  a  line  of  sym¬ 
metry,  and  C'C  Is  half  the  wedge;  a'ong  all 
these  boundaries  assign  )1/3n  »  0.  Thus  0E 
Is  at  midcavity  and  Is  a  line  of  constant  ve¬ 
locity  potential  4,  but  the  normal  velocity 
across  DE  Is  nonuniform;  assign  4  *  constant 
across  DE.  Across  AB  the  oncoming  velocity 
Is  uniform  and  4  Is  also  constant  but  un¬ 
known;  for  convenience  assign  a  unit  velocity 
to  section  AB.  On  CD  4  can  be  prescribed 
once  V  Is  selected.  Again  yi/yj  »  4.0,  and 
for  this  example  xi/yj  -  7.73  and 
*?/y 2  *  1.57.  At  this  point  C  a  double  node 
was  placed  so  tnat  9  4/Bn  ■  0  on  the  wedge, 
but  4  was  also  prescribed  at  the  lip  from 
free  surface  considerations. 

The  free  surface  was  sought  by  the  following 
procedure.  By  comparison  with  the  related  Jet- 
flow  whose  solution  Is  known  [20],  ¥  -  6  was 
chosen.  Several  computational  cycles  ware 
confuted  without  adjustment  of  V;  the  trial 
free  surface  location  converged  toward  a  stable 
location  during  this  process.  It  was  observed 
that  94/3n  at  the  lip  end  of  the  free  sur¬ 
face,  which  was  not  prescribed  and  which  can 
play  no  role  In  frea  surface  adjustment  because 
the  lip  location  is  fixed,  elso  converged  to¬ 
ward  a  negative  value  rather  than  the  desired 
value  of  zero  which  would  Indicate  proper  flow 
behavior  at  the  lip.  Naxt  V  was  changad  to  a 


lower  value;  several  Iterations  with  V  *  5.9 
caused  the  value  of  94/)n  at  the  lip  to  con¬ 
verge  toward  a  positive  value.  Hence,  the  cor¬ 
rect  value  of  V  must  lie  In  between,  and  sev¬ 
eral  automated  Interpolate  sequences  gave  a 
final  free-surface  value  for  94/3n  at  the  lip 
which  was  approximately  -C  036  when  V  *  5.94. 
The  Initial  and  final  free  surface  ary  plotted 
In  Figure  5. 


Figure  5.  Initial  and  final  cavity  free 
surface 

The  general  free  surface  adjustment  scheme 
seems  to  perform  differently  when  litplemented 
In  the  BIE  technique  rather  than,  for  example, 
the  finite  element  method.  The  probable  cause 
Is  that  the  BIE  approach  is  Inherently  mass- 
conserving,  as  Eq.  5  states  clearly.  Conse¬ 
quently,  when  a  portion  of  a  trill  free  surface 
Is  too  low  and  causes  computed  local  values  of 
a  4/d  n  to  be  positive,  Eq.  5  apparently  ensures 
that  9  4/Bn  will  be  negative  over  another  por¬ 
tion  of  the  same  free  surface  to  conserve  mass. 
Possibly  this  effect  Is  more  pronounced  for 
axisymnetrlc  flows  and  lad  to  the  need  for 
undercorrection  of  the  free  surface. 


V.  Prognosis 

Formulation  of  the  boundary  Integral  equa¬ 
tion  method  as  a  mixed  boundary  value  problem 
holds  promise  far  the  efficient  solution  of  jet 
and  cavity  flows.  In  several  respects  the 
technique  Is  still  not  well  developed,  however. 
Although  some  free  surface  location  tnchnlques 
have  been  shown  to  work  for  certain  kinds  of 
problems,  much  room  for  both  Innovation  and  for 
Improvement  remains.  Extension  of  these  tech¬ 
niques  to  the  much  more  challenging,  practical 
end  exciting  three-dimensional  jet  and  cavity 
flows  remains  to  ba  accomplished,  but  prospects 
of  eventual  success  appear  reasonably  good  at 
this  time. 
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The  vastness  of  the  literature  for  steady 
planar  free-streamline  flow  attests  to  the  power 
of  available  analytical  tools  for  the  solution 
of  certain  physical  problems  (especially  super- 
cavit.iting  flows)  through  their  reduction  to 
mixec  boundary-value  problems.  These  tools 
include:  suitable  model ing  (cavity  termination 
and  wakes',  analytic  functions  and  mapping, 
boundary  integral  equations,  asymptotic  (i.e. 
linear)  approximations,  and  combinations 
thereof.  A  sizeable  number  of  important  engi¬ 
neering  problems  have  by  now  been  given  adequate 
solution  through  the  application  of  theory.  1 
would  mention  especially  the  design  of  super- 
cavitating  propellers.  The  second  paper  (1181 
today,  iiy  Yim,  is  a  further  and  very  elegant 
contribution  to  this  literature.  He  utilizes 
known  techniques  of  supercavitating-foil  theory: 
linearizations  and  mappings  to  the  “airfoil" 
plane,  con  inations  of  Incidence,  camber,  and 
“paraboli  type"  thickness  (really  a  leading- 
edge  sinnularity).  He  has  succeeded  in  a  very 
useful  svuthesis  of  these  methods  and  finally 
applied  ,ome  fast  computing  techniques.  I  was 
especi.,  y  pleased  to  see  the  hydrofoil -airfoil 
cquival  nee  generalized,  as  these  rules  irnne- 
diateli  live  much  Insight  as  to  the  relation 
betweei  the  chordwise  pressure  distribution  (at 
design)  and  the  lift/drag  ratio,  Yim’s  results, 
which  Include  free-surface  (Infinite  Froude 
number)  and  cascade  effects,  attest  again  to  the 
power  of  analytical  methods,  more  so  in  this  case 
than  to  the  power  of  numerical  hydrodynamic  tech¬ 
niques. 

Useful  and  general  as  Yin's  results  are,  I 
would  like  to  suggest  a  little  wtrnlng  in  connec¬ 
tion  with  their  utilization  in  hydrofoil  or 
propeller  design.  In  both  cases,  it  Is  often 
necessary  to  utilize  non-llnetr  corrections  based 
on  theory.  For  foils  it  is  also  of  some  impor¬ 
tance  to  take  Into  account  the  down-wash  due  to 
gravity  effects  on  the  cavity.  Further,  I  have 
sane  doubts  about  the  utility  of  the  planer 
cascade  model  in  application  to  propaller  design, 
except  to  estimate  cavity-section  interference 
during  off-design  operation— and  this  is  tha 
design  region  where  we  most  need  better  methods. 
In  the  off-design  regime  non-linear  effects  are 


due  to  the  large  cavity  thickness  clearly  become 
important.  Non-linear  cascade  calculations  have 
been  made  earlier  by  Furuya,  (ref.  1),  based  on 
the  approach  of  Wu  and  Wang  to  the  non-linear 
supercavitating  flow  past  a  given  Isolated  hydro¬ 
foil,  and  Yim  himself  has  earlier  considered  the 
non-linear  problem  (ref.  2).  The  superproblem 
for  the  supercavitating  propeller  and  a  great 
challenge  for  numerical  analysis  involves  the 
calculation  of  the  flow  past  the  collective  blade 
cavities  treated  as  a  fully-three-dimenslonal 
oroblem,  but  which  more  resembles  a  short  axi- 
symmetric  cavity  (in  the  limit  of  many  blades) 
shed  by  a  porous  disc  (the  propeller  blade)  than 
it  does  a  cascade.  I  refer  to  the  model  1  sug¬ 
gested  in  ref.  3.  It  is  the  inflow  distribution 
to  this  disc  just  as  much  as  the  flow  over  the 
blades  considered  as  a  blade  element  that  requires 
numerical  calculation,  since  at  the  present  time 
we  have  available  for  the  Inflow  estimation  only 
the  results  of  supercavitating  propeller  momentum 
theory.  Yim  is,  !  know,  working  on  the  full 
supercavitating- propeller  problem,  toward  which 
the  present  work  Is  a  step,  and  we  should  all 
look  forward  to  his  future  results. 

The  gap  between  three-dimensional  super- 
cfvi  eating  flow  theory  and  the  present  status 
is  being  closed  with  efforts  such  as  those  of 
Jiang  and  teohey  (paper  #1 7) ,  It  is  the  latest 
result  in  the  long  effort  to  develop  a  practical 
numerical  lifting-surface  method  for  supercavi¬ 
tating  wings,  a  history  beginning  with  the  rneo- 
electric  analogy  work  of  T.S.  Luu  in  Paris  in  the 
early  1960's  (ref.  4).  It  is  a  difficult  problem, 
even  in  its  linearized  form  (as  is  the  case  with 
all  numerical  attempts),  as  it  Involves  two 
coupled  Integral  equations  and  an  unknown  area 
of  Integration;  the  authors  have  made  a  prodlgous 
effort.  They  have  tested  their  numerical  tech¬ 
niques  in  the  two-dimensional  cast  by  comparing 
with  analytic  results;  they  obtained  a  good  com¬ 
parison,  but  first  I  would  like  to  suggest  the 
possibility  of  an  additional  perspective  that 
arises  through  comperison  of  numerical  calcula¬ 
tions  such  as  these  with  approximate  theories 
that  ere  sore  or  less  well-proven.  I  refer  to 
the  smal-empiricel  methods  starting  with  linear 
two-dimensional  theory,  factoring  in  lifting- 
surface  corrections  such  as  the  Jones  edge 
connection,  plus  corrections  for  non-linear 
effects  based  on  theory,  both  for  the  section 
effectiveness  and  cross-flow  drag.  In  1975,  C.C. 
Hsu  presented  practical  formula*  for  wing  force 
coefficients  together  with  comparison  with  the 
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data  for  rectangular  wings  of  Reichardt  and 
Sattler,  Sehiebe  and  Wetzel,  and  Dobay,  includ¬ 
ing  free-surface  effects  and  for  angles  of 
attack  as  high  as  16°.  The  comparison  with  the 
data  lend  confidence  that  Hsu's  formulae  nay  be 
used  for  preliminary  design  with  confidence. 

The  .Jones'  edge  correction  for  supercavitating 
wings,  originally  proposed  by  V.E.  Johnson,  has 
been  well-confirmed.  Incidentally,  by  the  mineri- 
cal  lifting-surface  calculations  af  Tsen  end 
Guilbaud  (ref.  5)  carried  out  in  France  and  which 
are  the  o  -  0  counterpart  of  the  results  of 
Jiang  and  Leehey,  and  which  would  make  a  very 
Important  additional  reference  in  their  paper. 

In  Figure  1,  I  show  a  comparison  of  predic¬ 
tions  using  Hsu's  formulae  for  the  aspect  ratio 
6  elliptic  wing  tested  by  Leehey  and  Stellinger 
for  a  •  21°.  The  data  are  these  reported  by 
Halxner  at  the  recent  ATTC  conference  in  Annapol¬ 
is  (ref.  6).  Note  first  of  all  the  relative 
agreement  of  Hsu  with  the  small  foil  data,  which 
are,  according  to  Halxner,  free  of  wall  effects. 
Note  also  that  Jiang  and  Leehey  actually  He 
under  Hsu  for  the  values  of  o/a  reported.  This, 
it  seems  to  me,  poses  a  grave  difficulty  for  the 
theory  of  Jiang  and  Leehey  as  non-linear  effects 
are  very  large  at  this  angle  of  attack.  Most 
probably  at  this  aspect  ratio,  the  non-linear 
effects  must  reduce  the  linear  predictions,  thus 
worsening  the  comparison  between  the  present  cal¬ 
culations  and  experiment.  To  drive  the  point 
home,  I  show  in  Fig.  1  the  predictions  of  Hsu's 
wing  theory,  omitting  the  non-linear  corrections. 

I  believe  that  for  this  aspect  ratio  any  "correct" 
linear  theory  must  lie  closer  to  the  dotted  line 
than  to  the  data,  and  I  wonder  whether  or  not  the 
authors  would  agree  and  whether  they  can  illumi¬ 
nate  the  situation  this  poses  for  their  numerical 
results.  Incidentally,  Tsen  and  Guilbaud  show 
that  for  an  aspect  ratio  4  wing,  the  data  of 
Sehiebe  and  Wetzel  and  Kermeen  He  in  genei .  ’ 
well  below  both  their  own  linearized  numerical 
calculations  and  those  of  Widnall,  even  at  an 
angle  of  attack  of  10°.  Finally,  I  hope  that  the 
authors  persevere  and  eventually  go  on  to  con¬ 
sider  the  practical  problems  of  the  free  surface 
for  high  speeds,  and  pod-strut  interference  with 
wings,  for  which  numerical  computation  methods 
should  be  welcome. 

How  to  do  truly  non-linear  free-surface 
problems?  This  is  the  subject  of  Larock  (paper 
119)  who  has  earlier  been  Involved  In  the 
numerical  calculation  of  such  free-streamline 
flows  as  from  orifices  and  valves.  In  particu¬ 
lar,  he  addresses  the  question  how  to  carry 
out  a  stable  iteration  for  the  free-surface 
configuration  In  space,  in  conjunction  with  boun¬ 
dary  Integral  techniques.  The  method  seems 
natural,  and  I  believe  that  essentially  the 
tame  technf  >ue  has  been  used  previously  in  con¬ 
junction  with  finite-element  calculations  (I 
refer  to  the  work  of  Chan,  Larock,  and  Herrmann, 
and  to  Sarpkaya).  I  would  ask  the  author  two 
questions,  though:  1)  Is  the  algorithm  optlaci 
In  any  sense  (speed  of  convergence,  for  example) i 
that  Is,  why  this  method  rather  than  any  other? 
and  2)  Is  It  possible  to  optimize  an  algorithm 
through  mathematical  analysis? 

Finally,  In  designing  nuamrlcal  methods  and 
In  testing  their  accuracy,  I  think  It  Is  Impor¬ 


tant  to  keep  foremost  in  mind  the  results  needed 
from  the  computation  and  to  test  the  computations 
In  terms  of  the  accuracy  of  those  results.  These 
may  often  involve  (jet  flows,  for  instance)  the 
pressures  In  regions  where  cavitation  is  to  be 
feared,  as  at  bends— I  think  of  the  crest  of 
dams  or  spillways,  wnich  were  many  decades  ago 
being  studied  numerically  using  relaxation  tech¬ 
niques,  or  at  tho  entrance  of  valves  as  studied 
by  Chan  and  Larock.  Sometimes  very  sharp  cor¬ 
ners  or  discontinuities  In  shape  or  boundary 
conditions  are  Involved,  and  it  would  then  seem 
appropriate  and  even  in  some  cases  necessary  to 
supplant  numerical  calculations  such  as  proposed 
by  the  author  with  Imbedded  analytic  expansion. 
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Author's  Reply 

by  C.W.  Jiang  and  P.  Leehey 

to  discussion  by  M.P.  Tulin 


The  authors  appreciate  the  cowmen ts  of 
invited  dls.usser  end  will  endeavor  to  reply 
the  questions  raised  by  him. 


The  discusser  made  the  comparison  between 
our  linear  nwerlcal  results  with  Hsu's  (1975) 
non-linear  empirical  expression.  Our  present 
numerical  lifting  surface  theory  is  as  good  as 
Hsu's  non-linear  results  'see  the  figure  pre¬ 
pared  by  the  discusser).  The  empirical  expres¬ 
sion  of  two-dimensional  vaults  of  Hsu  sms 
based  on  the  results  of  -ofessor  Wu  (1956). 
Based  upon  a  comparison  uf  near  and  non-linear 
results  of  Hsu,  discusser  expected  that  our 
linearized  results  would  overpredict  the  re¬ 
sults.  Wu's  (or  Hsu'**  linearized  theory, 
however,  is  not  the  tea-,  at  ours.  Our  numeri¬ 
cal  method  Is  based  or  r*e  Mnaerized  two- 
dimensional  theory  of  thirst  as  expressed  by 
our  Fig  1.  The  following  comparison  of  two- 
dimensional  i.  ft  coefficient  it  instructive: 


wW-11neer(Wu 

11near(Seurst 


o*0.1 

o*0.1 

0*0.436 

a*15° 

a*10° 

a*10° 

0.J7 

0.28 

0.56 

0.4T 

0,2$ 

0.54 

These  relative  errors  are  far  less  than 

thl<M!U?ied,.?y  the,d,scusser  One  may  refer 
this  to  the  discussions  following  the  paper  by 
leehey  and  Stelllnger  (1975)  for  details.  * 

We  also  wish  to  mention  that  the  steady- 
fAitu)«P*r1!ents1  dats  have  hsve  ^ee"  taken 
reasans  by  several  *nv*st1gaters 
S t1.f0ur^years '  A  Anemometer  and  the 
hydrofoils  have  been  modified  for  special  pur- 

tes£-  We  d0  Relieve  those  data 

are  reliable. 

15. Hsu,  C.  C. ,  1975.  Some  remarks  on  the  pro- 
5ne“  of  cavity  flow  studies.  Trans.  ASHE.  J 
Fluids  Engineering,  vol.  97.  pp.  439-448. 

J-  r- *  ,9®5,  A  “te  linear  and  non- 
“  „tt2r  ts  For  fully-cavltated  hydrofoils. 
CIT  01 v.  of  Eng.  i  App.  Scl.  Rept.  No.  21-22. 


Author's  Reply 
Ey~tk.t.  Larock 
to  discussion  by  M.P.  Tulin 

My  responses ^follaw^**0  qUeSt1°"S  t0  th,S  «**"• 
-  ]•  The  major  alternative  to  the  present 

^-  Ur  “?/  US^nt  scheme  fs  somehow  to 

d?t!™y  11111!!1  y  the  stre<m,,ne  tangency  con- 
elthchosen  boundery  values,  then  solve 
the  corresponding  boundary  value  problem,  and 
tn  y,r?i°yfth*  COnstent-pressure  condition 
”  adJ“! st  the  Free  surface;  this  scheme  ap- 
tw*  yTJS  a  way!  “"-convergent  for  high  speed 
llfSJ:  Ihe  elgorlthm  presented  In  the  paper  Is 

ful^and  rhH  y  "  thf  sense  that  11  14  success- 
„nf  M  th*  1 *aJ°r  elternatlve  cited  above  is 

v«tw7T  C*u!!  U  ,a,,s-  In  «•  more  con- 
!enJe'  the  wr,ter  ““'<1  “t  claim  any 
l!r0|l?rt<eI  For  the  present  algorithm, 
’ii'  ,u1t*  Possible  that  the  global 

adjustment  scheme  proposed  by  Hess  (paper  20) 
possesses  advantages  over  the  present  approach. 

2.  I  do  not  know  If  It  Is  possible,  but  I 
US  inM"!  'nterr  ?f  "thematlcians 
Jl1  !L1n  enalysls  In  free- 

surface  adjustment  schemes.  Perhaps  they  could 
•nswtr  the  question  positively. 
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PROGRESS  IN  THE  CALCULATION  OF  NONLINEAR  FREEGURFACE  PROBLEMS 
BY  SURFACE-SINGULARITY  TECHNIQUES 

John  L  Hus 
John  L.  Hsu,  Auoclsttt 
Ions  Bosch,  Conforms 


Abstract 

This  paper  describes  the  status  of  a  computer 
program  for  solving  the  full  nonlinear  problem 
of  a  two-dimensional  body  performing  steady 
translation  near  a  free  surface.  The  method  of 
solution  (s  based  on  distributions  of  simple 
Ranklne-type  singularities  on  the  body  and  on 
the  true  location  of  the  free  surface,  which 
must  be  obtained  by  Iteration.  The  key  is  the 
Iterative  algorithm  for  determining  free  surface 
shape.  It  must  account  for  the  mutual  Influence 
of  verlous  portions  of  the  surface.  Various 
stages  of  development  of  the  procedure  are  des¬ 
cribed,  including  the  final  successful  tech¬ 
nique  based  on  a  higher-order  singularity  pro¬ 
cedure.  Comparisons  are  presented  of  free- 
surfece  shapes  calculated  by  the  present  method 
with  those  calculated  by  a  previous  finite-dif¬ 
ference  solution  for  a  submerged  point  vortex. 
For  the  higher-order  solution,  agreement  Is 
quite  good.  Future  directions  of  the  work  are 
Indicated. 

Introduction 

The  problem  gf  Interest  Is  that  of  the 
steady  translation  of  a  body  In  the  presence 
of  a  free  surface.  The  fluid  below  the  free 
surface  Is  Invlscld  and  Incompressible,  and  the 
flow  Is  Irrotatlonal  so  that  It  Is  a  potential 
flow  governed  by  taplace's  equation.  The  fluid 
pressure  Is  constant  all  over  the  free  surface. 
In  three-dimensions  this  problem  finds  Its  chief 
application  In  the  calculation  of  wave  resist¬ 
ance  both  for  surface  ships  (the  surface- 
piercing  case)  and  for  undersea  vehicles  (the 
submerged  case).  In  two  dimensions  the  flow 
about  hydrofoils  Is  chief  application.  Although 
the  problem  of  mein  practical  Interest  Is  the 
three-dimensional  one,  besausn  of  Its  very  for¬ 
midable  nature,  the  present  cffv  has  been 
devoted  to  the  two-dimensional  problem,  where 
the  only  solution  techniques  considered  are 
those  with  direct  three-dimensional  analogies. 

The  intention  Is  to  attempt  to  solve  this 
problem  In  Its  full  generality,  l.e.  without 
any  assumptions  of  small  perturbations  In  regard 
to  either  the  body  or  the  free  surface.  This 
is  a  nonlinear  problem  because  the  location  of 
the  free  surface  Is  unknown  and  aitt  be  solved 
for  as  part  of  the  problem.  The  method  of  solu¬ 
tion  to  be  used  Is  the  surface-singularity 
approach  (reference  1),  which  utllites 


singularity  distributions  -  source,  dipole, 
vortlclty  -  on  the  surface  of  all  bodies  and  on 
the  true  location  of  the  free  surface.  This  Is 
In  contrast  to  small-perturbation  approaches 
that  use  singularity  distributions  Interior  to 
the  bodies  and/or  on  the  undisturbed  location  of 
the  free  surface.  In  the  surface  singularity 
approach,  the  strengths  of  these  singularities 
are  determined  from  the  boundary  conditions  In 
terms  of  Integral  equations,  which  are  approxi¬ 
mated  by  matrix  equations  for  numerical  Ixple- 
mantatlon.  The  singularities  used  are  of  the 
simple  "Ranklne  type,"  which  are  appropriate  for 
problems  without  a  free  surface.  For  example, 
the  point  source  potential  Is  1og(l/r),  whare 
r  Is  distance  between  the  source  and  the  point 
where  the  potential  Is  evaluated. 

General  Description  of  thm  Flow  Problem 

It  Is  supposed  that  a  body  Is  translating  par¬ 
allel  to  a  free  surface  with  uniform  velocity 
U.  By  superposing  the  negative  of  tht  body's 
translational  valoclty  on  the  entire  velocity 
field,  the  problem  can  be  stated  as  shown  in 
Figure  1.  The  body  surface  S,  which  nay  be 
multiply-connected,  Is  stationary  In  th#  presence 
of  a  uniform  onset  flow  of  magnitude  U  parallel 
to  the  positive  x-ax1s.  Above  the  body  at  a  lo¬ 
cation  y  •  n(x)  that  must  b*  determined  Is  the 
free  surface,  which  Is  a  streamline  of  the  flow 
along  which  the  pressure  is  constant.  The  flow 
field  for  y  <  n(x)  Is  a  potential  flow,  which 
has  aero  normal  component  on  5  and  approaches 
the  uniform  freestreem  for  x  •  —  or  y  * 

(For  dtfinltaness  the  Infinite-depth  case  Is 
considered,  but  the  finite-depth  case  My  b* 
handled  by  use  of  a  single  Image  of  the  body  and 
free  surface.)  Tht  undisturbed  position  of  the 
free  su-free  Is  y  ■  n  •  0. 

if  the  tangential  valoclty  at  any  point  an  the 
free  surface  Is  denoted  V,  the  constant-pres¬ 
sure  condition  can  be  written 


V2  *  fgn  •  tJ2 

0) 

V  ■  ft  -  fgn 

<*) 

<*ere  g  Is  the  acceleration  of  gravity. 

To  solve  this  problem  by  a  surface  singular¬ 
ity  approach,  the  body  surface  S  is  covered 


V* 


r 

1 


Fig.  1  A  two-dimensional  lifting  body  perform¬ 
ing  steady  translation  near  a  free 
surface. 

with  a  source  density  distribution.  (There  Is 
also  vortlclty  to  produce  circulation  about  S 
In  lifting  cases.)  The  free  surface  Is  covered 
with  either  a  source  or  a  vortlclty  distribu¬ 
tion.  The  two  distributions,  l.e.  on  the  body 
and  the  free  surface,  are  determined  from  the 
boundary  conditions  on  the  body  and  free  surface. 
However,  there  are  three  boundary  conditions, 
l.e.  zero  normal  velocity  on  S  and  on 
y  ■  n( x)  and  constant  pressure  on  y  -  n(x). 
Thus,  two  singularity  distributions  are  Insuf¬ 
ficient,  and  an  additional  "degree  of  freedom" 

Is  necessary.  This  Is  the  location  y  «  n(x), 
which  (s  determined  from  the  boundary  conditions 
along  with  the  source  and  vortlclty  distribu¬ 
tions. 

The  surface  singularity  method  requires  that 
the  locations  of  all  boundaries  be  known.  The 
"rej-surface  problem  must  be  attacked  by  Itera¬ 
tion.  At  any  stage  the  location  of  the  free 
surface  Is  assumed  and  a  flow  calculation  Is 
performed.  Presumably  one  (or  both)  of  the 
boundary  conditions  on  the  fret  surface  are  not 
satlt'led.  Based  on  some  algorithm  the  location 
of  the  free  surface  Is  then  changed,  and  the  cal¬ 
culation  Is  repeated.  The  above  process  Is 
Iterated  until  convergence  (In  some  sense)  1$ 
obtained.  The  algorithm  for  altering  the  free- 
surface  location  Is  highly  nonunique.  Kany 
possibilities  can  be  postulated  and  probably 
most  of  them  lead  to  a  divergent  process.  The 
main  task  in  applying  the  surface  singularity 
method  to  the  free-surfece  problem  is  selection 
of  a  convergent  algorithm.  This  Is  somewhat 
similar  to  the  clastic  inverse  problem,  where 
the  velocity  distribution  on  a  surface  Is  speci¬ 
fied  and  th*  surface  thepe  must  be  computed. 

Betically  the  calculation  can  proceed  In  one 
of  two  general  ways.  At  each  stage  It  can  sat¬ 
isfy  the  condition  of  zero  normal  velocity  on 
S  and  on  y  •  n(x)  and  then  MereU  to  obtain 
constant  pressure  on  v  •  n(»).  Alternatively, 
it  aach  stage  It  can  satisfy  the  condition  of 
zero  normal  velocity  on  5  and  the  cotillon  of 
constant  pressure  n  y  *  n(«)  and  then  Iterate 
to  obtain  zero  normal  velocity  y  •  n(x). 

Mitle  both  possibilities  aust  be  kept  In  mind. 

It  Is  the  second  one  that  has  been  used  success¬ 
fully  In  Inverse  problems,  and  It  »at  been  given 
flr-t  attention.  Similarly  either  e  source  or  a 
vortlclty  distribution  may  be  used  on  the  free 
surface.  So  far  the  use  of  a  vortex  distribution 
on  the  free  surface  has  proven  more  effective, 


Strictly  speaking,  It  is  not  sufficient  to 
consider  only  the  free  surface  and  the  body  as 
boundaries  of  the  problem.  The  domain  should  be 
closed  by  the  addition  of  three  more  boundaries: 

(1)  an  x  >  constant  boundary  at  a  large  negative 
value  of  x  on  which  freestream  conditions  (nor¬ 
mal  velocity  equal  to  U)  are  prescribed;  (2)  a 
y  -  constant  boundary  at  a  large  negative  value 
of  y  on  which  zero  normal  velocity  is  prescribed; 
and  (3)  an  x  *  constant  boundary  at  a  large 
positive  value  of  x  on  which  a  "radiation  con¬ 
dition"  of  downstream  waves  Is  applied.  However, 
the  philosophy  that  has  been  followed  In  the 
present  work  has  been  to  try  the  simpler 
approaches  first  and  to  add  complications  only 
when  these  simpler  approaches  prove  inadequate. 
Accordingly,  the  above  three  additional  bound¬ 
aries  have  been  Ignored  In  the  work  to  date. 

This  Is  equivalent  to  the  assumption  that  these 
boundaries  will  have  weak  enough  singularity 
strengths  to  give  a  negligible  effect  In  the 
vicinity  of  the  body.  Almost  certainly  it  will 
always  be  possible  to  Ignore  boundary  (2),  but 
some  form  of  boundary  (3)  may  prove  necessary 
In  the  future. 

The  Prototype  Problem 

To  conserve  computing  time  during  the  search 
for  a  convergent  Iteration  algorithm,  the  mech¬ 
anism  responsible  for  disturbing  the  free  surface 
has  been  taken  as  a  submerged  point  vortex,  as 
shown  In  Figure  2,  rather  than  a  lifting  body, 
as  shown  In  Figure  1.  Some  distance  from  the 


Fig.  2  The  prototype  problem.  Flow  about  a 
submerged  point  vortex. 

body  Us  velocity  field  approaches  that  of  a 
point  vortex,  so  this  appears  to  be  a  reasonable 
approximation.  In  any  ease  It  Is  known  from  the 
literature  that  the  shape  of  the  free  surface 
due  to  a  submerged  point  vortex  Is  qualitatively 
slmller  to  that  due  to  a  submerged  lifting  body. 
Thui,  It  Hktly  that  My  propotod  1tar«- 
tier.  itgsrUhn  for  determining  ti*  free-surfece 
shape  would  either  converge  for  both  a  point  vor¬ 
tex  and  a  lifting  body  or  diverge  for  both.  The 
string  in  computing  time  comet  frtrn  the  feet  that 
only  the  free  surface  need  be  defined  by  surface 
elements.  Thus,  the  order  of  the  matrices  that 
■»*  bn  formed  and  solved  Is  reduced.  Another 

rttftOfi  for  consider (no  tio  point  vorto* 
It  tnat  this  cm  bit  boon  coniidt*od  by  provlovt 
iwoitlsotort,  notably  von  Korciok  and  Salmon 
(rofaroncot  2  and  3),  Tim*,  lolutom  obtalnod 


m 


by  the  present  method  of  this  report  can  be  com¬ 
pared  with  theirs  to  yield  an  essential  quanti¬ 
tative  test  of  accuracy. 


Its  Image  (If  any).  Then  the  total  normal  and 
tangential  components  of  velocity  at  (*i ,  yi) 
are 


The  essentials  of  the  point  vortex  problem 
are  Illustrated  In  Figure  2.  The  vortex  which 
has  a  strength  K,  Is  located  at  the  point 
x  *  0,  y  ■  -h.  Here  K  •  r/2»  where  r  ;s  the 
circulation.  The  problem  has  been  addressed  both 
with  and  without  an  image  vortex  of  equal  and 
opposite  strength  at  the  point  x  *  0,  y  •  +h, 
and  It  was  encouraging  to  note  that  the  conver¬ 
gent  algorithms  yielded  exactly  the  same  results 
In  both  cases.  During  most  of  the  work  to  date, 
an  Image  vortex  was  Included.  All  cases  follow 
references  2  and  3  In  using  a  freestream  velocity 
U  of  10  feet  per  second  and  a  submergence  depth 
h  of  4.5  f*et.  Various  vortex  strengths  K  are 
considered,  which  lead  to  various  wave  heights. 
During  most  of  the  present  effort  only  reference 
2,  not  reference  3,  was  available.  In  tnls  paper 
all  caparisons  are  for  the  two  vortex  strengths 
of  reference  2,  K  *  al.lS  and  A  *  -1.4.  It 
should  also  be  noted  that  the  results  of  refer¬ 
ences  2  and  3  have  been  ootalned  for  a  finite 
fluid  depth  of  9.5  feet,  so  that  perfect  agree¬ 
ment  with  the  inflnlte-deoth  results  of  the 
present  method  cannot  be  expected. 

The  free  surface  Is  represented  by  singular¬ 
ity  distributions  from  xq  or  xq  (see  below) 
to  xn  (Figure  2).  From  xg  to  x„  the 
velocity  Is  required  to  satisfy  the  free-surface 
condition  of  constant  pressure  and  the  shape  Is 
allowed  to  vary  to  produce  a  condition  of  zero 
normal  valoclty.  The  physical  variables  are 
U,  h,  and  K.  The  "numerical  variables”  are 
xq.  Xn.  Xq.  and  tha  aliment  length  ax  - 
-  xi  which  Is  used  to  define  the  free  surrtce. 

In  111  cases  presented,  a  constant  spacing  Is 
usad.  and  ax  Is  a  slngla  mmhar. 

To  Implement  the  surfece  singularity  method 
of  reference  1,  the  free  surface  or  Its  approxi¬ 
mation  Is  represented  by  a  set  of  points  (xj, 
yi ) .  During  the  course  of  Iterating  for  the 
free-rurface  shape,  the  xi  remain  fixed  end 
the  yj  ere  altered.  The" portion  of  the  sur¬ 
face  bltween  two  successive  points  (x,.  yj ) 
end  («.*).  Vui)  Is  a  surface  element  on  wntch 
singularity  (in  this  case  vortlctty)  1$  distrib¬ 
uted.  In  the  “first-order”  version  of  the 
aethod  the  surface  element  Is  e  straight  line 
from  (xj,  yi)  to  (itj»| .  vj*j )  on  uhleh  the 
singularity  Is  constant.  In  tha  more  accurate 
•higher-order”  version  (references  1  and  4)  the 
element  la  4  parabola  and  tha  singularity  varies 
linear! ly.  boundary  conditions  ire  applied  at 
a  single  control  point  (as,  yi)  of  each  ale- 
nant.  and  tbts  point  It  thi  ntspolnt  of  tha  ele- 
nent  In  both  versions . 


let 


control  pitnt  of  the  3th  el 


denote  the  vortlelty  strength  at  tie 
1  let  ‘ 


nt, 


»ti  he,  respectively,  the  nor*)  and 
ential  egaonants  of  velocity  at  the  control 
point  (if>  yi)  of  tbn  ith  elamont  due  to  a  wit 
value  of  vortictty  at  the  control  point  a f  the 
jth  element.  Further,  let  V-,,  end  vvT,  be. 
respectively.  Jh»  nonal  and  IShgenttel  ce*on- 
<nts  at  (xi,  yi)  vwe  to  the  point  vortex  and 


VN1  *  SA|j»j  u  s1n°i  +  VyN1  W 


VT,  ■  ♦  U  cosa,  +  VyT<  (4) 

whore  Is  the  slope  angle  of  the  1th  element 
as  shown  In  Figure  2,  and  where  the  summations 
are  over  all  elements .  The  eguetlons  thet  must 
be  satisfied  are 

VM  '  0  (6) 

VTi  -^l2  -2gy,  =  V,(7,)  (6) 

In  the  present  procedure  the  free-surface  shape 
Is  assumad,  and  the  uj  are  outlined  as  solu¬ 
tions  of  the  simultaneous  linear  equations  (6) 
with  left  sides  given  by  (4),  l.e.  the  ih  are 
determined  to  satisfy  the  constant-pressure 
boundary  condition.  These  values  are  then  used 
In  (3)  to  calculate  normal  velocities,  which  are 
not.  In  general,  equal  to  zero.  An  Iterative 
algorithm  is  then  applud  to  alter  the  free- 
surface  shape. 


local  Algorithms 

The  simplest  algorithm  coaqiutes  the  change  of 
slope  angle  faj  of  each  element  es 

So,  •  tan",(VN1/VT1)  (7) 

These  ere  added  to  the  -(  to  obtain  new  :1 . 
which  In  turn  ere  usad  to  calculate  new  y( 
successively,  beginning  with  some  fixed  upstream 
value.  Then  the  entire  calculetton  Is  repeated. 
This  algorithm  converges  for  the  classical 
Invars*  problem  of  potential  flow,  In  which  the 
prescribed  value  of  tangential  velocity  at  each 
(>1>  Hi)  Is  independent  of  location,  but  It 
diverges  In  the  present  application. 

This  algorithm  may  be  called  local  because  the 
local  slope  correction  Is  determTne3~from  the 
local  deviation  of  the  calculated  results  from 
the  satisfaction  of  the  boundary  condition. 

Three  such  algorithms  have  baen  Investigated 
and  all  diverged. 


global  Algorithms 

To  obtain  convergence  H  Is  necessary  to 
amploy  a  global  Iterative  algorithm  tdilch  con¬ 
siders  the  afreets  at  other  elementa  of  a 
change  In  aj  and  whlch  slmiluneoutlv  com¬ 
puted  (to  flfit  order)  changed  in  alope  angle 
and  vortlelty  strength  that  correct  the  normal 
velocities  while  maintaining  the  conatent  pres¬ 
sure  condition  on  all  elementa.  It  ahould  be 
empheslied  tnat  the  final  converged  shape  Is 
not  In  any  sense  e  smell -perturbation  solution. 
Wills  small -perturbation  formula?  are  used  to 
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compute  shape  correcti-'ns,  each  iteration  per¬ 
forms  a  full  potential-flow  solution  in  the 
sense  of  reference  2.  Thus,  the  converged  solu¬ 
tion  has  the  correct  normal  velocity  (zero)  and 
the  correct  tangential  velocity  for  constant- 
pressure.  Deviations,  if  any,  of  the  computed 
shape  from  the  correct  shape  can  only  he  due  to 
nonunigueness  of  the  basic  problem  and  to  numer¬ 
ical  discretization,  namely  the  finite  length  of 
the  elements  and  the  finite  locations  of  the 
*M,  xo  and  *n- 

Basically,  a  change  of  shape  of  the  free 
surface  affects  the  locai  velocities  in  four 
ways: 

1.  Rotation  of  the  local  surface  through  a 
fixed  velocity  field. 

2.  Change  of  vorticity  strength  with  fixed 
induced-velocity  matrices. 

3.  Change  of  induced-velocity  matrices  with 
fixed  vorticity  strengths. 

4.  Effect  of  vertical  translation  on  vortex 
velocity  and  on  the  constant  pressure  boundary 
condition. 

The  local  Iterative  algorithm  accounts  only  for 
effect  1,  while  the  global  algorithm  below 
accounts  for  effects  1,  2,  and  4.  Experience 
indicates  that  effect  3  may  be  ignored  safely 
if  surface  slopes  are  as  low  as  those  occurring 
In  surface  wave  problems. 

When  the  free-surface  shape  is  altered,  first- 
order  changes  In  the  velocity  components  (3)  and 
(4)  are 
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A  simple  geometric  calculation 

«y(  *  £PjSaj  00) 

expresses  the  changes  in  vertical  displacement 
in  terms  of  slope  angle  changes.  The  conditions 
to  be  satisfied  are 


«VT,  ■  <Vyi>  ~  [V|(y()]«y,  U2) 

3yi 

Dying  (8),  (9)  and  (10)  in  (11)  and  (12)  givey 
a  set  of  linear  eguattony  for  Jui  and  «aj, 
the  latter  of  which  yields  a  new  free-yurfate 
shape  y<-  Thus,  the  flow  calculation  can  be 
repeated: 


In  all  cases  the  initial  approximation  to  the 
free-surface  shape  is  the  undisturbed  location  of 
the  free  surface  y  =  0. 

Representation  of  the  free  Surface 
(TOT No  Flat 

The  initial  form  of  the  global  algorithm 
fixed  the  upstream  end  of  the  free  surface  at 
x  -  xq,  y  -  0  (Figure  2)  and  applied  the  above 
equations  to  the  entire  free  surface  from  xq 
to  Xfj.  Some  of  the  results  obtained  for  the 
free-surface  shape  are  compared  with  correspond¬ 
ing  results  from  reference  2  in  Figures  3  and  4. 


- —  »J*t»ICH  CAUUUT1W,  >0N  UlCffr 

MO  VkfIM* 

. -.KOI*  0W«  THfWV 

Fig.  3  Free-surface  shapes  for  K  =  +1.15. 

First-order  solution,  no  flat.  Ax  a  1 . 
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Fig.  \  Free  surface  shapes  for  K  ■  -1.4. 

First-order  solution,  no  flat,  ax  ■  1 . 

One  very  gratifying  result  is  evident  from 
these  figures,  namely  that  the  present  cal  "la- 
tlons  yield  waves.  This  was  not  at  all  ol  ous 
a  priori.  A  monotonic  shape  might  have  been 
obtained.  However,  the  one  constantly  occurring 
result  in  applying  the  present  method  Is  that  It 
always  gives  waves,  even  In  divergent  cases. 
Moreover,  the  waves  have  approximately  the  cor¬ 
rect  wave  lengths. 

While  the  results  of  Figures  3  and  4  are  not 
absurd,  they  are  clearly  unacceptable  as  results 
of  a  method  of  quantitative  p«*ed1ction.  However, 
attempts  to  Improve  the  results  oy  decreasing 
the  point  spacing  ax  lead  to  divergence.  In 
fact,  any  change  in  ax  leads  to  divergence. 
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The  iterations  only  converge  for  ax  -  1 ,  a 
clearly  unacceptable  situation  that  requires  a 
new  approach. 

Representation  of  the  Free  Surface 
with  an  Initial  Ha~t 


To  render  the  calculation  more  stable,  the 
free  surface  Is  preceeded  by  an  initial  "flat" 
that  Is  constrained  to  lie  along  tha  x-axIs. 
Specifically,  the  portion  of  the  free  surface 
from  xm  to  xq  (Figure  2)  Is  required  to  lie 
along  y  -  0,  and  the  tangential  velocity  Is 
required  to  equal  the  freestream  velocity  U. 

The  remainder  of  the  free  surface  from  xg  to 
xn  Is  treated  as  described  above.  On  x,,  <  x 
< xg  both  source  density  and  vortlclty  are 
used  to  handle  the  two  boundary  conditions,  and 
the  above  Iterative  equations  are  modified  In 
that  region  to  account  for  two  singularity 
changes  with  no  change  of  shape.  It  was  found 
by  numerical  experiment  that  as  long  as  the  flat 
has  a  certain  minimum  length  necessary  to  ensure 
convergence,  further  Increase  In  the  length  of 
the  flat  has  virtually  r,o  effect  on  the  results. 
Computed  results  are  presented  for  flats  of  suf¬ 
ficient  length  without  specifically  listing  that 
length.  Usually  xM  *-20  is  sufficient.  More¬ 
over,  unless  otherwise  stated  the  end  of  the 
flat  xg  Is  at  -10. 

Calculated  results  for  the  two  vortex  strengths 
considered  are  shown  In  Flqures  5  and  6  for  a 
very  short  representation  of  the  free  surface 
(termination  on  the  figure)  and  a  unit  point 
spacing.  The  wave  heights  agree  rather  well 


Flq.  5  Free  surface  shapes  for  K  •  >1.15. 
First-order  solution.  <ix  ■  1 . 


Flo.  6  Fret  surface  shapes  for  K  *  -1.4. 
First-order  solution,  ax  •  1 . 


with  those  of  reference  2,  but  the  wave  lengths 
are  somewhat  too  long.  Unfortunately,  this 


solution  Is  sensitive  to  the  magnitude  of  the 
numerical  variables.  Figure  7  shows  free-surface 
shapes  calculated  by  the  present  method  for  three 
values  of  the  downstream  termination  point  X|j. 
All  three  calculated  shaoes  have  the  same  wave 
length  (which  Is  somywhat  In  error)  and  the  same 
locations  of  peaks  and  zeros.  However,  the  wave 
height  Is  evidently  dependent  on  the  downstream 
termination  point. 
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Fig.  7  Free  surface  shaoes  tor  K  *  +1.15. 

First-order  solution,  nr  *  1.  Effect 
of  downstream  termination. 

An  effort  to  Increase  the  accuracy  of  the 
calculated  solution  by  reducing  the  point  spac¬ 
ing  to  ax  •  0.5  Is  shown  In  Figure  8.  The 
wave  height  Is  significantly  overpredicted  for 
the  case  with  the  flat  extending  to  xg  -  -10, 
and  an  erroneous  "bump11  at  negative  values  of 
x  is  evident.  Moving  the  flat  termination  to 
xo  *  -5  removes  the  bump  and  reduces  the  wave 
height,  but  the  wave  height  Is  still  Incorrect 
and  the  wave  length  Is  still  In  error. 
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Fig.  8  Free-surface  shapes  for  K  •  +1.15. 
first-order  solution,  ax  •  0.5. 
Effect  of  flat  termination. 


A  Nonuniqueness  Due  to  Numerical  Inaccuracy 

It  turns  out  that  the  above-described  sensi¬ 
tivity  of  the  results  to  the  numerical  parameters 
Is  due  to  a  nonuniqueness  arising  from  Insuffici¬ 
ent  numerical  precision  In  the  first-order  formu¬ 
lation  of  the  turface-slngularlty  technique. 

This  can  be  Illustrated  by  a  sample  calculation. 
An  original  shape  was  selected  that  Is  flat  from 
x  *  -30  to  x  •  -10  and  that  has  a  wave-like 
shape  for  x  >  -10.  It  Is  showr  as  a  solid  curve 
In  Figure  9.  Flow  about  this  shape  in  the 
presence  of  a  uniform  onset  flow  parallel  to  the 
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Fig.  9  Nonuniqueness  study 

x-axis  was  calculated  using  a  surface  source 
distribution  and  a  point  spacing  ax  ■  1 .  The 
resulting  surface  velocity  distribution  was  input 
into  a  program  using  surface  vorticitu  that  was 
required  to  reproduce  the  surface  velocity.  If 
the  problem  had  a  unique  solution,  the  resulting 
normal  velocity  distribution  should  be  vanish¬ 
ingly  small.  Instead  tt  was  a  periodic  function 
with  maximum  value  equal  to  5%  of  freestream 
velocity.  When  the  shape  was  allowed  to  alter 
itself  iteratively  to  produce  both  the  prescribed 
tangential  velocity  and  lero  nrrmal  velocity, 
shapes  like  those  shown  in  Figu-e  9  were  obtained 
for  different  downstream  terminations.  These 
differ  from  the  original  curve  ty  amounts  similar 
to  those  of  the  preceeding  figure,  it  is  not  a 
question  of  the  finite  length  of  the  shape, 
because  termination  at  x  >  50  g*ve  essentially 
the  same  results  as  that  for  x  *  50  (Figure  9). 

If  the  above  p-ocedure  is  carried  cut  with  the 
same  point,  spacing  using  the  higher-order  version 
of  the  surface  singularity  technique  (references 
I  and  4),  the  magnitude  of  the  normal  velocity 
that  expresses  the  degree  of  nonuniqueness  is 
reduced  from  5i  of  freestream  velocity  to  O.St. 
Thus,  with  some  suitable  upstream  point  fixed, 
the  iterated  shape  would  be  only  about  a  tenth 
as  far  from  the  orlqinal  shape  as  the  iterated 
shapes  of  Figure  9.  This  would  be  quite  accept¬ 
able  accuracy,  and  It  implies  that  use  of  the 
higiu'--order  version  is  the  key  to  quantitative 
accuracy  of  the  present  method.  This  appears 
to  be  the  case. 

Higher-Order  Procedure 

When  the  higher-order  surface  singularity 
procedure  of  reference  4  is  incorporated  into 
the  above  described  global  iteration  procedure 
with  initial  flat,  the  result  Is  a  method  that 
appears  to  be  quite  successful  in  predicting 
free-surface  shapes.  Moreover,  it  appears  to 
ba  stable  with  respect  to  the  numerical  param¬ 
eters.  Calculated  results  for  vortex  strengths 
of  +1.15  and  -1.4  are  shown  in  Figures  10  and 
II,  respectively.  The  egreewnt  of  the  wave 
shapes  obtained  by  the  present  method  with 
thoae  from  reference  ?,  is  essentially  exact 
whan  due  eccount  is  taken  of  the  fact  that  the 
shapes  trom  refarence  2  have  been  calculated 
for  a  finite  depth  by  a  numerical  procedure. 

The  curve  of  the  present  method  in  Figure  10 
represents  three  graphically  Indistinguishable 
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Fig.  10  Free-surface  shapes  for  K  .  +1.15. 
Higher-order  solution,  ax  ■  1 . 
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Fig.  11  Free-surface  shapes  for  K  =  1.4. 

Higher-order  solution,  ax  «  1 . 
solutions  obtained  for  the  same  three  locations 
of  downstream  termination  that  are  shown  in 
Figure  7.  Figure  11  shows  two  barely  distin¬ 
guishable  results  obtained  for  two  downstream 
terminations.  Thus  the  higher-order  iterative 
procedure  is  apparently  an  accurate  reliable 
method  of  obtaining  nonlinear  free-surface 
shapes  that  had  previously  been  obtained  only 
by  a  much  more  time-consuming  finite-difference 
technique.  No  further  refinement  seems  to  be 
required  at  least  for  the  two  vortex  strengths 
shown,  although  some  additional  testing  with 
different  spacing  ax  Is  planned.  Stronger 
vortices  having  greater  wave  heights  remain  to 
be  investigated  (see  below). 

Sumnary  of  Iterative  Algorithms 

For  the  two  vortex  strengths  considered  above 
the  results  of  tests  of  the  iterative  algorithms 
may  ba  summarlred  as  follows: 

1.  Local  algorithms  -  always  divergent. 

2.  Global  algorithms,  no  flat  -  divergent 
except  for  ax  ■  1 . 

3.  Global  algorithm  with  flat  convergent 
but  results  sensitive  to  nuxmrlcal  parameters. 

4.  Higher-order  global  algorithm  with  flat  - 
always  convergent.  Results  insensitive  to  numer¬ 
ical  parameters. 

Directions  of  Future  Work 

One  modification  will  ba  wde  to  tha  higher- 
order  procedure.  It  can  be  noticed  in  Figures 
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10  and  11  that  the  calculated  curves  have  errone¬ 
ous  bumps  or  bulges  1 mediately  downstream  of 
x  =  -10,  the  end  of  the  flat.  These  are  due  to 
the  fact  that  the  numerical  differentiation  pro¬ 
cedures  In  the  higher-order  method  are  somewhat 
unstable  at  the  junction  of  the  flat  and  the 
curved  portion  of  the  free  surface.  A  straight¬ 
forward  modification  should  remove  the  instabil¬ 
ity  and  smooth  the  bulges.  Evidently,  this  flaw 
In  the  method  does  not  have  a  large  effect  on  the 
calculated  free  surface  for  these  vortex  strengths, 
but  It  might  at  larger  strengths. 

Some  improvement  of  the  iteration  procedure 
seems  desirable  and  quite  possible.  r<gure  1? 
shows  the  free  surface  shape  confuted  by  the 
present  method  in  the  first  iteration  and  in  the 
final  sixth  Iteration  for  which  the  normal  veloc¬ 
ity  is  everywhere  less  than  0.1S  of  freestream 
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Fig.  12  Free-surface  shapes  for  K  »  -1.4. 
Higher-order  solution.  Ax  *  1 . 

First  and  final  Iterations. 

velocity.  Thus,  one  Iteration  carries  the 
solution  from  the  x-axIs  (the  initial  guess) 
to  the  substantially  correct  first-iteration 
curve,  while  five  more  Iterations  are  required 
to  make  the  relatively  small  adjustment  from 
this  curve  to  the  sixth-iteration  curve.  It 
seems  likely  chat  this  performance  could  be 
Improved  and  the  number  of  iterations  reduced. 


The  most  Important  area  of  future  effort  is 
the  calculation  of  free  surfaces  having  larger 
wave  heights.  Recently  data  were  obtained  from 
Or.  von  Kerczek  that  define  the  free-surface 
shapes  obtained  for  a  large  number  of  vortex 
strengths  as  reported  (but  not  presented)  in 
reference  3.  Cases  have  been  successfully 
computed  using  the  present  method  for  vortex 
strengths  of  +1.7  and  -2.3  for  which  the  wave 
heights  are  approximately  501  larger  than  those 
for  +1.15  and  -1.4.  The  calculated  free-surface 
shapes  are  only  slightly  less  accurate  and 
slightly  more  sensitive  to  downstream  termina¬ 
tion  than  the  cases  shown  in  Figures  10  and  11.  • 
Tine  did  r.c  +  ;■  "nr.lt  inclusion  of  graphs  of  these 
results  In  the  present  paper.  A  case  has  been 
attempted  fur  K  «  +2.7  for  which  the  wave 
heights  are  twice  as  high  as  the  above  and  of 
the  size  that  experimental  results  indicate  are 
on  the  verge  of  breaking.  This  case  did  not 
converge,  and  it  is  planned  to  devote  consider¬ 
ate  effort  to  obtaining  convergence  in  cases 
of  large  wave  height. 
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Abstract 

A  numerical  procedure  is  presented  for  solving 
free  surface  flow  problems.  The  boundary  value 
problem  in  terms  of  Laplace’s  equation  subject 
to  non-linear  free-surface  boundary  conditions 
is  considered  to  be  composed  of  tvo  fundamental 
subproblemB . 

The  first  problem  is  defined  on  a  fluid  domain 
vith  a  fixed  boundary  and  1b  known  as  the  Neumann 
problem  whereas  the  second  problem  consists  of 
the  determination  of  an  improved  position  of 
this  boundary.  The  solution  is  obtained  by  a 
process  of  successive  iteration  on  both  sub- 
problems.  In  view  of  the  intended  extension  to 
the  three-dimensional  case,  the  Neumann  problem 
is  solved  by  a  procedure  using  finite  elements 
in  a  dimension  lowered  by  one  as  a  result  of 
an  approximation  by  splines. 

Up  to  now  the  correction  of  the  free  surface 
has  been  developed  in  a  two-dimensional  version. 
The  procedure  was  applied  to  the  two-dimensional 
steady  state  problem  of  a  running  stream  with 
a  flat  bottom.  Then,  somewhere  upstream  a 
disturbance  of  the  free  surface  is  introduced 
in  order  to  calculate  the  effect  in  downstream 
direction.  Besides  this,  numerical  results  were 
obtained  for  a  running  stream,  upstream  undis¬ 
turbed,  with  a  bump  on  the  bottom. 

I.  Introduction 

Contrary  to  methods  using  singularities  *  at 
tht  boundary  of  the  flow  region,  the  solution 
of  the  problem  of  determining  the  wave  resis¬ 
tance  or  a  moving  obstacle  partially  immersed 
in  the  fluid  is  based  on  a  direct  numerical 
method.  The  advantage  of  this  approach  arises 
when  the  method  is  extended  to  cover  the  case 
where  the  non-linear  effects  resulting  from  the 
dynamic  free-surface  boundary  condition  is  taken 
into  account  and  attemps  are  made  to  solve  the 
three-dimensional  problem.  The  direct  approach 
appears  from  the  simplicity  of  the  procedure 
to  solve  basically  the  Neumann  problem  on  the 
one  hand,  and  the  problem  of  improving  the 
free-surface  elevation  on  the  other  hand.  The 
difficulty,  however, is  whether  convergence  can 
be  achieved  when  both  aubprotlems  are  solved  in 
an  iterative  vay.  Starting  to  solve  the  Neumann 
problem  which  is  formulated  on  a  fluid  domain 
of  a  known  shape,  it  is  evident  that  the  results 
can  be  used  to  calculate  a  new  free-surface 
elevation  from  the  dynamic  free-surface  boun¬ 
dary  condition.  The  kineiaatic  free-surface 


condition  is  again  satisfied  if  the  calculation 
is  continued  by  solving  the  Neumann  problem  for  . 
the  new  fluid  domain  etc . ,  but  generally  the 
correct  solution  is  not  obtained.  This  is 
illustrated  in  the  example  of  a  symmetrical 
bump  on  the  bottom  of  a  running  stream. 

Assuming  undisturbed  flow  upstream  of  the  bump 
the  above-mentioned  procedure  leads  to  a 
solution  which  reproduces  an  unchanged  symmetry 
of  the  free  surface  vith  respect  to  the  vertical 
axis  through  the  top  of  the  bump.  In  fact,  a 
singularity  is  croatc'l  at  the  free  surface.  As 
a  result,  no  waves  are  found  downstream  of  the 
bump.  The  example  demonstrates  that  the  proce¬ 
dure  must  be  extended  in  order  to  satisfy  the 
radiation  condition  downstream  of  the  obstruc¬ 
tion.  This  paper  contains  an  explanation  of 
this  extension  in  the  two-dimensional 
representation. 

The  Neumann  problem  is  solved  by  a  procedure 
which  is  baaed  on  an  approximation  with  splines 
along  one  coordinate.  This  coordinate  is 
eliminated  by  a  collocation  method  which  is 
combined  vith  a  transformation  of  the  system 
of  differential  equations  into  a  system  of 
dominant  diagonal  terms.  Each  equation, 
described  in  a  lower  dimension  is  individually 
solved  by  a  Oalerkin  finite  element  method,  this 
operation  being  part  of  a  process  of  successive 
iteration  on  the  complete  set  of  equations.  The 
procedure  was  developed  for  three-dimensional 
flows  ** .  but  in  view  of  the  low  computation 
time  the  method  is  successfully  used  in  the 
two-dimensional  version  for  the  problems  in 
consideration. 

II.  Mathematical  Formulation 


We  consider  steady  uniform  flow  past  a  fixed 
two-dimensional  bump  on  the  bottom.  The  undis¬ 
turbed  free  surface  upstream  of  the  bump  is  at 

**  ref.  7,8 


►  ref,  1 ,  2,  3,  fc,  •> 
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a  constant  value  hu  above  the  bottctn.  The  flow 
is  treated  as  steady  and  irrotational.  It  is 
assumed  that  the  fluid  is  ir.viscid,  incompres- 
bible  and  without  surface  tension.  This 
two-dimensional  steady-state  potential  flow 
problem  is  formulated  in  terms  of  a  velocity 
potential  #(x,y)  which  satisfies  LaplAce's 
equation 


everywhere  in  the  fluid  domain.  The  potential 
must  also  satisfy  the  following  boundary  condi¬ 
tions  : 

1)  on  the  unknown  free  surface  y  *  n(x) 
a)  the  kinematic  conuitior  is: 


free  surface  y  =  (x).  The  x3  coordinate 

coincides  with  the  vertical  coordinate  y 
and  x’  is  the  coordinate  perpendicular  to  both 
x2  and  x^.  (Fig.  3.1). 

3 

y  l* 


JL1 


b)  the  dynamic  condition 


The  known  free  surface  elevation  y  a  Hq 
corresponds  to  x^  1  0  and  the  bottom  y  *-ti(x) 
corresponds  to  x^  =  -1.  Using  the  metric  tensor 
quantities  g. . ,  Laplace’s  equation  is  described 
by  the  equation: 


where  g  is  the  acceleration  of  gravity  an 
U-.  is  the  undisturbed  uniform  velocity  in 
upstream  direction. 

2)  Far  upBtream  the  flow  is  assumed  to  be 
uniform  with  no  waves: 


li  „  „u 

3n  0 


3)  Far  downstream  at  a  station  where  the  mean 
value  h^  of  the  free  surface  above  bottom 
is  originally  unknown,  the  flow  is  also 


assumed  to  be  uniform,  hence 


11  -  Jk  .u 
an  h.  0 
d 


1*)  The  bottom  condition  at  depth  ,)  ■  -  H(x) 


-K  (G1J  Hy)  -  0 
ax'  ax° 

G1J  ’  J[ glj 


g  =  det  Jgjj | 

(note:  g  is  the  acceleration  of  gravity,  to  be 
distinguished  from  g) 

The  dynamic  free  surface  condition  (2.2b) 
changes  into: 


-1.  [0 “<^r  .  M:  • 3  -4  ♦  o33(-ii)i:j 

.'/g  3x‘  Jx1  3x  3x 
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nutation  of  the  free-aurface  elevation 


Instead  of  y  ■  n.(x)  we  look  for  a  new  position 
of  th  free  surface  determined  by 


y  •  n(  x )  -  >iHU)  ♦  t  ( x ) 


An  important  part  in  the  solution  proceiure 
consists  or  a  correction  of  the  position  of  the 
free  surface  with  respect  to  the  fixed  position 
of  this  curve  during  the  preoeding  calculation. 
Consequently  the  Neumann  problem  being  solved 
with  a  frce-nurface  elevation  y  •  oq  the 
dynamic  Tree-surface  condition  in  generally 
not  satisfied.  Since  the  pressure  distribution, 
then  involved  at  the  free  surface  can’t  lead 
to  convergence  of  the  perturbation  method, 
outlined  below,  first  the  value  of  hq  hae  to 
be  replaced  by  the  corrected  value  hq*  . 

It  is  calculated  from  the  dynamic  free-surface 
condition  after  the  substitution  of  the  surface 
velocities  following  from  the  solution  of  the 
Neumann  problem. 

We  consider  the  problem  in  a  curvilinear  system 
of  coordinates  where  x#-  is  defined  as  a 
coordinate  which  follows  the  bottom  and  the 


The  transformation  to  the  new  variable  C 
using  the  relations 

^  .  41  .  o"  4L 


at  „  r  d*i 

up  cu  • 0  : 2  -  5i 

d* 


(n  can  lw*  approx im  by  n  ■  n*  *  C ) 
leads  to  the  kinematic  free-surfacc  condition 
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G  3  ♦  G  2  -  2 

DxJ  Dx  dx 
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(3.2b) 

Now,  the  potential  ♦  is  considered  to  be 
composed  of  a  contribution  of  the  potential  ^ 
determined  by  the  solution  of  the  preceding 
Neumann  problem  and  a  perturbation  potential  $ 
with  the  assumed  property: 


ib  solved  by  the  method  of  separation  of  the 
variables : 

Then,  we  substitute  the  series 

x(x^,x3)  =  l  f.(x2)  h^x3)  (3.5) 


%  «  li_. 

3x‘  Sx2 


Dx 


Besides  this,  the  derivative  of  C  with  respect 
to  x2  is  assumed  to  be  much  smaller  than  1 . 


and  we  arrive  at  the  ordinary  differential 
equations 


d  f . 

- -  ♦  of  0(x  )f.  -  0 

,  c  >  c.  1  1 

(dx  ) 


The  new  variables  ♦  *  $  -  iji  and  i,  =  n  - 
are  substituted  into  the  free-surface 
boundary  conditions  (3.2),  which  are  linearized 
under  above  assumptions. 

As  a  result ,  we  have 


and 


(dx3)2 
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a. 
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h.  =  0 
i 


:  j —  2 


8  ^  '  "  2  (U0  -  -  8  "0 

(3. 3d) 
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where  q 
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The  potential  *  in  Laplace's  equation  (3.1 )  can 
be  replace^  by  the  perturbativ>n  potential  ♦. 

In  order  to  produce  an  equation  which  can  be 
treated  by  the  method  of  separation  of  the 
variables  the  quantity  x  is  introduced  according 
to  the  relations: 


a  .  %  .  .,23 

Dx  9xc  Dx 


and 

0(X2) 

3x 
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3x‘  Jx3 


This  transformation  turns  out  to  be  an 
approximation  because  the  necessary  condition 


JL  (J*_)  .  (it_) 

,  2  1  3;  .  3  \  2; 

Dx  Dx  dx  Dx 


(3JO 


can  partially  be  fulfilled  f.i.  for  one 
position  xi  ■  constant  or  for  an  averaged  value 
about  x3.  The  best  results  can  be  expected  if 
condition  <3.4)  is  prescribed  at  the  free 
surface  «)  ■  0,  From  this  a  relation  for  0(x*  ) 
can  be  derived. 

Before  doing  this,  the  partial  differential 
-'juation  (3.1)  expressed  in  the  form 


If  the  fluid  domain  is  divided  into  intervals 
of  small  Ax*-  the  solution  of  above  equations 
in  each  interval  can  be  represented  in  the 
form: 


2  2 

f^  »  A.  cob  a.fl  x  +  B.  sin  x  (3.6) 
cosh  a • (x3f1 ) 

and  h.  « - - -  (3.7) 

cosh  a . 

i 

where  b‘  is  equal  to  the  mean  value  of  0  in 
an  interval  AxL. 

Furthermore,  the  boundary  condition  at  the 
bottom  x-1  *•  -1  : 

^  "  0  or  ■  0  is  satisfied. 

Dn  ,3 

Dx 

~  2 

Now,  we  approximate  the  function  CvX  )  by  the 
expression 

X  *  *0  *  ai  ,'oa  aiB  X‘'  *  !'i  “inaiB  ' 

(3.0) 

which  is  also  valid  in  a  small  interval  Ax* . 

The  constant  is  added  to  the  expression  in 
order  to  eliminate  the  imaginary  partu  of  the 
roots  q.  .  These  roots  need  not  to  be  considered 
becauae  their  exponential  contribution  to  the 
free  surface  elevation  "orresponds  to  nearly 
a  constant  in  a  small  interval  Ax*. 

The  substitution  of  the  expressions  (3.5),  (3.6), 
( 3.7)  and  (3.8)  into  the  free  surface  conditions 
(3.3)  leads  to  equatiunn  containing  terms  of 
three  interindependent  types.  These  termw  are 
the  constants  (the  metric  tensor  quantities, 
the  velocity  q  et.e .  are  averaged  in  an  interval), 
the  cosine  and  sine  terms. 

Comparing  the  coefficients  of  similar  indepen¬ 
dent  terms  we  obta'n: 

n  «  ^  *0  ■  ?  (uo  -  <>)  -  8  no  {UK)] 
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vher*:  q  is  a  corrected  value  for  q  in  rela¬ 
tion  toCtbe  change  in  the  mean  level  of  the 
free  surface. 

2)  a  local  dispersion  relation  for  cu  : 


f_S. 

2 

q  tanh  a. 


we  find  one  real  root  from  this 


relation. 

The  value  of  6  being  known,  the  solution  can 
be  found  in  this  step  of  the  iteration  process. 
Starting  upstream  at  x2  ■  0  where  X  and 

are  known  the  value  cf  £  can  be  computed 
dx 

in  the  firat  interval  by  means  of  the 
expression  (3.9).  This  expression  gives  aQ, 
while  the  initial  conditions  give  a^  and  b^. 

Then,  the  values  of  C  and  are  calculated 


at  the  end  of  the  interval.  They  are  the  initial 
values  for  the  next  interval  and  the  calcula¬ 
tion  of  £  con  be  started  again.  This  process 
is  sequentially  repeated  until  the  end  of  the 
region  is  reached. 

As  mentioned  earlier,  the  value  of  6  in  an 
interval  is  calculated  from  expression  (3.W. 
Substitution  of  the  approximated  solution  (3.5) 
combined  with  (3.6)  and  (3.7)  produces  the 
relation: 

(Pb.  Qa.)cos  djB  x  -  (Pa^  -  ^b.  )sin  a^flx 
where 

P  -  tanh  a  •  (6  ♦  --^7<a2V)]  . 

1  a 


The  dispersion  relation  (3.10)  is  reduced  to: 

Uq  a  -  g  tanh  a  H  •  0 

If  ®jj  >  1  one  real  root  a  is  of  significance 
U0 

in  the  solution  for  £.  So,  starting  upstream 
where  f.i.  a  free-surface  elevation  occurs 
of  the  form: 

t(0).c,£|0-0 

we  find  the  solution  for  5  ("a^^cos  a  x  + 

a  sin  a  x)  in  the  first  approximation. 

From  (3.9)  follows  aQ  »  0  and  the  initial 
conditions  give: 

a^  +  *  c  and  a^  »  0. 

As  a  result,  we  get 

F,  »  c  cos  ax  (3- 12) 

Continuing  the  process  we  find  that  above 
result  represents  the  solution  in  the  first 
order  approximation  for  the  complete  free 
surface.  Subsequently,  the  Neuman  problem  iB 
solved  for  the  new  fluid  domain  bounded  by  a 
free  surface  n„  which  is  equal,  to  above  value  C. 
With  respect  to  the  velocity  field  obtained 
this  value  is  replaced  by  a  value  n*  in 
agreement  with  the  dynamical  free  surface 
condition.  The  procedure  for  correcting  the 
free  surface  can  be  started  again  and  this 
process  is  repeated  until  the  free  surface 
elevation  Joes  not  change  in  a  complete  loop 
of  the  iteration.  # 

The  difference  between  no  and  Ho  the  end  of 
the  calculation  indicates  the  error  as  a  result 
of  the  numerical  approximation. 


„-'3  in33 
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The  value  of  fl  is  calculated  frets  the  require¬ 
ment  tiiat  the  form  P*  ♦  Q1-  hue  $  minimum. 

In  the  case  when  0*-’^  ••  0  and  G’'  «  constant  - 
which  occurs  at  the  first  step  -  P  and  Q  can 
be  simplified  to: 

P  -  2  tanh  a.  -dP  :?i? 


Q  ■  tanh  a.  (0^  -  ) 


If  above  procedure  is  applied  to  the  example 
of  the  symmetrical  bump  the  symmetry  of  the 
problem  disappears  and  waves  come  into  existence 
downstream  of  the  bump.  The  smoothing  effect 
of  the  method  on  the  course  of  the  free  surface 
suppresses  the  singularity  which  arises  if  the 
wave  making  part  of  the  procedure  is  omitted. 
Naturally,  the  character  of  the  solution  is 
completely  different  if  no  roots  i  0  are 
found  from  relation  (3.10).  In  the  example  of 
the  flat  bottom  this  is  the  case  when 
ail 

<  I .  The  solution  of  the  problem  is  then 

uo 

obtained  if  the  expression  (3.6)  is  replaced 
by  s  polynomial  approximation  of  the  second 
degree  in  x*’ 


For  demonstration,  the  example  is  chosen  f 
a  uniform  flow  of  velocity  U0  along  a  flat 
bottom,  being  at  distance  H  below  the  free 
surface. 


t  ■  »0  ♦  -  (3.H) 

One  constant  is  determine  "rom  ths  dynamic  frse 
surface  condition  and  similarly  to  abovs 
procedure  the  other  two  constants  follow  from 
the  initial  conditions  in  ths  considered 
interval . 


IV.  The  solution  procedure  concerning 
the  Neumann  problem 


Fig.  U.l 


A  part  of  the  procedure  is  represented  by  the 
solution  cf  a  Neumann  problem  in  terms  of 
Laplace's  equation  subject  to  boundary 
conditions  of  given  normal  derivatives  ( fig . U . T ) 
Because  of  the  two-dimensional  character  of 
the  problem  the  solution  can  be  obtained  by  a 
direct  numerical  method  of  integration.  Since 
the  solution  of  this  problem  ib  a  part  of  an 
iteration  process  in  order  to  solve  the 
complete  problem,  the  computer  time  required 
will  be  reduced  as  much  as  possible.  This  is 
achieved  by  adopting  the  following  approach. 


A  regular  set  of  curves  of  constant  x3,  the 
same  system  of  coordinates  it  used  as  in  chapter 
J,  is  locateu  in  the  duumiu  between  the  bottom 
and  the  free  surface.  .. 

Or.  thete  curves  x3  ■  (j  •  1(1  )n)  (Fig. 4. 2) 
the  functions  ^(x  )  (p»0,1)  are  defined 


representing  the  potential  ( p«0 )  and  its 
derivative  with  respect  to  *3  (p«l). 

The  potential  *  at  an  arbitrary  poir.t  in  o 
subdomain  [ j  )  lying  between  the  curves  x3  ■  x3 
and  x3  *  x-  .  .  ii  assumed,  to  be  :  •'olvnnmi 
3  J  '  .  . 

in  x  with  coefficients  containing  the  defined 
quantities  at  their  boundaries.  It  is 


expressed  by 


1 

I 

k-0 


u^uV0*V> 


(fc.  1  ) 


Tt\9  coefficients  of  the  interpolation  polynomials 
1.  and  m.^  are  calculated  from  the  condition 
that  the  approximated  potential  and  its 
derivative  with  respect  to  x3  correspond 
exactly  to  the  quantities  fJ  at  the  boundaries 
P 


x3  =  x3  and  x3  =  x3+1  ,  resulting  in 

polynomials  of  the  third  degree. 

The  approximation  (4.1)  is  used  to  produce  a 
set  of  ordinary  differential  equations, 
following  from  the  requirement  that  Laplace's 
equation  is  or.ly  satisfied  on  the  curves 
x’  *  x3.  Arranging  this  system,  the  result  of 

the  collocation  method  is  represented  in  a  set 
of  n  ordinary  differential  equations  of  the 
form : 


dx 

where  $ 


3 

x  .  , 
J+1 


(4.2) 

1(1  )n 


1  0  - 1 


combined  with  n-2  relations,  actually  result¬ 
ing  from  the  requirement  of  the  continuity 
of  the  second  derivative  with  respect,  to  x^ 
at  the  intercurves  x3  *  x3  ( j»?(  1  )n-1  1 . 

J 

Next,  the  complete  set  of  equations  in  the  2n 
unknowns  is  obtained  if  the  boundary 

condition  at  the  bottom  and  the  free  surface 
are  added  to  the  system. 

Considering  che  system  of  equations  ( U  .  J? )  it 
can  be  noted  that  the  interdependency  of  the 
various  e  ..'’or  i  ;  produced  by  the  first 
two  terms.  The  eigen  functions  being  determined 
the  system  of  equations  cur  be  transformed 
into  a  system  containing  dominant  terms  with 
respect  to  one  dependent  variable  in  each  of 
the  equations,  Each  equation  can  then  be  solved 
individually  by  means  of  a  Galerkin  element 
method,  this  operation  being  part  of  a  process 
of  successive  iteration.  It  turns  out  to  be  a 
quicker  procedure  of  solution,  in  comparison 
to  a  two  dimensional  finite  element  method. 

V.  Numerical  results 

In  this  paper  some  results  of  calculations 
are  presented  for  two  different  examples.  First, 
the  numerical  method  was  checked  in  the  case 
of  a  running  stream  about  a  flat  bottom.  A 
local  disturbance  at  the  free  surface 
represented  by  some  de-iation  with  respect  to 
an  originally  undisturbed  level,  is  introduced 
to  study  its  effect  in  downstream  direction. 

The  results  are  shown  in  Fig.  5.1  indicating 
the  difference  between  the  simple  harmonic 
solution  \  13.12)  in  the  first  order  approxima¬ 
tion  and  the  non-lineav  solution  B  after  three 
complete  loops  of  the  iteration  (Fig.  5.1). 
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Fig.  5.1 


The  method  turns  out  to  be  stable  producing 
results  characterised  by  an  unchangable 
difference  between  the  free  surface  elevation 
Hq  and  its  corrected  value  Hq  during  the  last 

loop  of  the  iteration.  The  accuracy  of  the 
results  expressed  by  the  above  mentioned 
difference  is  still  not  sufficient  to  evaluate 
the  results  on  its  quantitive  aspects.  Then, 
the  number  of  subdomains  n-1  in  the  solution 
of  the  Neumann  problem  has  to  bo  increased. 

The  computations  performed  with  n“3  involve 
too  large  errors,  which  can  be  reduced  as  3000 
as  the  computer  program  is  extended  to  cover 
the  case  of  a  variable  n. 

The  calculations  were  carried  out  on  an 
IBM  3b0/65«  The  computation  time  required 
amounted  to  12  seconds.  The  number  of  intervals 
in  X*-1  or  x  direction  war.  50  and  the  Neumann 
problem  was  solved  for  i*3  using  50  elements 
on  one  curve  x*-  is  cunatup*  . 

A  special  procedure  has  been  incorpo rated  to 
take  account  of  the  shift  the  wive  undergoes 
during  one  loop  of  the  iteration. 

Kffectively  the  free  surface  in  an  interval 
13  iteratively  determined  from  data  belonging 
to  a  comparable  position  in  the  period  of  the 
preceding  wave.  Since  uniform  flow  is  imposed 
at  the  vertical  boundaries  of  the  fluid  domain 
the  wave  is  Homewhat  deformed  in  the  neighbour¬ 
hood  of  L  .  e  locations.  Since  the  example 
serves  for  u  qunlititive  analysis  of  the  method 
m»  at temps  were  made  to  eliminate  these  effects. 
The  middle  of  the  fluid  region  provides  good 
results  indicated  by  the  conformity  with  a 
I’tokes  wave  pattern. 

The  method  is  also  applied  to  the  problem 
oi  a  running  stream  which  is  is named  to  be 
undisturbed  upstream  of  a  smooth  bump  on  the 
bottom.  The  results  are  illustrated  for  sub- 
critical  flow  in  Fig.  5.2  and  for  supercritical 
flow  in  Fig.  5.3.  The  latter  agree  with 
analytical  results  as  far  aa  the  position  of 
the  Tree  surface  at  the  end  location  downstream 
is  concerned.  A  stna’-l  shrinkage  of  the  mean 
level  ia  'bserved  in  the  case  of  the  aubcriticnl 
flow.  The  calculations  were  done  for  V*  inter  > 
vain,  and  1*  loops  were  necessary  to  find  the 
solution.  Doubling  of  the  number  of  intervals 
did  not  affect  the  thuIu,  but  the  same 
remarks  as  Tor  above  example  can  be  made  in 
relation  to  the  accuracy. 


1  Fig.  5 . 3 


VI.  Conclusions 

A  stable  method  was  developed  for  predicting 
the  wave  pattern  downstream  of  an  obstruction 
in  a  running  stream.  In  this  respect  the 
calculations  were  only  performed  Tor  an 
obstruction  at  the  bottom,  but  the  method 
presented  lays  the  foundation  of  the  solution 
fur  the  problem  to  find  the  wave  resistance 
for  obstructions  located  at  the  Tree  surface. 

The  most  important  contribution  to  the  solu¬ 
tion  is  produced  by  the  addition  of  the  second 
correction  of  the  free  surface  elevation  to 
the  iteration  process.  The  first  correction 
intended  to  satisfy  the  dynamic  free  surface 
condition  is  not  accurate  enough  to  prevent 
the  penetration  of  singularities  in  the 
solution.  It  is  demonstrated  for  the  example 
of  a  running  stream  with  a  symmetrical  bump 
on  the  bottom  where  a  singularity  is  created 
in  this  v»y  and  no  waves  are  found  in  downstream 
direction.  On  the  contrary*  the  second  correction 
gcnerat-  *  .  "urve ,  the  function  value  and  its 
derivatives  being  continuous  up  to  and  iiiclau»;ig 
order  two,  which  is  sufficient  to  preserve  the 
accuracy  of  this  approximation  during  the 
iteration.  The  stability  of  the  method,  however, 
is  guaranteed  if  the  first  correction  pr  ‘cedes 
the  second  one.  The  method  was  applied  to  some 
examples  mainly  intended  to  investigate  the 
qualititive  aspects.  It  may  be  concluded  that  the 
calculations  produce  reliable  results 
being  of  interest  to  compare  with  experimental 
results.  To  this  purpose  the  accuracy  has  to  be 
increased  especially  as  r ar  as  the  solution  of 
the  Neumann  problem  1*  C0iiC<rfn»d .  Therefore, 
the  computer  program  must  b»  adjusted  to  operate 
with  a  variable  number  of  tubdomains.  In  addition 
the  objective  in  future  is  *o  check  the  method 


on  the  problem  of  a  cylinder  partially 
immersed  in  the  fluid.  It  should  be  emphasized 
that  the  considerations  are  presented  in  order 
to  extend  to  the  three-dimensional  case. 
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ABSTRACT 

Numerical  solutions  of  the  nonlinear  problem  of  two- 
dimensional  finite-depth  potential  How  past  a  fixed  pressure 
distribution  on  a  free  surface  are  given.  The  numerical 
method  approximates  the  exact  problem  by  finite  differences. 
1'he  numerical  solutions  presented  here  .ire  for  a  range  of 
values  of  the  Frouilo  number  based  on  the  length  character¬ 
izing  the  tree-surface  pressure  distribution.  The  numerical 
solutions  are  compared  as  far  as  possible  with  first-,  second*, 
and  third-order  perturbation-theory  solutions  and  it  is  found 
that  the  second-order  perturbation  theory  can  give  accurate 
solutions  of  this  problem  for  the  »ange  of  Fronde  numbers 
investigated.  The  details  of  the  tree-surface  deformation 
caused  by  the  surface-pressure  distribution  arc  presented  in 
graphs.  These  graphs  illustrate  the  effects  of  the  nonlinear¬ 
ities  of  the  problem  on  the  description  of  the  wave-making 
action  of  the  surface- pressure  distribution. 

NOMENCLATURE 

C  •»  Hpg  'p- .  wave-resistance  coefficient 

C,  linear-theory  finite-depth  wave  resistance  coefficient 

t‘,  m  linear-theory  infinite-depth  wave-resistance  coetlicie-.t 

t'p  =  lOOp.'pgl,  pressure  coefficient 

I)  water  depth 

I-  *  ,  Fronde  number 

l  effective  length  of  pressure  distribution  dcfir.cd  in 
Fijuation  (7)  .uni  f  igure  I. 

H  dimensional  wave  resistance  pet  unit  width 

tf  velocity  of  pressure  disturbance  or  nmtoiiu  -  t ream 

velocity  far  upstream 

k  gravitational  acceleration 

h  mesh  size 

V,  lengths  vltlined  in  Figure  I  and  in  i  quit  ion  (7* 
p  maximum  value  ot  pressure  disir  »ut ion  p(>(xt 

P(,t x )  lice-surface  pressure  distribution  defined  in  I'quahon 
(71  and  in  Figure  I 

»/  tree-surface  elevation 

X  wave  length 

X,  m  linear-theory  infinite-depth  wave  length 
t>  mass  dc  .  dy  ol  water 

v  stream  function 

Introduction 

In  tbit  paper  we  present  numerical  soluo  .•.■»  of  the 
nonhncai  problem  of  (wti-Jimensioiul  finite  depth  potential 


flow  past  a  fixed  pressure  distribution  on  a  free  surface.  The 
numerical  method  that  we  use  has  been  described  in  Refer¬ 
ence  1 1 1.  We  used  the  method  previously  to  investigate 
the  nonlinear  b  -surface  effects  of  a  submerged  vortex  at  a 
fixed  Froudc  number  { 2 ) ,  a  submerged  cylinder  (3],  and 
the  suberitica!  shallow-water  flow  past  an  obstruction  |4|. 

We  have  fo  id  in  the  studies  |2  4|  that  certain  nonlinear 
features  of  ihe  flow  field  which  can  he  calculated  accurately 
using  perturbation  methods  are  also  predicted  accurately  by 
our  nun  rical  method.  For  example,  in  numerous  experi¬ 
ments  our  method  (see  especially  (41  >  has  accurately 
predit  cd  the  influence  of  the  frec-surface  nonlinearities  on 
the  wave  length  of  free  waves.  Furthermore,  in  finite-depth 
wa'er,  there  is  a  lowering  of  the  mean  level  of  the  free 
su  ace  in  the  downstream  wave  field  behind  an  obstacle 
(see  1 5J).  This  nonlinear  effect  depends  only  on  the  wave 
.rsistance  of  the  obstacle.  It  has  been  found  in  |4|  that 
this  characteristic  lowering  of  the  mean  level  of  the  free 
surface  is  predicted  well  by  our  numerical  method  It  is  for 
these  and  similar  reasons  that  we  have  come  to  believe  that 
for  a  certain  range  of  parameters,  our  numerical  method 
predicts  the  wave  resistance  and  free-xurface  elevations  in  the 
vicinity  of  a  body  that  appear  to  be  accurate  to  within  at 
least  ’  or  J  percent  of  the  exact  solutions.  Accordingly,  the 
numerical  method  should  be  used  to  obtain  as  much  infor¬ 
mation  as  possible  about  how  waves  are  generated  by 
obstacles  in  a  two-dimensional  stream  and  the  effectiveness 
of  perturbation  techniques  in  solving  such  problems.  It  is 
hoped  that  such  information  can  yield  important  clues  on 
how  to  handle  ihe  mure  important  and  difficult  three- 
dimensional  ship- wave  problem,  although  the  two-dimensional 
problem  discussed  in  tins  paper  may  also  be  of  some 
practical  importance. 

There  are  two  main  Froudc  numbers  associated  with  the 
two-dimensional  wave-resistance  problem.  One  of  these 
Froude  numbers  is  based  on  the  depth  D  of  the  stream  and 
is  defined  as  U/ v/gT)  where  U  is  the  speed  ot  the  incoming 
stream  lar  upstream  ot  the  wave-generating  obstacle  and  g  is 
the  acceleration  of  gravity.  Ihe  effects  on  the  flow  field  of 
the  variation  of  this  dcplh-Fromie  number  which  were 
examined  in  Reference  1 4 1 .  arc  not  of  primary  intro  .t  m 
this  paper,  though  they  do  play  an  important  role  here  Our 
primary  interest  now  is  to  examine  the  nonlinear  free-xurface 
effects  as  the  length-Froudr  number  F  *  \}fy/  gT  is  varied, 
the  length  l  is  the  characteristic  length  ot  Ihe  w«ve- 
generating  obstacle.  We  are  interested  m  using  our  results 
for  the  two-dimensional  wsve-icsiitance  problem  to  speculate 
about  the  slop-wave  problem.  It  seemed  to  us  that  the  two- 
dimensional  ohitacle  that  n  closest  in  some  sense  to  a  «hlp 
is  the  frec-surface  pressure  distribution  with  characteristic 
length  I  and  pressure  amplitude  p.  Furtliri  more,  the  wave- 
iiukmg  etlects  of  planing  hulls  and  air  cushion  vehicles  can 
be  modeled  by  a  tree  surface  prewire  distribution.  The 
solution  ot  the  Iwi^dimcnstonal  free-surlace  pressure  distri¬ 
bution  problem  may  result  in  a  fairly  accurate  description 
•»l  (he  local  tree  surface  disturbance  between  the  very  thin 


m 


.util  deeply  -  ubmcrgcd  side  walls  of  .1  low  aspect-ratio  air- 
uinIhou  vehicle. 

ftc  present  in  ill  is  |’.'|vr  numerical  solutions  obtained 
lor  pressure  distributions  *  f  I  he  form  shown  in  Figure  I. 

The  tuimencj!  solid  ions  weie  obtained  for  .1  range  of  '.allies 
t*l  length-Froude  number  F  .ind  pressute  coefficient 
(  p  -  IO0p  pgl  where  p  is  the  density  of  the  Wider.  In 
particular,  we  examine  the  variation  of  the  wave-resistance 
coefficient.  (  =  Rpp  2p'  where  R  is  the  dimensional  wave 
resistance,  as  a  function  of  I-’.  We  have  also  eoin«i»t'*d  (  by 
first-,  second-,  and  third-order  perturbation  theory  for 
infmile-deplh  water  (denoted  by  C|  <*>-  (1  00 ■  ;,|*d  (1,00 
respectively*  and  we  compare  these  results  as  far  ;:■*  possible 
with  the  values  of  (  obtained  by  the  direct  numerical 
solution  of  the  finite-depth  nonlinear  potential-flow  problem. 
Graphs  of  the  Irvc-surface  elevations  at  various  \alues  of 
bromic  number  l:  and  pressure  coefficient  (  are  presented 
i«>  show  how  (lie  nontincarilics  of  the  problem  affect  the 
wave- making  action  of  the  pressure  distribution. 

Formulation  of  the  Problem 

We  dcscnlv  the  motion  in  a  coordinate  system  fixed 
with  tespect  to  a  uniformly  translating  pressure  distribution. 
In  tins  eotirdinat"  system  labeled  (x.  yl  and  shown  in 
Figure  2.  the  pressure  distribution  is  stationary,  and  the 
fluid  lar  up* t ream,  as  x  -»  «>.  is  moving  with  constant 
velocity  V  -  -  l1  •  .  where  1  and  i  aie  unit  vectors  tangent 
to  the  x  and  v  coordinates  respectively  I  he  origin  of  the 
coordinate  x>siem  is  in  the  undisturbed  tree  surface  arid  the 
(rot loin  ol  the  stream  is  at  y  =  - 1).  Gravity  acts  downward 
and  is  given  by  -  g  1 . 

We  formulate  this  problem  as  an  incompressible 
potential  How  m  terms  ol  the  stream  lunclion  Chx.  yl  from 
winch  the  velocity  V  ~  11  i  *  v  j  is  obtained  by 

V  *  "k  x7i|*  (It 

where  k  =  1  \  j  ami  V  -  i  il.rh  +  1  <V7)y  I  hen  «Mx.  yl 
sat  is  lies  (lie  l.aplace  equation  in  the  water  domain 

V2l//  «  «  Cl 

and  the  following  boundary'  conditions  on  the  free  surface, 
y  =  Tflxl.  the  dynamic  vomlition  is 

p  1  V  •  V  4  pgr/  f  p0< x »  =  0  < .») 

and  the  kinematic  condition  is 

tb  *  0  on  y  *  ij.  (4) 

On  the  ’.nit tom 

\ii  =  -Ul).  (5) 


Figure  I  -  Frce-Surface  Pressure  Distribution.  p0(xl 


Far  upstream  the  llow  is  uniform. 

s“*  =  l'y.  11,1 

and  the  free  surface  is  hori/ontal.  771x1  =  0.  Far  down¬ 
stream  wo  expect  waves  having  an  unknow'ii  wave  length  X. 


I  he  surface  pressure  distribution  pt,(xl  is  -wen  by 
tsee  Figure  I  i 


ami  the-  eh.iracteristie  length  I  is  defined  by 

l  =  V,  +  l\.  ts» 

The  Numerical  Method 

I  lie  nonlinear  problem  for  is  approximated  bv  a 
finite-ililTerenee  representation  defined  on  the  grid  which 
oveilays  the  fluid  domain  as  shown  in  Figure  2.  Hie  stream 
lunclion  is  computed  at  the  mesh  nodes  denoted  by  ii.  it 
where  each  mule  ii.  j)  corresponds  1  •  ,l-  ordinate  lx,.  y,» 
of  the  mesh  nodes.  I  lie  details  ol  iU  minierical  method 
are  given  in  Reference  |  I  |.  Only  I’m-  motor  steps  in  I  he 
procedure  ate  outlined  here: 

til  An  initial  Itec-surlace  shape  771  \t  is  assumed 
<  usually  a  plane  free  surface I. 

(ii)  llte  finite-difference  equations  approximating  the 
field  equation  (21.  subject  to  the  finite-difference  approxi¬ 
mations  of  the  boundary  conditions  (41.  t>>.  and  IM.  are 
solved  by  successive  overrelaxation  1  .villi  an  overrelaxation 
constant  of  4  .0. 

<iii>  Starting  at  the  free- surface  node  i  =  2.  each  loim 
in  I  quation  t.D  is  computed  using  finite-difference  apnr.>M 
illations  of  V.  It  t.H  is  sublicd.  i  is  increased  by  mic  and 
each  term  in  (.0  is  again  computed.  I  his  continues  until  an 
1  _  i*  is  reached  where  O)  is  not  satisfied. 

liv)  Hie  fice-surfacc  height  ij,*  +  ,  at  i*  ♦  I  is  raised 
an  ainounl  Aij.  Aq  =  0.01  h.  where  h  is  the  basic  grid 
spacing,  on  the  first  try  and  an  amount  determined  by 
interpolation  or  extrapolation  on  subsequent  tries.  A  new 
free  surface  is  then  interpolated  between  points  i*  ♦  I  and 
i*  I  +  8  where  'i  is  an  integer  such  that  8h  %  I/2X,  aiul 
where  X,  is  the  linear-theory  wavelength  I  his  interpolation 


Figure  2  —  Flow  and  Finite  Difference  Mesh  Schematic 
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i  established  by  an  interpolation  Polynomial  of  fourth 
degree.  'Hie  interpolation  polynomial  is  determined  by  the 
height  slope,  and  curvature  of  the  Tree  surl'ace  at  i*  +  I  and 
the  height  and  slope  at  i“  +  I  +  ti.  The  height,  slope,  and 
curvature  of  rj  at  i*  +  I  is  determined  approximately  by 
Unite  di He renees  using  r?j»  _  (.  tj,.  and  rjj*  +  \.  Similarly, 
the  height  and  slope  at  i*  +  1  +  fi  is  determined  from 
V  + g  and  i?|*  +  |  +  g. 

f v I  Step  til'  is  now  repeated. 

(vi)  Hach  term  of  liquation  (3)  is  recomputed  at  i*. 

If  <31  is  not  satisfied  .  i*  to  some  specified  accuracy,  then 
the  procedure  returns  to  step  (iv).  If  (3)  is  satisfied  at  i* 
to  the  specified  accuracy,  then  the  procedure  continues  to 
the  next  step. 

ivii)  i*  t  I  replaces  i*  hut  is  called  i*  ti  e.,  i*  +  I  -» iM. 
If  i*  is  near  the  end  of  the  field  (i*  =  N  -  5).  the  problem 
terminates.  If  i*  is  not  near  the  end  of  the  field,  the 
procedure  returns  to  step  (vi). 

The  wave  resistance  of  the  surface  pressure  distribution 
is  given  by 


The  integral  in  t‘>)  is  over  the  length  of  the  prevsure  distri¬ 
bution  and  is  evaluated  using  trapc/oiual  quadratures.  The 
free-surlace  slope  (dq/dx)  is  computed  using  first-order 
central  differences. 

Perturbation  Mot  hod 

It  is  assumed  that  the  surface  pressure  distribution  is  a 
weak  disturber  so  that  the  perturbations  about  the  uniform 
flow  are  everywhere  small,  und  that  the  stream  ;  nction  has 
the  following  expansion  in  terms  of  a  perturbation 
parameter  t : 

^(x.  y)  n  -  Uy  ♦  0,5>  ♦  ♦ . .  ,  (10) 

where  ^’0  j«  «,t  ()(eM).  furthermore.  it  is  assi  med  that  the 
tree-surface  elevation  »)tx)  has  the  expansion 

nix)  -  f|'h  f  *l<2>  ►!?*'*  ♦.  •  I*1 1 

and  that  the  uniform-stream  velocity  l'  is  an  unknown  of 
the  problem  with  the  expansion 

U  “  u  ♦  um  +  ii‘"‘  *  ...  (12) 

where  and  uO^  are  Kith  of  l)un). 

Suhst'tulion  of  expansions  ( 10),  til),  and  ( I .')  into 
the  exact  Iree-surface  conditions  (3)  and  (4)  gives  the  fiee- 
surfacc  conditions 

>.  f^‘l(x)  on  y  •  0.  n  *  1.2.  3...tl3) 

where  f*1*  -  p0(x)/pu  and  f<n*t  x  >,  with  n  •  2,  3  ...  .  are 
functions  of  (he  lower-order  solutions  and  r^n '** 

(see  }b|.  fquutions  2.15  and  2.17)  and  where  v  ■  g/u7  is 
(Ik*  wave  itumlxx  f  or  infinite  depth  the  solutions  are  given 
by  the  convolution  integral  t|7|  p.  61)1) 

I 

i,*)  -  -  I  iKl'^IOKc  ,  n  -  I.  2.  I  ...  (Ml 


where  the  complex  function  1(f)  is  defined  in  terms  of  the 
exponential  integral  as 


The  first-  and  higher-order  tree-surface  elevations  are 

III.  i  ^(ll,x  („  n7) 

11 

and 

i),nl  *  i  n  -  3  . . .  [I  XI 

II 

where  g^’hx)  are  funetions  of  the  lower-order  solutions 
(see  |n)  f.quations  2. 1 ‘t  and  2.20), 

I'he  solutions  (14)  are  bounded  only  if  each  function 
f(,,»lx)  is  nonoscillatory  for  large  negative  values  of  x,  Ibis 
requires  that  the  perturbations  ol  the  unknown  uniform- 
stream  velocity  are  given  by 

n"1  =  0  I  l‘>> 

and 

I  i  > 

u'*’ =  -!/■«*  u  (20) 

where  a  is  the  first-order  far-downstream  wave  amplitude. 
This  implies  that  the  wave  length,  according  to  the  third- 
order  theory,  is 

X  =  ~  *  tH  uJ  ( |  .  v2  a1 )  (21) 

•’  v  g 

I  lie  wave  length  given  by  both  the  linear  and  second- 
order  theory  is  X(  -  X>  *»  i2»/g)U2.* 

I  he  linearized  and  two  higher-order  wave  resistances 
for  tile  pressure  distribution  have  been  obtained  by 
numerical  integration  of 

K()  =  -  J* Pl)fx,[^]dx.  n  *  I.  2.  and  3.  (22) 

A  serious  deficiency  of  the  compari.  ons  Ik- tween  the 
numerical  and  the  sccv.  .d-  and  third-order  perturbation- 
theory  results  that  we  will  make  is  that  the  former  is  for 
finite-depth  l)  and  the  latter  is  for  infinite  depth.  Unfor¬ 
tunately.  the  numerical  method  is  restricted  fi'  streams 
which  are  insufficiently  deep  that  the  bottom  effects  are 
completely  negligible.  Also,  we  did  not  have  the  capability 
to  calculate  finite-depth  second-  and  third-order  perturbation 
theory  solutions.  Such  theories  remain  to  be  developed  and 
would  be  of  considerable  intrins.c  interest,  but  see  for 
instance  |4|  for  a  start  on  this  problem.  However,  it  is  an 
elementary  matter  to  compute  the  finite-depth  linear-theory 
wave-resistance  coefficient  Cj  using  the  formula  I7 1 

k'u1  »b'> 

C  . - * -  (’I) 

Jp1  ( I  -  pi)  *ch’  k„  Dl 

where 


•Subscript!  arc  used  U*  indicate  dial  a  quaintly  I*  correct  within  the  order  of  the  perturbation  theory  at  given  by  the  Index. 
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FROUDE  NUMBER,  F 

Figure  3  -  Infinite Depth  Linear-Theory  Wave-Resistance  Coefficient 
versus  Froudc  Number,  for  Various  Pressure  Distributions 


p0(x)  cos  k0x  dx 


P0(x)  sin  k()x  dx 


and  k„  is  tlu*  real  positive  root  of  the  equation 
k0  •  v  tanh  k0l)  •  0. 

Rtiultt  and  Discussion 

We  first  examine  the  linear-theory  wave  resistance  of 
frec-surface  pressure  distributions  of  the  form  given  by  (7) 
and  shown  in  Figure  I.  Figure  3  shows  the  infinite-depth 
linear- theory  wave-resistance  coefficient  C't  ..  versus  Fronde 
number  F  for  the  four  pressure  distributions  shown  (Nos.  I 
through  4).  The  pressure  distributions  I  -  4  all  have 
characteristic  length  l.  and  correspond  to  ratio*  of  ?| 

I,  1/4,  and  0,  respectively;  (f,  and  ¥;  are  defined  in 
Equation  (7)  and  in  Figure  I).  We  note  that  the  (',  M 
versus  F  graphs  exhibit  peaks  and  troughs  (there  are  an 
Infinite  number  of  each  converging  at  F  ■  0,  but  only  the 
two  outermost  peaks  art  shown)  at  vulues  of  Froude  number 
F  which  correspond  to  cases  in  which  the  resulting  linear- 
theory  wavelength  X,  «»is  approximately  a  certain  multiple 
of  L  We  recall  that  X,  M  ■  2f  U2/g  so  that  X,  — /I  *  2»FJ. 
The  troughs  at  which  F  *  0.28  and  0,40  correspond  to 
1/X|,m  *-  2.0  and  1.0,  respectively.  The  peaks  at  which 
F  w  0.  3  •  and  0.57  correspond  to  l./X|W  •  3/2  and  1/2, 
respec lively.  It  will  be  seen  ’hat  the  linear  wave-resistance 


theory  given  by  formula  (23)  describes  the  man;  .ca lures  of 
the  wave-making  action  of  the  pressure  distribution  defined 
by  (7).  i lie  main  feature  of  the  wave-making  is  the  genera¬ 
tion  of  “how”  and  “stern"  waves  by  the  front  and  rear 
portions  ol  the  pressure  distribution  and  the  cancellation  or 
reinforcement  of  these  waves  depending  on  me  phasing 
he  l  v  ven  t  lie  in.  The  objective  here  is  to  investigate  in  what 
ways  the  nonlinearity  of  this  problem  modifies  the  linear- 
theory  description  of  the  wave-making  action  of  the  pressure 
distribution. 

In  the  modelling  of  air-cushion  vehicle*!1!  it  is 
necessary  to  use  a  pressure  distribution  with  a  fairly  steep 
variation  at  its  ends,  such  us  distribution  number  in 
Figure  3.  One  can  infer  this  fact  from  the  wave- resistance 
curves  for  air-cushion  vehicles  given  in  Reference  |8j 
(pp.  3-50).  !  he  wave-resistance  curves  given  in  Reference 
I N  |  exhibit  two  nearly  equally  large  peaks  at  roughly  the 
same  values  of  the  F'romle  number  F  as  the  two  peaks 
shown  in  Figure  3.  However,  for  ull  of  the  results  given  in 
this  paper  (other  than  Figure  3).  pressure  distribution  No.  3 
has  hcen  used  because  pressure  distributions  Nos.  3  and  4 
cannot  he  resolved  accurately  with  the  finite-difference 
mesh  sixes  used  in  the  numerical  method.  We  art  mainly 
interested  in  qualitative  effects  of  the  nonlinearities  so  that 
this  choice  seems  adequate  for  this  purpose. 

Figure  4  shows  the  gruph  jf  the  linear-iheory  wave- 
resistance  coefficient  t'j  versus  the  Froude  number  F  (and 
the  wave  length  depth  ratio,  X,  mIO)  for  pressure  distribution 
No.  2  and  for  finite  depth  D.  In  this  graph,  the  depth  of 
the  water  is  constant  and  equa’.  to  one-half  the  prvvsurr 
distribution  length  I .  The  points  in  Figure  4  are  the 
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1.0  1.5  2.0  3.0  4.0 

WAVELENGTH  DEPTH  RATIO.  A,  JV 

Figure  4  -  Wave-Resistance  Coefficient  versus  Froudc 
Number  fit.  Various  Values  of  Pressure  Coefficient 
Cp.  Compared  to  Finite-Depth  Linear  Theory 


numerical  predictions  of  the  wave-resistance  coefficient  C  at 
various  values  of  the  pressure  coefficient  C„.  We  note  from 
the  A,  oo / D  abscissa  that  for  fixed  values  of  l.  and  D. 
increasing  the  Fronde  number  F  results  in  an  increase  in  the 
wavelength-depth  ratio.  X,  <»/ 1).  Thus  at  the  higher  speeds 
<F  >  0.40),  the  wavelength-depth  ratio  becomes  large 
l A i  o«/D  >  JO)  so  that  the  higher-speed  cases  correspond 
to  shallow  water  with  respect  to  the  wavelength. 

We  find  in  Figure  4  that  the  nonlinear  effects  arc 
substantial  at  most  of  the  Fronde  numbers.  I  he  exception 
is  in  the  areas  near  the  peaks  of  the  linear-theory  resistance- 
coefficient  curve.  Before  discussing  these  results  further, 
consider  the  similar  graphs  of  wave- resistance  coefficient 
shown  in  Figure  5.  The  numerical  results  in  Figure  5 
correspond  to  a  fixed  value  of  the  rutio  X(  ,»/D  ^  J  O. 

Thus,  as  the  Froude  number  F  increases,  the  length-depth 
ratio  L/D  decreases,  as  indicated  by  ti  e  second  abscissa  in 
Figure  5.  In  other  words,  the  water  gets  shallower  relative 
to  the  characteristic  length  L  of  the  pressure  distrihu  ion  as 
the  Froude  number  decreases.  The  physical  situation  is  that 
of  an  uiM'Ushioo  vehicle,  say.  running  into  increasingly 
shallow  water  and  decreasing  its  speed  in  such  a  way  'hut 
the  ratio  \\tml 0  remains  constant. 

What  Is  notable  in  comparing  Figures  4  und  5  is  th.*ir 
qualitative  similarity.  An  interesting  finding  is  that  for  the 
rouge  of  V  over  which  the  linear- theory  C(  curve  hus  positive 
slope,  the  nonlinear  fiee-surfuce  effects  result  in  increasing 
values  of  wave-resistuncc  coefficient  ('  with  increases  in  the 
pressure  coefficient  (p.  Fxactly  the  opposite  effect  occurs 
for  the  ranges  of  F  over  which  the  linear-theory  curve 
hus  negative  slope.  This  effect  of  the  nonlineaiities  indicates 
that  the  graph  of  (‘  versus  F  has  essentially  the  suin'*  form 
as  the  graph  of  <’,  versus  F  but  it  is  shifted  to  lower  values 
of  F  for  increasing  values  of  the  pressure  coefficient  (p. 


3.0  2.0  1.5  VO 

LENGTH  DEPTH  RATIO.  L/0 


Figure  5  -  Wave-Resistance  Coefficient  versus  Froudc 
Number  for  Various  Values  of  Pressure  Coefficient 
Cp.  Compared  to  Finite-Depth  Linear  Theoiy 

ll  is  ot  essential  practical  interest  to  know  if  higher- 
order  perturbation  theory  for  the  two-dimensional  wave- 
resistance  problem  accurately  predicts  the  nonlinear 
variations  of  C  with  Cp,  as  shown  in  Figures  4  and  5.  The 
results  presented  in  Figure  6  give  some  indication  that 
second-  and  third-order  perturbation  theory  may  predict  the 
wave  resistance  coefficient  C  fairly  accurately.  In  this 
figure  the  ratios  of  the  wave-resistance  coefficients  C/C,  <*> 
versus  the  pressure  coefficient  Fp  at  various  values  of 
Froude  number.  F  are  compared.  The  open  symbols  denote 
the  numerical  finite-depth  results  and  the  solid  and  dashed 
curves  denote  the  second-  and  third-order  infinite-depth 
perturbation-theory  results.  The  value  of  the  ratio  Xt  «»/D 
is  less  than  2  for  a!l  of  the  numerical  results  shown  in 
Figure  6;  hence  this  is  almost  equivalent  to  infinite  depth  as 
far  as  the  description  of  the  waves  is  concerned.  However, 
examination  of  the  numerical  results  in  Figure  6  shows  that 
the  characteristic  length  L  is  too  large  relative  to  the  depth 
D  for  nonlinear  bottom  effects  on  the  wave-making  action 
of  the  pressure  distribution  to  be  negligible. 

On  cun  estimate  (roughly)  the  wave-resistance 
coefficient  for  infinite  depth,  L/D  ■  0,  at  fixed  values  of 
Froudc  number  F  and  pressure  coefficient  Cp  by  extrapola¬ 
ting  to  L/D  *  0  the  finite-depth  numerical  data  given  in 
Figure  ft.  A  hand-sketched  extrapolation  of  the  finite-depth 
values  of  (*/(’ i,  m  is  presented  in  Figure  7  for  F  ■  0.461  and 
0.357  and  it  indicates  that  the  exact  infinite-depth  values  of 
wave-resistance  coefficient  C  will  he  either  close  to  the  third- 
order  perturbation  theory  values  c  f  C  or  at  least  between 
the  second  and  third  order  values  of  C,  Figures  6  and  7  seem 
to  indicate  (hat  for  F  *  0.357,  the  third-order  theory  falls 
for  the  larger  value*  of  Cp.  We  conclude  that  perturbation 
theory  can  be  expected  to  predict  faiily  well  the  wave 
resistance  of  two-dimensional  pressure  distributions,  at  least 
for  Froude  numbers  F  >  0.3.  At  high  speeds  (F  >  0.55) 
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WAVE  RESIST  ANCE,  C/C,  WAVE  RESISTANCE.  C/C,  WAVE  RESISTANCE.  C/C 


Figure  6  -  Wave  Resistance  versus  Pressure 
Coefficient  for  Various  Kroude  Numbers 


Figure  7  -  Wave  Resistance  versus  Ratio  of  Pressure 
Distribution  Length.  L  and  Water  Depth.  I) 
for  F  =  0.357  and  0.461 


near  and  beyond  the  second  hump  of  the  ('  versus  F  curves 
of  Figures  4  and  5.  linear  wave-resistance  theory  is  expected 
to  be  fairly  accurate  in  predicting  the  values  of  C. 

In  Figure  6.  the  open  symbols  given  for  C'p  =  0  have 
been  obtained  by  the  linear  finite-depth  theory,  Equation 
(23).  These  values  show  that  the  differences  between  finite- 
depth  linear  theory  and  infinite-depth  linear  theory  are  no 
more  than  1 10  percent  for  the  cases  presented  in  Figure  6. 
whereas  the  difference''  between  the  finite-depth  nonlinear 
numerical  results  and  the  infinite-depth  perturbation- theory 
results  are  much  larger.  For  example,  for  F  3  0.302  and 
(  p  3  1.00,  the  finite-depth  numerical  and  the  infinite-depth 
perturbation  results  differ  by  about  a  factor  of  2.0.  We 
conclude  from  this  that  the  finite-depth  effects  on  the  wave 
resistance  for  two-dimensional  flow  past  tree-surface  pressure 
distributions  are  highly  nonlinear  und  that  linear  theory 
cunnot  be  used  to  estimate  accurately  the  bottom  effects 
even  for  disturbances  with  moderate  strengths.  Similar 
conclusions  were  reuched  In  Reference  1 4 )  with  regard  to 
the  finite-depth  effects  on  the  wuvclei<gth  of  free  running 
two-dimensional  wuves. 

One  cun  detect  a  small  amount  of  scatter  tor  irregularity) 
of  the  numerical  results  shown  In  Figure  6.  The  questions 
of  accuracy  will  be  discussed  later  and  some  results  of 
numerical  experiments  to  answer  some  of  these  questions 
will  be  given. 

let  us  now  examine  the  frtc-surfaec  elevations  in 
Figure  H  in  order  to  more  fully  understand  the  wave-making 
action  of  the  pressure  distribution.  We  compare  in  Figure  8 
the  Tree-surface  profiles  obtained  by  the  numerical  method 
with  those  obtained  by  linear  infinite-depth  theory,  for 
three  Froude  number  cases,  all  with  C'p  *  1.60.  For  the 
numerical  results  shown  in  Figure  H  both  L/D  and  X,  »*/D 
are  sufficiently  small  (both  considerably  leu  than  2)  so  that 
they  can  be  compared  to  infinite-depth  linear- theorv  results.* 


•For  linear  theory,  (he  difference  in  free  surface  elevations  between  finite-depth  and  infinite-depth 
is  leer  than  I  percent  when  both  L/D  and  X(  m/D  are  teee  than  2. 
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Figure  8  -  Free-Surfnee  Elevation*  Obtained  by  Numerical  Method 
and  Linear  Theory  for  Various  Fronde  Number*  und  Cp  °  1  .bO 


Figure  H  shows  the  very  interesting  fuel  that  the 
difference  in-tween  the  nonlineur  und  linear-theory  wave 
resistance  must  stein  almost  entirely  from  the  phase  shift  of 
the  rear  portion  of  the  local  disturbance  relative  to  the  front 
portions.  Note  that  the  amplitude  of  the  forward  part  of 
the  local  disturbance  is  predicted  to  be  almost  the  sume  by 
the  nonlinnr  and  linear  calculations.  Thus,  at  the  high 
speeds,  l;  >  0.55.  where  the  pressure  distribution  rides 
entirely  u»  the  forwurd  portion  of  the  local  disturbance, 
very  small  differences  are  found  between  linear  and  nonlineur 
results. 

Free- surf ucc  elevations  obtained  by  second*  and  thi;d 
order  perturbulion  theory  (which  we  do  not  show  here!  also 
show  the  same  nonlinear  phase  shift  for  the  rear  portion  of 
the  local  disturbance.  The  perturbation  results  also  show 
ll.ii  the  front  portion  of  the  local  five-surface  elevutlons 
predicted  by  the  second-  and  third-order  theory  is  almost 
identical  to  the  linear  theory  results. 


A  general  conclusion  seems  to  be  that  the  predominate 
nonlinear  effect  is  the  phase  shift  between  the  waves 
generated  by  different  portions  of  the  disturbance.  Further¬ 
more.  as  the  speed  decreases  and  the  wavelength  becomes 
smuiier  relative  to  the  disturbance  length,  this  phase  shift 
results  in  an  increasingly  larger  difference  between  the  exact 
and  the  linear  theory  wave  resistance,  it  seems  plausible 
that  this  conclusion  'or  the  two-dimensional  pressure  case 
may  curry  over  to  the  three-dimensional  ship  case.  Numely, 
(hat  us  the  ship  speed  decreases  one  may  expect  larger 
nonlinearities  due  to  the  nonlinear  phasing  between  the 
waves  generated  by  the  bow  und  the  stem.  This  ii  in  agree 
merit  with  the  well-known  fact  that  linear  ship-wave- 
resistai.ee  theory  agrees  (setter  with  experimental  results  at 
higher  ship  speeds. 

As  previously  discussed,  the  nutlineur  effects  are  very 
noticeable  when  UD  >  2,  even  when  the  waves  themselves 
urc  close  to  being  deep-water  waves,  l.e.,  X,  »/!)  <  2. 


A  particularly  interesting  case  with  strong  nonlinear  effects 
is  shown  in  Figure  9.  Here  l./D  *  2.33  and  F  *  0.357. 

F re  e-surface  elevations  arc  shown  for  two  pressure  coeffi¬ 
cients.  Cp  =  0.80  and  1.60.  Note  that  the  doubling  of  the 
pressure  coefficients  from  (  p  =  0.8  to  Cp  =  1.6  results  in 
only  a  very  slight  increase  of  the  wave  height  (and  wave- 
resistance  coefficient  O  although  the  amplitude  of  the  local 
disturbance  is  almost  exactly  doubled,  thus,  we  see  that 
the  main  effects  of  the  nonlinearities  of  the  problem  are  to 
change  the  phasing  (increase  the  distance  between)  the 
front  and  rear  portions  of  the  local  disturbance. 

An  interesting  phenomenon  connected  with  the  non¬ 
linear  variations  of  the  frec-surface  profile  with  increases  in 
pressure  coefficient  Cp  is  more  thoroughly  illustrated  in 
Figure  10.  Here  wc  sliow  the  variation  of  the  wave- 
resistance  coefficient  ('  and  the  actual  wave  resistance  R 
(made  dimensionless  by  the  hydostatic  head  pgl )  with 
pressure  coefficient  ('„.  Note  that  as  Cp  increases  towards 
1.6.  the  actu  il  wave  resistance  K  increases  to  a  maximum  at 
Cp  »  1.4  and  decreases  again  with  a  further  increase  in  Cp.* 


Figure  9  -  Free  Surface  Elevations  Obtained  by  Numerical 
Method  for  F  -  0.357.  Cp  «*  0.80  and  1.60.  and  L/D  “  2.33 


This  curious  phenomenon  means  that  beyond  a  certain 
loading,  it  is  economical  in  an  absolute  sense  to  actually 
increase  the  loading  further  (at  least  when  lunning  at  Froudc 
number.  F  =  0.357  in  water  depth  of  D  =  L/2.33). 

We  have  alluded  to  the  slight  irregularity  of  some  of 
the  numerical  results  shown  in  Figure  6.  We  note  in  parti¬ 
cular  that  the  numerical  results  for  hw  values  of  ( p  seem 
to  be  displaced  from  the  main  trend  of  the  numerical 
results.  This  is  due  to  the  fact  that  in  the  numerical  method 
we  use  an  absolute  measure  of  the  local  error  in  the  free- 
surface  condition.  This  results  in  higher  relative  accuracy  in 
satisfying  the  frec-surface  condition  for  larger  free-surface 
disturbances.  Some  numerical  results  illustrating  this  effect 
are  shown  in  Figure  1 1.  This  figure  shows  the  effect  of  the 
variation  of  the  finite-difference  mesh  size  on  the  wave- 
resistance  coefficient  C  for  various  values  of  Cp  at  the 
values  F  =  0.357  and  L/D  =  2.0.  Note  the  somewhat  lower 
accuracy  achieved  at  lower  values  of  Cp  and  larger  values  of 
the  mesh  size  h/L  if  one  assumes  that  the  values  of  C  at 
l./h  =  24  represent  accurate  values.  Most  of  the  numerical 
results  given  in  this  paper  were  obtained  for  values  of 
l./h  *  20  or  22  although  some  of  the  results  were  obtained 
at  l./h  *  24. 

Concluding  Remarks 

Wc  have  found  in  the  numerical  investigations  described 
in  this  paper  that  the  first-  and  second-order  perturbation 
theory  of  |<»1  is  probably  adequate  for  predicting  the  wave 
resistance  coefficient  ('  of  two-dimensional  surface  pressure 
distributions  on  infinite  depth  streams  and  for  Froudc 
number  F  >  0.3.  Wc  expect  that  a  second-order  perturbation 
theory  for  finite-depth  streams,  similar  to  the  infinite-depth 
perturbation  theory  of  |6|  also  will  predict  accurately  the 
wave- resistance  coefficient  ('  for  surface-pressure  distributions. 
We  note  in  Figures  4  and  5  that  the  relative  accuracy  of  the 
linear-theory  wave-resistance  coefficient  C,  is  very  low  at 
the  sloping  parts  and  near  the  troughs  of  the  ('  versus  F 
graphs.  However,  the  absolute  magnitude  of  the  difference 
between  the  exact  and  linear-theory  values  of  ('  is  not  large 


Figure  10  -  Nondimensional  Wave  Resistance  and 
Whve-Re«istance  Coefficient  vcimin 
Pres  re  Coefficient  lor  F  -  <1.357 


Figure  1 1  -  Wave-Resutame  Coefficient  versus 
Number  of  Mrsh<  \  |>cr  I  ength  Scale 
for  F  -  0  <*•  jih!  170  *  2  00 


•We  recognize  that  we  «mty  have  one  *.<a  point  beyond  CP  •  ■  '  which  ihowe  lhi»  dccne-t  m  the  wave  reuses  nee.  however,  cornhlering  tire  wave 
cancellation  mechanisms  whi.  juceeni  under  the  preMure  distribution.  this  decrease  is  ccilainiy  possible. 
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compared  wilh  say  the  maximum  value  of  C  at  F  =  0.57. 
Thus,  it  seems  that  the  linear-theory  wave-resistance 
coefficient  C,  is  an  adequate  prediction  of  the  value  of  C  in 
most  practical  circumstances.  The  improvement  of  the 
prediction  of  the  wave-resistance  coefficient  C  given  by 
second-order  theory  then  gives  accurate  estimates  of  C  for 
Froude  numbers  F  >  0.3.  We  expect  that  similar  accuracy 
for  Tint-  and  second-order  wave-resistance  theory  of  three- 
dimer,  sional  surface  pressure  distributions  can  be  obtained. 
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Invited  Discussion 

T.  Francis  Ogllvfe 
University  of  Michigan 


Refore  discussing  the  three  papers  at  hand, 

I  wish  to  make  a  general  comment  about  the  sub¬ 
ject  of  this  meeting:  Numerical  Ship  Hydrody¬ 
namics. 

1  do  not  believe  that  the  subject  exists. 
Long  before  the  first  meeting  of  '  s  series,  I 
asserted  this  publicly.  Now  It  Is  obvious  that 
I  have  been  overruled  by  consensus,  but  I  still 
believe  what  1  said  several  years  ago. 

There  Is  such  a  subject  as  "ship  hydro¬ 
dynamics,"  Fut  a  good  ship  hydrodynamlclst  has 
a  tool  kit  with  many  tools,  Including  numerical 
analysis  and  the  computer.  It  should,  however. 
Include  many  other  things,  and  everything  Is 
useful  only  If  the  person  has  a  good  understand¬ 
ing  of  the  physical  phenomena  Involved.  Most 
Important  of  all  Is  an  appreciation  of  when  to 
use  which  tool. 

I  have  arrived  at  my  present  ege  without 
ever  having  written  a  computer  program.  But  I 
am  certainly  not  "against"  numerical  ship 
hydrodynamics.  I  feel  that  I  appreciate  the 
Importance  of  numerical  solutions  as  well  as 
anyone,  If  they  are  developed  and  used  sensibly. 

I  established  my  position  many  years  ago.  For 
example,  many  of  you  know  the  work  of  Frank 
(1967),  to  which  reference  has  been  made  here 
seveial  times.  When  Werner  Frank  developed  his 
now  well-known  procedure,  I  was  his  supervisor. 

I  had  assigned  the  task  to  him,  after  doing  a 
fair  part  of  the  numerical  analysis  myself.  We 
had  visions  then  of  eventually  doing  the  full 
3-D  ship-motion  problem  In  a  similar  way.  But 
we  aborted  that  effort  when  we  realized  that  we 
could  combine  his  2-D  numerical  solutions  with 
appropriate  analytical  techniques  to  obtain 
rather  good  solutions  of  real-world  3-D  problems, 
even  those  involving  ships  In  waves  with  forward 
speed.  We  made  the  best  use  of  numerical  and 
analytical  tools. 

Those  hybrid  solutions  were  very  successful 
for  certain  Important  purposes,  but  they  had 
many  defects  too.  And  so  we  should  be  studying 
new  and  better  ways  of  solving  those  problems. 

We  should  be  directing  our  efforts  toward  Identi¬ 


fying  and  removing  the  defects  of  the  previous 
solutions,  not  just  finding  new  ways  of  doing 
the  same  old  things.  And  we  should  be  trying  to 
develop  numerical  methods  for  those  problems 
that  cannot  be  solved  at  all  by  classical 
analytical  methods. 

During  this  meeting,  I  have  heard  very  few 
authors  give  any  reasons  for  undertaking  the 
studies  that  they  are  reporting.  It  would  be 
entirely  proper  if  some  of  them  were  justified 
purely  on  the  grounds  that  they  would  Improve 
our  basic  scientific  knowledge  of  fluid  mecha¬ 
nics.  I  would  accept  a  statement  that  our 
practical  capabilities  In  ship  hydrodynamics 
would  be  Improved  even  ten  years  from  now 
because  of  these  studies.  But,  quite  frankly, 

I  do  not  see  an  Indication  that  most  of  these 
papers  were  prepared  with  these  general  goals 
in  mind. 

For  example,  we  have  heard  much  discuss!:.' 
about  the  s1gn1f1cance--or  lack  thereof— of  the 
Kelvln-Neumann  problem.  Blit  the  authors  who 
have  addressed  this  problem  have  not  generally 
discussed  why  they  are  bothering  to  study  the 
problem  at  all.  It  has  been  the  discussers  who 
have  brought  up  the  question.  I  myself  tried  to 
defend  these  authors  earlier  In  this  meeting. 

But  why  did  these  authors  not  Investigate  thor¬ 
oughly  for  themselves  whether  this  problem  was 
relevant  to  anything  at  all,  especially  before 
beginning  the  horrendous  task  of  trying  to 
solve  It?  Or,  if  they  did  Investigate  this 
matter,  why  did  they  not  tell  us  about  It? 

So  now  I  cn-  to  the  three  papers  that  I  am 
supposed  to  discuss.  The  three  deal  with  prac¬ 
tically  the  same  problem,  presenting  three  dif¬ 
ferent  approaches.  Now,  I  am  quite  aware  that 
nonlinear  effects  may  be  very  significant  In 
many  practical  problems  of  ship  hydrodynamics. 

In  steady-motion  problems,  such  effects  are 
likely  to  be  most  Important  near  the  Junction  of 
the  free  surface  and  the  leading  edge  of  the 
ship  (or  other  body).  However,  all  of  the 
authors  have  avoided  having  such  a  Junction  In 
their  problems,  and  none  of  them  suggest  how  or 
even  whether  their  methods  can  be  extended  to 
cover  such  Important  matters. 

Perhaps  the  difficulties  will  be  less  when 
these  methods  are  applied  to  3-D  problems.  Or 
will  they?  Is  It  worth  all  of  this  work  on  2-0 
problems  unless  we  have  anticipated  how  we  shall 
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be  able  to  handle  real  problems?  It  is  encourag¬ 
ing  that  these  authors  do  treat  the  full  non¬ 
linear  free-surface  conditions,  and  I  do  not  mean 
to  imply  that  this  is  easy.  But  where  will  it 
lead? 


Leaving  aside  for  the  moment  the  discussion 
of  perturbation  theory  by  von  Kerczek  and 
Salvesen,  I  think  that  it  is  fair  to  say  that 
the  major  difficulty  in  all  of  these  papers  lies 
in  finding  the  location  of  the  free  surface.  A 
different  method  is  used  in  each  paper,  and  each 
seems  to  be  more-or-less  successful.  This  is 
art,  of  course,  not  science.  Hess  has  conclud¬ 
ed  that  a  global  correction  must  be  made  to  the 
free-surface  location  in  each  Iteration,  but 
the  authors  seem  to  have  managed  to  use  proce¬ 
dures  that  adjust  the  location  stepwise  in  the 
downstream  direction.  Perhaps  Hess'  claim  is  too 
strong,  but  it  may  still  be  the  best  way  to  pro¬ 
ceed. 


There  is  one  fundamental  difference  in  ap¬ 
proach  between  Hess  and  the  others.  There  are 
two  free-surface  conditions,  of  course,  and 
the  unknown  location  of  the  free  surface  must 
be  determined  as  part  of  the  solution.  Hess 
satisfies  the  dynamic  free-surface  condition 
first  on  an  assumed  location  of  the  surface, 
then  computes  the  velocity  components  and  uses 
the  kinematic  condition  to  correct  the  surface 
location.  The  other  authors  use  the  two  bound¬ 
ary  conditions  in  the  opposite  order.  There 
are  heuristic  arguments  on  both  sides,  but  1 
cannot  see  any  definitive  argument  in  favor  or 
either  approach. 

It  is  remarkable  in  what  a  cavalier  way 
these  authors  can  treat  the  radiation  condition. 
For  those  of  us  who  are  accustomed  to  perform¬ 
ing  analytical  studies  of  similar  problems,  we 
expect  to  have  to  Impose  explicit  radiation 
conditions,  but  this  seems  to  be  a  trivial  mat¬ 
ter  in  a  purely  numerical  analysis.  Presumably, 
this  situation  is  characteristic  only  of  a  2-D 
problem,  and  radiation  conditions  may  cause  much 
difficulty  in  the  corresponding  3-0  problems. 

I  am  troubled  by  Hess'  device  for  smooth¬ 
ing  the  incident  flow.  He  requires  that  both 
components  of  the  perturbation  velocity  be 
zero  on  an  upstream  segment  of  the  undisturbed 
free  surface.  This  kind  of  overspecification 
would  lead  to  disaster  in  an  analytical  solution: 
It  would  require  that  the  perturbation  velocity 
be  identically  zero  everywhere.  But  there  is 
certainly  no  disaster  here,  just  some  question¬ 
able  results.  Presumably,  both  components  are 
very  small  on  the  upstream  “flat,"  and  approxi¬ 
mating  them  numerically  as  zero  is  simply  a  good 
approximation  that  causes  no  fundamental  diffi¬ 
culty. 

Finally,  I  wish  to  make  a  couple  of  comments 
about  the  perturbation  analysis  in  the  paper  by 
von  Kerczek  and  Salvesen. 

First  of  all,  it  is  comendable  that  two 
Investigators  should  carry  along  an  impartial 
parallel  development  of  two  quite  different 
approaches.  We  are  all  too  accustomed  to  see¬ 
ing  each  person  going  off  in  his  own  direction, 
pursuing  a  particular  approach  and,  forever 


after,  each  advocating  h*s  own  approach  as  test. 
I  congratulate  Chris  and  Nils  for  their  long 
cooperation  on  this  problem. 

Salvesen's  early  work  on  this  subject  was 
the  direct  inspiration  for  me  to  investigate 
the  asymptotic  low-speed  problem.  My  elementary 
analysis  has  now  been  developed  by  Baba  and 
Hara  into  an  elegant  theory  that  for  the  first 
time  really  appear:  to  explain  some  important 
low-speed  phenomena  of  surface  ships.  This  can 
all  be  traced  back  to  Salvesen's  observation 
that  steady-motion  free-surface  problems  appear 
to  become  more  and  more  nonlinear  as  speed  be¬ 
comes  smaller  and  smaller.  Many  years  ago,  I 
found  this  to  be  a  very  disturbing  observation, 
but  1  finally  rationalized  it  on  the  grounds 
that  the  generated  waves  become  shorter  and 
shorter  as  speed  decreases,  and  so  gradients 
and  higher  derivatives  of  the  field  variables 
could  become  larger  and  larger,  even  though 
wave  amplitude  itself  becomes  negligible.  Such 
behavior  could  occur  only  in  a  surface  layer, 
of  course,  and  so  we  were  led  to  the  low-speed 
singular  perturbation  that  Baba  and  Hara  have 
developed. 


Now  von  Kerczek  and  Salvesen  again  observe 
that  the  linear  theory  is  best  if  the  speed  is 
quite  high  (F  >  0.55)  and  their  higher-order 
perturbation  theory  is  fairly  good  for  moderate 
speed  (F  >  0.3).  But  their  explanation  appears 
not  to  be  quite  equivalent  to  what  I  concluded 
nine  years  ago.  They  claim  that  tiic  phase  of 
the  generated  waves  is  sensitive  to  "nonlinear 
effects."  This  strikes  me  as  being  quite  close 
to  the  approach  that  has  been  developed  r-ent- 
ly  at  the  University  of  Tokyo  by  Professoi  'nui 
and  Kajitani,  who  consider  that  the  ship¬ 
generated  waves  propagate  on  a  nonuniform  stream 
the  streaming  flow  around  the  body,  satisfying 
the  rigid-wall  free-surface  condition.  The 
phase  velocity  of  waves  propagating  on  such  a 
nonuniform  stream  may  vary  remarkably.  There 
is  no  body  in  the  problem  nf  von  Kerc, ek  and 
Salvesen,  but  there  is  a  correspondi- j  rigid- 
wall  solution.  I  wonder  whether  the  observed 
phase  shifts  could  be  obtained  from  a  linear 
analysis  involving  perturbations  about  the 
rigid-wall  solution.  1  also  wonder  whether  the 
interpretation  of  the  phase  sensitivity  is  in 
fact  just  another  way  of  looking  at  the  surface- 
layer  phenomenon  that  I  analyzed  qualitatively 
many  years  ago,  or  is  it  really  something 
different? 


Discussion 

Salvesen 

It  is  difficult  in  most  cases  to  determine 
the  accuracy  of  numerical  nonlinear  solutions 
of  body-wave  problems.  First  of  all,  there 
exist  very  few  published  nonlinear  solutions  and 
very  often  the  published  data  are  for  conditions 
slightly  different  from  those  modeled  in  our 
own  computer  methods.  For  example,  von  Kerczek 
and  I  were  forced  to  make  comparisons  between 
nonlinear  numerical  results  for  finite-depth  flow 
and  perturbation  results  for  infinite-depth  flow. 
The  reasons  for  this  are  that  a  higher-order 
perturbation  theory  for  finite  depth  has  not 
been  developed  and  that  our  numerical  method  was 
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PROPORTIONAL  CHANGE  IN  WAVELENGTH,  (X  -  X,  )/X, 


not  suitable  for  very  large  depths.  Me  assumed 
in  our  earlier  work  that  the  bottom  effects 
could  be  considered  small  when  the  depth  was 
equal  to  one-half  of  the  wavelength  since  the 
differences  between  finite-depth  and  infinite- 
depth  linear- theory  results  ere  no  more  than 
one-half  a  percent  at  this  depth. 

However,  our  recent  results  (to  be  published 
in  the  Journal  of  Ship  Research  in  1978)  show 
that  our  assumption  is  incorrect  for  the  non¬ 
linear  case.  Figure  1  shows,  for  free  waves  in 
finite-depth  (h/x,  -  0.486)  and  infinite-depth, 
the  proportional  change  in  the  wavelength 
(x-x,)/i,  as  a  function  of  the  dimensionless 
wave  height  H/x j .  Here  .'. ,  is  the  first-order 
wavelength.  It  is  seen  that  according  to  linear 
theory  (H/x,  =  0)  the  difference  between  the 
finite-depth  and  infinite-depth  wavelength  is 
about  one-half  a  percent,  whereas  for  steep 
waves  (H/x,  ■  0.10),  the  fifth-order  perturba¬ 
tion  theory  shows  a  five-percent  difference 
between  finite-depth  and  infinite-depth  wave¬ 
length.  The  nonlinear  numerical  results  agree 
well  with  the  fifth-order  finite-depth  results. 


Figure  t 


Me  wanted  to  bring  these  results  to  your 
attention  since  the  wavelength  is  often  used 
in  evaluating  the  accuracy  of  numerical  results 
and  since  the  effect  of  the  bottom  on  the  non¬ 
linear  change  in  wavelength  has  not  generally 
been  recognized. 


Author's  Reply 

by  A .  J .  Hermans  and  C.  Korving 
to  discussion  by  T.  Francis  Ogilvie 

The  remark  of  Ogilvie  about  the  radiation 
condition  suggests  that  in  performing  analytical 
studies  for  similar  problems  a  different  radia¬ 
tion  condition  has  to  be  imposed. 

In  our  numerical  analysis  we  used  the  fol¬ 
lowing  radiation  condition: 

a)  The  flow  is  undisturbed  upstream. 

b)  A  continuity  requirement  for  the  sur¬ 
face  elevation  (Cl2!). 

The  downstream  condition  is  just  a  condition  to 
close  the  region  in  an  appropriate  way.  The 
region  is  closed  at  a  position  where  the  mean 
surface  elevation  equals  zero.  In  each  iteration 
step  this  leads  to  a  different  position.  This 
disadvantage  can  be  handled  easily  in  the  numeri¬ 
cal  scheme.  The  advantage  is  the  very  simple 
boundary  condition  Imposed  on  the  normal  velocity. 
This  closure  condition  has  nothing  to  do  with 
the  radiation  condition.  By  the  way.  in  non¬ 
linear  theory  it  is  an  approximation.  In  linear 
theory  it  is  fulfilled  exactly.  Therefore  our 
radiation  condition  is  a)  and  b).  The  question 
arises  what  "radiation"  condition  is  used  in 
theoretical  studies.  The  analytical  studies 
are  on  problems  with  a  linearized  free-surface 
condition.  In  the  two-dimensional  case  use  can 
be  made  of  function  theory  to  construct  the 
solution  of  a  vortex  in  a  moving  Ideal  fluid 
with  a  linear  free-surface  condition.  Ogilvie 
suggests  that  in  that  case  some  sophisticated 
radiation  condition  has  to  be  formulated  to  ob¬ 
tain  a  unique  solution,  with  a  physical  meaning. 
However,  the  condition  that  is  used  is  the  re¬ 
quirement  that  the  upstream  potential  Is  undis¬ 
turbed.  See  for  instance  the  book  of  Kochi n, 

Kibel  and  Rose  on  Theoretical  Hydrodynamics, 
page  479.  Me  may  say  that  our  continuity  re¬ 
quirement  implies  that  the  free-surface  eleva¬ 
tion  is  an  analytic  function.  It  turns  out  that 
C'2'  is  a  condition  that  is  sufficient  to  lead 
to  a  unique  numerical  procedure.  I  hope  that 
the  discusser  agrees  that  the  radiation  condi¬ 
tion  in  similar  analytical  studies  is  the  same 
trivial  matter  as  in  pure  numerical  analysis. 

Soon  we  will  solve  3-D  problem  numerically  and 
I  am  sure  that  again  we  will  use  the  same  radia¬ 
tion  condition  as  the  one  in  analytical  studies. 


Author's  Reply 
by  John  L.  Hess 

to  discussion  by  T.  Francis  Ogilvie 


First,  I  would  like  to  thank  Prof.  Ogilvie  for 
his  thoughtful  comnents  and  to  remind  him  that 
similar  comnents  of  his  at  a  meeting  several 
years  ago  Initiated  the  work  that  has  led  to  my 
present  paper.  I  do  not  pretend  to  have  ans¬ 
wers  for  all  the  questions  he  raises,  but  I 
have  a  few  thoughts  that  seam  applicable. 

The  "tool  kit"  metaphor  Is  a  good  one. 
However.  It  should  be  kept  In  mind  that  the 
subject  of  this  conference  (only  the  second 
such  conference)  Is  in  its  Infancy  and  that 
the  calculations  1  tools  we  are  presently  devel¬ 
oping  are  accordingly  very  primitive  ones. 
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These  simple  tools  probably  will  not  be  the 
ones  that  are  used  to  solve  the  problems  of 
real  Interest,  but  rather  they  will  be  used 
to  construct  more  powerful  tools  that  will  be 
applied  to  these  problems. 

In  accordance  with  the  above  it  seems  to  be 
quite  appropriate  at  this  stage  of  development 
to  consider  two-dimensional  problems,  as  long 
as  the  solution  techniques  have  direct  three- 
dimensional  analogies.  The  failure  of  a  two- 
dimensional  approach  would  clearly  preclude  any 
three-dimensional  effort,  while  Its  success 
would  furnish  a  good  deal  of  guidance  for  the 
attack  on  the  three-dimensional  problem.  The 
history  of  numerical  analysis  shows  few  if  any 
solutions  of  three-dimensional  problems  that 
were  not  carried  out  initially  In  two  dimen¬ 
sions.  For  the  same  reasons,  it  seems  legiti¬ 
mate  to  attempt  a  solution  for  submerged  bodies 
before  addressing  the  additional  complications 
of  the  surface-piercing  case. 

As  regards  the  significance  of  the  Kelvln- 
Neumann  problem,  I  am  not  competent  to  discuss 
the  issue.  However,  as  long  as  the  problem  has 
not  been  proved  to  lack  significance,  work  on 
Its  solution  appears  valid.  If  for  no  other 
reason  than  to  determine  Its  significance 
"empirically".  There  is  after  all  some  doubt 
as  to  the  significance  of  the  Navier-Stokes 
equations. 

Prof.  Ogilvie  has  put  forward  several  tech¬ 
nical  points.  I  can  report  the  results  of  our 
numerical  experiments  but  cannot  draw  any  far- 
reaching  conclusions  with  any  degree  of  certain¬ 
ty.  First,  we  have  never  obtained  convergence 
with  any  sort  of  local  iterative  algorithm. 
Including  ones  that  use  the  two  boundary  condi¬ 
tions  in  the  opposite  order.  Second,  in  a  case 
run  after  the  conference,  the  normal-velocity 
condition  on  the  upstream  "flat"  was  eliminated 
with  a  resultant  divergence  of  the  procedure. 
Elimination  of  the  tangential-velocity  boundary 
condition  has  not  been  attempted  as  yet. 

Finally,  I  certainly  do  not  minimize  the 
possibility  that  a  radiation  condition  will 
have  to  be  applied  on  some  vertical  downstream 
surface.  I  consider  the  inclusion  of  a  radia¬ 
tion  condition  to  be  one  of  the  better  possi¬ 
bilities  for  obtaining  convergence  in  cases 
having  large  wave  heights. 


Author's  Reply 
By  C.  von  Kerczek 

to  discussion  by  T.  Francis  Ogilvie 

He  thank  Prof.  Ogilvie  for  his  kind 
comnents.  He  do  not  fully  understand  whit 
Prof.  Ogilvie  means  by  the  "rigid-wall  solu¬ 
tion"  In  his  first  question  to  us.  If  he 
means  the  uniform  free-stream  flow  under  a 
planar  free  surface,  then  the  answer  to  hts 
question  seems  to  be  no!  The  phase  shifts  do 
occur  at  second  order  when  perturbing  about  the 
free  stream.  However,  If  Prof.  Ogilvie  means 
the  flow  under  a  rigid  free  surface  whose  shape 
Is  that  of  the  static  free  surface  under  a 
stationary  pressure  distribution,  then  It  does 
seem  to  us  the  answer  to  his  question  Is  yesl 


The  phase  shifts  do  occur  at  first  order.  The 
reason  we  believe  this  Is  that  when  the  pertur¬ 
bation  theory  Is  applied  to  the  free-stream 
solution,  the  second-order  problem.  In  which 
the  phase  shift  does  occur,  accounts  mainly 
for  the  effects  of  the  local  distortion  of  the 
free  surface  In  the  first-order  solution. 
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FINITEf  LEMENT  ANO  FINITE-DIFFERENCE  SOLUTIONS  OF 
NONLINEAR  FREE  SURFACE  WAVE  PROBLEMS* 


S.  M.  Yen,  K.  D.  Lea  and  T.  J.  Akai 
Coordinated  Science  Laboratory,  University  of  Illinois 
Urbans,  Illinois  61801 


Aba  tract 

In  this  paper  two  tine-dependent  manor  leal 
schemas  for  aolving  steady  and  unsteady  poten¬ 
tial  flows  for  nonlinear  free  surface  problems 
are  presented.  In  one  scheme,  the  finite 
element  method  la  used  to  make  the  field  calcu¬ 
lation  of  the  velocity  potential  and  the  finite 
difference  method  is  used  for  the  time  evolu¬ 
tion.  The  feasibility  of  this  scheme  has  been 
demonstrated  by  manor ical  solutions  obtained 
for  the  two-dimensional  problems  of  the  pres¬ 
sure  distribution  and  the  submerged  body.  In 
the  other  scheme,  a  finite  difference  method 
that  couples  an  explicit,  single  ctago, 
second  order  time  integration  scheme  with  the 
solution  of  the  Laplace  equation  for  the  velo¬ 
city  potential  is  used.  The  feasibility  of 
this  scheme  has  been  demonstrated  by  numerical 
solutions  obtained  for  a  two -dimensional 
pressure  distribution  problem  and  a  three- 
dimensional  accelerating  strut  problem. 

1.  Introduction 

Free  surface  wave  problems  are  characterised 
by  complexities  in  flow  geometry,  flow  features 
and  boundary  conditions.  The  flow  has  an  un¬ 
known  free  surface  and  It  is  propagative  and 
transient.  The  boundary  condition  at  the  free 
surface  Is  of  a  mixed,  parabolic  type  and  it 
contains  highly  nonlinear  terms.  In  the 
etaady  atate,  there  also  exists  e  radiation 
boundary  condition,  since  the  waves,  once 
generated,  propagate  downstream.  These  com¬ 
plexities  have  lad  to  several  computational 
difficulties:  accurately  accommodating  the  free 
surface  geometry,  satisfy log  the  boundary  con¬ 
dition  uniformly  over  the  free  surface,  and 
treating  the  radiation  boundary  condition. 
Computational  methods  have  bean  developed  to 
deal  with  some  of  these  difficulties  and  have 
been  ueed  to  solve  several  free  surface  prob¬ 
lems.  These  methods  have  advantages  as  wall 
•e  problems  In  their  Imp  lamentations.  Some  of 
these  advantages  end  problem#  furnish  possibly 
useful  guidance  for  further  development  of 
computational  schemes. 

Von  Karcsek  and  Salvasan  [1,2]  edoptad  a 
marching  tachnlqua  to  eliminate  the  necessity 
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of  the  radiation  condition  by  guesting  end  cor¬ 
recting  the  free  surface  for  steady,  two- 
dimensional  flow.  Their  downstream  closure 
condition  is  simply  an  extrapolation  of  the 
streamlines,  but  it  may  be  useful  In  evaluat¬ 
ing  the  nonlinear  effects.  Steady  stare  solu¬ 
tions  can  also  be  attained  by  using  a  transient 
approach.  Tue  works  by  Chan  and  Hlrt  [3]  and 
Hausallng  and  Van  Kseltine  [4,5]  shoved  that  a 
local  ataady  state  solution  is  obtained  rela¬ 
tively  soon  after  a  sudden  start.  It  seems 
that  one  of  the  most  general  methods  for  free 
surface  problems  Is  MAC  [6-10]  or  Its  modified 
version  SR  MAC  [11-13],  which  is  an  Eulerlan 
method  with  Lagranglan  up  ^Ing  of  the  free 
surface  geometry.  However,  uestlons  still  re¬ 
main  concerning  overall  efflc'ency  and  applica¬ 
tions  to  problems  with  complex  geometry. 
Lagranglan  methods  [ 14-181  look  good  for  simu¬ 
lating  free  surface  flows  in  confined  regions, 
but  are  more  complex  for  problems  of  flow  past 
obstacles.  Furthermore,  the  Lagranglan  mean 
would  be  distorted  so  severely  as  to  produce 
serious  questions  of  accuracy. 

Several  Investigators  [  19-26]  have  succeed¬ 
ed  in  applying  the  finite  element  method  to 
several  free  surface  problems.  However,  there 
are  many  unsolved  problems  concerning  accuracy 
and  convergence  of  the  finite  alamenc  solu¬ 
tions,  especially  for  nonlinear  free  surface 
problems  with  far-fleld  redletlon  conditions. 
Chen  and  Mel  [25]  and  Bal  and  Yaung  [26]  used 
the  known  radiation  condition  at  a  suitable 
distance  and  matched  It  to  their  interior 
numerical  solution  at  the  truncation  boundary 
by  u»lng  an  eigenfunction  expansion. 

Further  application  of  methods  developed  to 
find  accurate  solutions  of  more  complex  prob¬ 
lems  depends  on  the  success  of  future  efforts 
to  alleviate  the  computational  difficulties 
associated  with  each  of  Chase  methods .  Wa 
shall  describe  in  chi*  .wiper  our  raaaarch 
effort  in  the  developeient  of  computational 
methods  for  nonlinear  free  surface  problem. 

The  focal  point  of  our  study  Is  the  non¬ 
linear  problem  for  a  disturbance  In  uniform  or 
accelerated  motion  on  or  near  a  free  surface. 
Our  objective  is  to  develop  numerical  methods 
for  solving  ataady  and  unsteady  potential  flows 
for  free  surface  problems. 
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We  havu  developed  a  time-dependent  finite 
element  scheme  [27]  to  deal  with  the  geometri¬ 
cal  complexity  and  the  free  surface  boundary 
condition  of  the  nonlinear  free  surface  prob¬ 
lems.  In  this  scheme,  the  finite  element 
method  is  used  to  make  the  field  calculation 
and  the  finite  difference  method  ia  used  for 
the  time  evolution.  We  have  used  this  method 
to  solve  two  problems:  a  pressure  distribution 
moving  with  a  constant  speed  and  a  moving  sub¬ 
merged  elliptical  cylinder  or  a  hydrofoil. 

We  have  also  developed  an  explicit  time- 
dependent  finite  difference  scheme  [28]. 
Explicit  schemes  may  be  uore  favorable  for 
solving  large  scale  problems  on  "super  com¬ 
puters"  which  have  more  stringent  implementa¬ 
tion  requirements.  We  have  used  this  method 
to  solve  two  problems;  a  pressure  distribution 
moving  with  a  constant  speed  and  an  elliptic 
cylindrical,  surface-piercing  strut  accelerat¬ 
ing  from  rest.  Our  solutions  serve  to  demon¬ 
strate  the  feasibility  of  using  the  method  to 
solve  two-dimensional  as  well  as  three- 
dimensional  problems. 

II,  Formulation  of  the  Problem 

We  consider  the  potential  flow  produced  by 
a  disturbance  moving  forward  on  or  near  a  free 
surface.  We  assume  that  there  are  no  secondary 
motions  such  as  pitch,  roll,  heave,  sway,  or 
surge  and  that  there  are  no  ambient  waves. 

The  flow  Is  governed  by  the  potential  equation, 
free  surface  boundary  conditions  and  conditions 
at  Other  boundaries.  The  free  surface  is 
characterized  by  tw  distinct  conditions, 
kinematic  and  dynamic  conditions. 

We  shall  summarize  below  the  basic  equations 
and  the  boundary  conditions.  The  coordinate 
system  (x,y,*>  Is  attached  to  the  disturbance 
with  negative  y  oriented  toward  the  accelera¬ 
tion  of  the  gravity.  The  flow  variables  are 
the  potential  function  ♦,  the  velocity 
V(V  ,V  ,V^),  ***1  the  pressure  p.  All  the 
variables  In  the  basic  equations  snd  boundary 
conditions  are  nondlmans Iona  1  lied  with  respect 
to  U,  L,  snd  P  which  are  the  reference  values 
of  velocity,  length  end  pressure  respectively. 
We  Introduce  two  flow  paraateters: 

f r  •  ,  snd  ( l) 

M. 


The  free  surface  height  Is  defined  es 

y  -  T](x,t  ;t ) .  (3 

A  (wo-d  limns  ions  l  problem  of  a  moving  dis¬ 
turbance  can  be  defined  as  follows; 

*  «4  -  0  in  A 

ax  yy 

\  “  V*«”» 


0  ,  11  --ap 


on  cut-off  boundaries. 


on  solid  boundary, 
at  t  -  0  In  D. 


Here  p  Is  the  applied  pressure  on  the  free 
surface.  When  the  aolld  body  contains  a  sharp 
trailing  edge,  the  Kutta  condition  la  also  to 
be  satisfied  there.  That  is 

V  -  0  at  the  trailing  edge.  (5) 

The  computational  domain  Is  bounded  by  the 
free  surface  and  three  cut-off  boundaries 
approximating  boundaries  at  infinity. 

For  the  accelerating  strut  problem,  we  use 
the  elliptic  cylindrical  coordinate  system 
(6,0,y)  to  discretize  the  computational  field. 
The  constant  6  and  constant  8  level  curves  are 
respectively  confocal  ellipses  and  hyperbolas 
with  foci  (~c,0)  and  (c,0).  Here,  c  la  the 
semifocal  distance 

c  -  (.2  -  b2)' 

where  a  and  b  are  the  semi-major  and  semi-minor 
axes  of  the  base  ellipse  respectively.  The 
base  ellipse  is  represented  by  6.  "Inf (a4b)/c] . 

D 

The  metric  or  scale  factor  h  associated  with 
the  transformation  from  the  Cartesian  to  the 
elliptic  cylindrical  system  may  be  expressed 
by 

2  2  2  2 
h  -  c  (tinh  A  +  sin  Q). 

The  problem  considered  Is  defined  as  follows: 

’  0  ln  *■ 

\  -  V(V**Ve)/h2  ony-b 

♦  •  cU  co.h  ft  co.  8  -  (6) 


+  |U2-(v*)2|/i 

.hero  (vt>2  -  ♦2K»24*J)/h2 

•  •  cl!  cosh  ft  cos  • 


The  cut-off  bounds*  y  la  ft  .  At  the  bottcn 


equivalent  to  the  lal  function  for  a  two- 

dimensional  flow  p*»».  an  elliptic  cylinder. 
After  a  slight  mod :  lest Ion  to  obtain  compat¬ 
ibility  with  tha  boundary  condition  at  A_, 
ve  gat 


♦  ■cUfcoeh  ft  )(coa 


cosh  ft-b  sloh  ft _ 

cosh  A  -b  slnh  ft 
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In  this  eat hod,  the  finite  j lament  aathed 
la  used  for  tha  (laid  calculation  of  tha 
velocity  potential  while  tha  time  evolution  Is 
updated  by  using  tha  Units  difference  method. 
W«  shall  describe  hare  the  finite  alasmat 


fomiUtlon  and  the  hybrid  approach  that  we 
uae  to  solve  the  free  surface  problem. 

There  are  two  basic  s^epa  in  fornulating  a 
given  problem  using  the  finite  element  method: 

1.  Discretize  the  computational  field  into 
elements. 

2.  Select  a  method  to  implement  the  govern¬ 
ing  equations  and  the  boundary  condi¬ 
tions  on  the  discretized  field. 

For  the  solution  rf  the  free  surface  prob¬ 
lems  presented  in  this  paper,  we  use  an 
iterative  scheme  to  solve  the  matrix  equa¬ 
tions  resulting  from  the  finite  element  formu¬ 
lation  and  a  mesh  system  which  is  generated 
numerically  in  an  optimum  way.  we  shall 
describe  here  th  iterative  finite  element 
method,  the  i*ethoJ  wo  use  to  generate  the 
mesh  system,  win  their  significances. 

In  the  variational  finite  element  method, 
the  form  of  the  unknown  solution  is  assumed  in 
terms  of  known  (trial)  functions  with  unknown 
adjustable  parameters.  The  issumed  trial 
functions  are  defined  in  each  element  with 
continuity  requirements  across  the  boundaries. 
The  finite  element  solution  is  to  obtain  the 
combination  of  trial  functions  that  extremlze 
a  given  functional  for  each  of  the  elements 
in  the  computational  domain.  The  solution  of 
the  Laplace  equation  over  an  element  is 
approximated  so  that  the  approximate  solution 
minimizes  the  functional 

x'M  ■  v  J(5<)!«  V) 

In  that  element,  thus  satisfying  the  Laplace 
equation.  For  the  boundary  element,  both 
the  non-Dlrlchlet  boundary  condition  and  the 
governing  equation  should  be  satisfied. 

If  the  approximate  solution  in  an  element  is 

#*  -  [f(*,y. *)]{#,]  (8) 

the  necersary  coudltion  for  Eq.  (7)  to  have  a 
stationary  value  is 


vhich  yields 

[rtf#,}-  {o]  <io) 

where  the  matrix  [K*J  is  tike  element  stiffness 
matrix. 

The  element  stiffness  matrix  is  a  submatrix 
of  the  system  stlffuesc  matrix.  Hence,  the 
system  stiffness  matrix  can  be  constructed  by 

N 

e 

[*]  *  (  E  k?,]  <U) 

e-1  1J 

where  Is  the  totel  number  of  elements  in 

the  domain.  The  system  matrix  equation  to  be 
solved  becomes 

Ml#,}  -  [R,}  (12) 


where  the  right  hand  side  is  obtained  from  the 
boundary  conditions.  That  is,  Eq.  (12)  is  the 
discretized  fora  of  Eq.  (9). 

When  the  finite  element  method  is  applied  to 
larger  and  more  complex  problems,  it  becomes 
increasingly  more  difficult  to  construct  the 
system  matrix  equation  and  to  develop  a  method 
to  solve  it.  Also,  the  Implementation  may 
require  excessive  data  handling  that  usually 
leads  to  additional  computational  errors.  We 
have  developed  an  Iterative  scheme  [27]  called 
the  sector  method  that  is  more  efficient  to 
implement.  In  our  method,  a  sector  Is  defined 
by  a  combination  of  elements  surrounding  s  node 
or  nodes  as  shown  in  Fig.  1.  Its  boundaries 
denote  the  finite  cut-off  zone  of  influence  of 
the  interior  node  or  nodes  since  the  effect  of 
any  rux'e  appears  only  in  elements  where  that 
point  is  involved.  That  Is,  the  field  variable 
at  an  Interior  node  la  affected  only  by  the 
field  variable  at  ocher  nodes  in  that  sector 
through  the  finite  element  algorithm.  The 
sector  stiffness  matrix  is  constructed  by  the 
element  stiffness  matrices  of  member  elements 
in  that  sector.  Similar  to  Eq.  (11),  it  la 

N 

[K9]  -  [k*  ]  -  [  E  k*  ]  (13) 

J  e-1 

where  is  the  number  of  elements  in  that  sec¬ 
tor.  The  matrix  equation  in  a  sector  is 
therefore 

[rtf#,)  -  f 0} .  (14) 

Instead  of  constructing  the  system  stiff¬ 
ness  matrix  and  solving  the  resulting  matrix 
equation,  the  solution  procedure  la  to  con¬ 
struct  the  sector  stiffness  ntrlx  for  each 
sector  and  to  iterate  by  sweeping  all  the 
sectors.  Any  iterative  scheme  such  as  the 
successive  overrelaxatlon  method  can  Le 
incorporated. 

The  sector  method  provides  a  way  lo  avoi.' 
the  tedious  data  handling  in  constructing  the 
system  stiffness  matrix  and  facilitates  the 
treatment  of  boundary  conditions.  Since  it  is 
used  with  an  iterative  scheme,  the  values  at 
non-Dirichlet  boundary  points  are  updated 
separately  from  the  field  computation  after 
each  iterative  step. 

The  accuracy  of  the  finite  element  method 
can  be  Increased  by  using  smaller  elements 
and/or  hlgher*order  polynomials.  But  the 
degree  of  freedom  in  discretization  is  limited 
by  considerations  of  economy  and  computer 
capacity.  For  a  given  degree  of  freedom,  it 
is  essential  to  choose  a  proper  mesh  system 
and  a  finite  element  algorithm  to  obtain  the 
maximum  possible  accuracy.  The  choice  of  an 
optimum  maah  system  should  be  based  upon  a  set 
of  guidelines  that  are  applicable  to  any  field 
of  computation.  We  have  made  a  comprehensive 
parametric  study  of  the  effect  of  meah  systems 
on  the  computational  errors.  This  study  has 
led  to  the  formulation  of  x  set  of  guidelines 
that  may  be  followed  in  designing  an  optimum 
finite  element  mesh  system.  To  meet  these 


307 


guideline*,  the  mesh  structure  should  be 
regular  and  of  simple  pattern,  the  shape  of 
the  basic  element  should  also  be  regular  and  as 
equilateral  as  possible  and  the  distribution  of 
site  of  elements  should  be  consistent  with  the 
flow  variables  to  insure  maximum  uniformity  it 
the  enor  distribution. 

We  have  developed  two  methods  [27,29]  that 
can  be  used  to  numerically  generate  mesh 
systems  that  meet  he  guidelines  listed  above. 
The  methods  sre  bssed  on  the  numerical  trans¬ 
formation  obtained  by  solving  the  Laplace 
equation  to  produce  an  orthogonal  grid  system 
in  the  physical  plane.  The  node  distribution 
of  this  system  satisfies  the  geometric  poten¬ 
tial  to  enaure  maximm  uniformity,  and  the 
structure  of  mesh  is  orthogonal  and  regular. 

The  boundary  geometry  is  accommodated  accurate¬ 
ly  and  the  implementation  of  boundary  condi¬ 
tions  is  simple  due  to  the  orthogonality. 
Moreover,  all  the  data  for  the  finite  element 
algorithm  era  computer-generated,  thus  reducing 
the  data  handling  for  the  input  to  the  finite 
element  program.  The  mesh  generating  schemes, 
therefore,  provide  a  way  to  construct  a  mesh 
system  which  minimized  errors  associated  with 
the  finite  element  me.'hod.  We  believe  that  it 
is  important  to  use  such  an  optimum  mesh  system 
in  the  finite  element  solution  of  the  free 
surface  problems  because  of  their  complexities. 

The  finite  element  algorithms  developed  are 
usod  to  solve  the  Laplace  equation.  The  compu¬ 
tational  domain  is  divided  into  triangular 
elements  for  simplicity,  but  quadrilateral 
elements  can  also  be  used.  The  time  advance¬ 
ment  of  the  free  surface  boundary  corvlitiona 
is  carried  out  through  the  finite  difference 
method.  A  predictor-corrector  method  ia  used 
for  the  time  updating.  Let.  the  free  surface 
boundary  conditions  be  expressed  by 

\  -  F(*.y;t) 


and 


(15) 


*t  -  G(*,y:t). 

The  Euler  method  predicts  the  values  at  a 
particular  x  position  at  the  new  time-atep  by 
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where  I*  denote*  f  on  the  free  surface,  the 
subscript  n  refers  to  the  time  level,  end  At 
Le  the  time  Increment,  The  values  at  the  new 
time-step  ere  obtained  from  the  corrector  step 
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algorithms.  However,  when  the  triangular  mesh 
is  used,  the  derivatives  have  comparably  larger 
errors.  In  this  case,  the  Spatial  derivatives 
are  obtained  from  polynomial  approximations 
after  the  iterative  solutions  converge  at  each 
time-step. 

The  successive  overrelaxation  method  is  used 
to  solve  the  Laplace  equation  iteratively  with 
the  specified  values  of  I*  on  the  given 
boundary  T\,  The  updating  of  Tl  and  f*  it  carried 
out  by  the  predictor-corrector  method  after  the 
iterative  solutions  converge  within  a  required 
limit.  The  predictor -corrector  method  has  less 
stringent  conditions  for  stability  and  con¬ 
verges  even  in  nonlinear  problems;  however,  it 
does  require  two  solution*  for  each  time-step. 

The  computational  domain  always  includes  the 
updated  free  surface  boundary  in  the  finite 
element  formulations  and  computation  of  the 
stiffness  matrices  for  the  boundary  elements  Is 
therefor  necessary  at  each  time-step.  When 
the  elevation  of  the  free  surface  is  large, 
several  rows  of  ele^Anta  near  the  free  surface 
are  rearranged  periodically  to  maintain  maxiaui 
uniformity  in  element  sizes.  For  example. 

Fig.  2  shows  the  case  when  four  rows  of  elements 
are  rearranged  to  accommodate  the  elevation  of 
the  free  surface.  It  would  be  best  to  find  an 
optimum  mesh  system  at  each  time-step,  but  It 
would  be  cwbersooe  to  change  the  whole  mesh 
since  new  stiffness  matrices  for  all  the 
elements  would  then  have  to  be  recalculated. 
Since  the  Euler lan  approach  Is  used,  no  inter¬ 
polations  sre  necessary  for  the  field  variable 
at  new  interior  points.  The  mesh  rearrangement 
does  not  lead  to  any  difficulties  since  no 
transformation  is  Included  in  the  formulations. 
Once  the  coordinates  of  new  nodal  points  are 
assigned,  the  stiffness  matrices  for  the  changed 
elements  are  recomputed,  but  the  finite  element 
algorithm  is  not  changed. 

The  computational  domain  is  expanded  down¬ 
stream  periodically  as  tha  disturbance  on  the 
free  surface  la  propagated  close  to  the  down¬ 
stream  boundary.  Therefore,  tha  undisturbed 
condition  la  always  sppliad  on  tha  cut-off 
downstream  boundary.  This  can  save  unnecessary 
computations  In  tha  undisturbed  region*.  Tha 
maeerlcal  schema  used  is  tasted  for  the  flow 
generated  by  a  pressure  distribution  moving 
across  tha  free  surface  and  is  applied  to  two 
free  surface  problems  due  to  en  obstacle  in  a 
uniform  stream, 

iy>  .  IMsa  Eiglsaasi  ifrtfrrt 

Our  finite  different:*  method  la  to  couple 
an  explicit,  single  stage,  second  order  time 
integration  aches*  with  tha  solution  of  the 
Laplace  aquation  for  the  potential  function. 

In  this  method,  the  free  surface  conditions 
are  integrated  to  provide  a  Dlrlchiat  condition 
el  the  surface  foe  thw  Laplace  aquation,  tha 
Laplace  equation  la  solved,  and  tha  solution  is 
used  together  etc!,  the  free  surface  conditions 
to  determine  tha  derivatives  needed  for  another 
time  integration. 


In  computing  F  and  G,  tha  apatlal  deriv¬ 
atives  can  be  computed  from  the  finite  element 


Tha  time  integration  scheme  la  expressed  by 
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The  subscript  n  denotes  values  at  time  t  1 
4*  denotes  $  at  y  •  T) , 
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Equation  (18)  Is  a  second -order  Taylor  series 
expansion  In  t.  Equation  (19)  Is  an  expansion 
In  terms  of  tvo  variables  because  4*  Is  to  be 
computed  not  only  at  a  nev  time  but  also  at  a 
new  position  -  y  •  1)  .  The  attractive  features 
n 

of  the  scheme  given  by  Bqs.  (18)  and  (19)  are 
that  only  one  solution  of  the  Laplace  equation 
Is  required  at  each  time-step  (predictor- 
corrector  schemes  require  more  than  one  and 
Implicit  schemes  require  additional  solutions 
of  tvo  simultaneous  syo terns  of  equations  for 
71n+j  and  4*+^)  sod  that  implementation  Is 

straightforward.  Also,  ainca  separate  rather 
than  Ind independent  computations  sre  made  at 
nodes  on  the  surface,  the  method  is  well- 
suited  to  creating  large  problems  on  parallel 
process  machlnas  which  are  currently  available 
among  modern,  large-scale  ’'supercomputers**. 

The  Dlrichlet  condition  at  the  new  surface 
provided  by  the  application  of  Kqs.  (18)  and 

(19)  and  the  other  boundary  conditions  for  the 
problem  are  used  to  solve  the  Laplace  equation. 
Since  there  ere  a  variety  of  conditions  that 
may  be  encountered,  no  single  method  of  solv¬ 
ing  the  Laplace  equation  is  suggested  here. 

We  simply  point  out  that  the  method  should  be 
chosen  on  the  basis  of  accuracy,  efficiency, 
and  suitability  to  the  problem  considered  ss 
well  as  to  the  computer  used  to  solve  the 
problem. 

The  final  step  of  the  method  is  to  compute 
the  derivatives  appearing  on  the  right  hand 
aides  of  Bqs.  (16)  and  (19).  In  order  to  do 
this,  m  tasks  uss  of  s  sec  of  auxiliary 
aquations  which  are  obtained  by  differentiating 
the  free  surfece  conditions.  For  example,  the 
auxiliary  aquations  for  a  three-dimensional 
problem  in  Cartesian  coordinates  sre  as 
follows: 
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The  sequence  of  computations  for  determining 
tho  derivatives  in  Sc n .  (18)  and  (19)  are 
summarized  below. 


1.  All  first  and  second  derivatives  of  71 

n 

with  respect  to  the  space  variables  by 
numerical  differentiation. 

2.  All  first  and  second  derivatives  of  I* 

n 

with  respect  to  the  space  va.libles  from 
the  solution  of  the  Laplace  equation. 

3.  (\c>n  «*•  (\t>n  Jr°"  *■«''  '20>  •nd  (21>- 

*•  “It'.  f™“  Eq*‘ 

(23)-(25). 

5.  (1L)„  and  (•*)  from  the  free  surface 

t  n  c  n 

conditions. 

6*  (T1ct\i  fro®  Eq*  and  fro® 

Eq.  (26). 


V.  Numerical  Solutions 


tarn  Ptmt»>uU9n*  frpblf?-  Th.  prob- 
lem  of  pressure  distribution  is  shown  sche¬ 
matically  In  Fig.  3.  We  consider  the  distribu¬ 
tion 


t>  ”  *(«) 


"Y  (l-co«  ^®) 


(27) 


elsewhere 


on  y  -  T) 


where  PQ  is  the  maximum  prsssura  In  the  sur¬ 
face  distribution.  It  Is  Initially  et  rest 

(20)  end  starts  to  move  with  the  uniform  speed  U 
in  the  negative  direction  on  the  x-axle. 

The  span  of  the  applied  pressure  Is  chosen  as 
the  length  unit.  The  computational  domain  is 
bordared  by  tha  frea  our face  a»J  three  cut-off 

(21)  bounder lee ,  The  grid  system  axteads  Initially 
a  distance  of  6  units  on  the  x-axls  with  2  of 
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these  unit#  on  the  upstraam  side  of  the  pres¬ 
sure  distribution,  i,e.,  x  ***2  and  x.*6.  The 
u  a 

depth  of  the  domain  y  1#  chosen  as  unity. 

I 


The  downstream  boundary  is  expanded  periodic¬ 
ally  to  contain  the  entire  region  of  disturb¬ 
ance  within  the  computational  domain.  The 
domain  is  initially  divided  into  regular 
triangular  elements  with  Ax  ■  Ay  ■  0.05. 


Equations  (A)  are  solved  by  the  finite 
element  method  with  the  finite-difference  time*' 
updating  scheme  for  the  pressure  distribution 
of  Eq.  (27).  The  linearized  boundary  condition 
is  also  used  to  show  the  differences  between 
the  linear  and  nonlinear  cases.  Thr  time-step 
used  is  At  *  0.002  for  the  nonlinear  case  and 
At  *  0.005  for  the  linear  case.  In  order  to 
make  comparisons  with  the  results  of  Haussling 
and  Van  Eseltine  [5]  ,  the  Froude  number  is 

chosen  as  (An)  ^  and  the  parameter  a  ia  0.01. 
Comparison  is  also  made  with  the  analytic 
steady  state  solution  derived  from  Lamb  [30] 
in  order  to  determine  the  transient  develop¬ 
ment  of  the  flow. 


implementing  the  boundary  condition  at  the 
solid  surface. 

The  coordinate  system  is  fixed  with  respect 
to  the  solid  body  with  Its  origin  at  the 
center  of  the  body.  Two  different  shapes  are 
chosen  for  the  solid  body:  an  elliptic  cylinder 
and  a  symmetric  hydrofoil.  The  length  scale 
in  the  nondimens lonalization  is  the  body 
length.  The  body  is  located  at  one  unit 
beneath  the  undisturbed  free  surface  and  has 
a  thickness  of  0.2  units.  The  problems  are 
illustrated  in  Figs.  8  and  9. 

For  the  hydrofoil  problem,  the  implementa¬ 
tion  of  the  Kutta  condition  is  not  simple  in 
the  finite  element  method,  the  first-order 
approximation 

*  -  Constant  for  all  efc 

is  used  with  representing  the  elements 

which  Include  the  trailing  edge.  This  approxi¬ 
mation  works  veil  when  the  element  sires  near 
the  trailing  edge  are  relatively  small. 


The  evolution  of  the  wave  height  is  display¬ 
ed  in  Fig.  A  for  the  linear  case  and  in  Fig.  5 
for  the  nonlinear  case.  In  Fig.  6,  the  non¬ 
linear  result  at  t  -  1.0  is  compared  with  the 
corresponding  linear  calculation  as  well  as 
other  solutions.  These  results  show  that  the 
local  steady  s  e  solution  can  be  achieved  by 
the  proposed  -dependent  approach  and 
indicate  that  the  numerical  scheme  developed 
yields  reasonable  numerical  solutions  for  the 
free  surface  problem.  The  numerical  test 
given  here  is  only  for  small  heights,  but  the 
numerical  scheme  proposed  can  be  applied 
easily  to  case**  of  larger  heights  by  restruc¬ 
turing  the  finite  element  mesh  system. 

When  analytical  or  experimental  results  are 
nor  available  for  comparison  with  numerical 
solutions,  energy  conservation  serves  as  a 
useful  check  for  evaluating  the  numerical 
results.  For  this  problem, 

if  -  It 

in  which  E  is  the  total  energy  end  W  la  the 
work.  The  energy  and  work  are  computed  by 
numerical  Integration,  and  the  rate  of  energy 
change  ia  computed  by  the  second -order  finite 
difference  scheme 

(&)  -  <3En  -  AS11"1  +  Eu"^)/26t  (29) 

and  is  compared  with  the  rate  of  work.  The 
result  la  shown  In  Fig.  7.  It  can  be  seen 
that  the  numerical  values  of  the  rate  of  work 
and  the  resistance  approach  asymptotically 
the  analytically  predicted  steady-state  value. 
The  condldon  of  the  conservation  of  energy  Is 
preserved  throughout  the  computation. 

0b«t«cl«  In  «  Hovtiu  Str.M-  Tho  flnlta 
element  method  la  now  applied  to  the  free 
surface  problem  of  a  submerged  body.  Such  a 
problem  has  the  additional  difficulty  in 


The  mesh  generating  scheme  we  have  develop¬ 
ed  is  used  to  obtain  the  initial  finite 
element  mesh  system.  As  time  increases,  the 
boundary  elements  near  the  free  surface  follow 
the  free  surface  geometry  and  the  mesh  system 
is  rearranged  when  the  surface  elevation  be¬ 
comes  large.  The  initial  mesh  systems  are 
shown  in  Fig.  10  for  the  elliptic  cylinder  and 
in  Fig.  11  for  the  hydrofoil. 

The  development  of  the  wave  height  with 
respect  to  time  is  displayed  in  Fig.  12  for 
the  elliptic  cylinder  problem  and  in  Fig.  13 
for  the  hydrofoil  problem.  The  results  tend 
to  approach  local  steady  state  solutions. 

ElP.US  PUfgTWSg.  Sutton. 

Pressure  Distribution.  The  problem  was 
solved  on  a  domain  bounded  by  the  free  surface, 
xu  *  -6,  ■  -2,  and  x^  ■  10.  A  uniformly 

■paced  grid  with  Ax  »  Ay  ■  A  •  0.0625  was  used 
except  for  the  spacing  between  nodes  at  the 
surface  and  those  it  y  ■  -A.  The  spacing 
between  such  nodes  was  Ay  (A  +  Tl).  Succes¬ 
sive  over-relaxation  (SOR)  was  used  to  solve 
the  Laplace  aquation  in  its  finite  difference 
form. 

Haussling  and  Van  Eseltine  [A, 5]  used  an 
implicit  scheme  to  solve  this  problem.  Their 
solutions  oscillate  about  and  slowly  approach 
the  steady  atata,  and  thair  early  llnaar  and. 
nonlinear  solutions  »re  similar.  Our  (non¬ 
linear)  solutlona  it  t  ■  0,  1 ,  and  2  ara  shown 
with  tha  llnaar,  analytic,  ateady-atata  solu¬ 
tion  In  Fig.  IA.  Wa  can  saa  similar  oscilla¬ 
tions  of  the  wave  amplitude  about  the  steady- 
state  solution  and  the  wave  trough  position 
■bout  x  -  0.  Tha  prof lias  shown  ara  also  In 
good  agreamant  with  those  in  [A, 5].  An  over¬ 
all  comparison  between  tha  linear  result a  In 
[AJ  and  our  results  la  shown  by  tha  variation 
of  tha  drag  coefficient 
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Cd  "  -  fl  J“  »VX 

Fr  0 

with  time  In  Fig.  15,  The  major  difference 
between  these  result#  is  in  the  camping  rate. 
Artificial  damping  was  introduced  in  [4]  to 
maintain  stability  in  the  upstream  wave 
height  because  the  upstream  boundary  was 
placed  relatively  close  to  the  pressure  dis- 
tribution.  In  our  case,  the  upstream  boundary 
was  farther  away  and  auch  measures  were  unneces¬ 
sary.  Our  results  indicate  that  the  explicit 
method  yields  accurate  solutions. 

We  have  compared  our  finite  difference  and 
finite  element  solutions  and  have  found  these 
two  solutions  differ  after  t  *  1,4.  The  dif¬ 
ference  is  ilVist rated  in  Fig.  16  which  shows 
the  comparison  of  results  on  the  drag  co¬ 
efficient.  The  agreement  of  the  wave  height 
at  t  -  1.0  is  shown  in  Fig.  17. 

An  Accelerating  Strut.  The  p  rob  lent  was 
solved  on  an  elliptic  cylindrical  coordinate 
system.  The  parameters  of  his  problem  are; 
a  -  0.5,  b  «  0.05,  and  Fr2  =  0.025.  The  Outer 


boundary  of 

the 

domain  used  is  an  ellipse 

with  axes 

a^ 

-  c  cosh  6ro 

and 

K 

■  c  slnh 

where 

2 

c 

2  K2 

■  a  -  b 

and 

». 

•  tt  +  ln[(a+b)/c]  . 

The  other  boundaries  were  the  free  surface, 
the  symmetry  axis,  the  surface  of  the  strut, 
and  y  ■  -4n/25.  At  the  boundary  y  -  -4tt/25, 

Che  flow  la  assumed  to  be  completely  horizontal 
as  it  would  be  at  infinite  depth.  The  two- 
dlmenr,  ional  flow  peat  an  elliptic  cylinder  is 
therefore  used  as  a  condition  at  this  boundary. 
The  initial  conditions  for  the  problem  *  the 
conditions  at  rest.  The  initial  acceleration 
used  ie  g/10.  The  grid  used  to  solve  this 
problem  was  uniform  with  spicing  4  •  n/50  in 
all  three  directions  of  the  elliptic  cylindric¬ 
al  coordinate  system.  As  in  the  previous  prob¬ 
lem,  the  spacing  between  nodes  at  the  surface 
and  thoaa  at  y  •  -4  was  4y  ■  (4+T1). 

Our  solutions  for  the  strut  problem  show 
the  wave  formation  at  the  ends  of  the  strut  at 
t  *0.05  In  Figs.  10  and  19.  Shortly  after, 
at  t  ■  0.058,  wavebr asking  occurred  near  the 
downstream  and  of  the  strut,  profiles  along 
the  strut  before  and  juat  after  wave breaking 
are  shown  in  Fig.  20.  The  profile  at 
t  ■  0.35878  la  similar  to  that  of  the  breaking 
Stokaa  wave  [SlJ.  The  wavebr  asking  la  caused 
by  a  combination  of  the  short  wavelengths 
associated  with  low  speeds  and  the  relatively 
large  amplitudes  associated  with  the  high 
Initial  acceleration. 

The  solutions  for  the  strut  problem  exhibit 
expected  behavior  and,  more  importantly,  show 
that  a  careful  choice  of  initial  conditions 


must  be  made  if  an  initial  value  problem  is 
used  to  seek  steady  state  solutions.  Other¬ 
wise,  phenomena  such  as  the  vavebreaklng  as  in 
this  case  may  occur.  Another  Important  indica¬ 
tion  Is  that  numerical  solutions  for  three- 
dimensional  problems  other  than  very  simple 
ones  ne  feasible  with  current  computer 
technology. 

VI.  Conclusions 

We  have  developed  two  time-dependent 
numerical  schemes  to  solve  free  surface  prob¬ 
lems,  In  one  scheme,  we  use  the  finite  element 
method  to  make  the  field  calculation  in  order 
to  deal  with  the  complex  flow  geometry  and 
boundary  conditions  of  the  free  surface  prob¬ 
lem.  The  feasibility  of  this  scheme  has  been 
demonstrated  by  numerical  solutions  obtained 
for  the  two-dimensional  problems  of  the  pres¬ 
sure  distribution  and  the  submerged  body.  In 
the  other  scheme,  we  use  an  explicit  finite 
difference  method  which  is  simpler  to  implement 
and,  therefore,  can  be  applied  to  more  complex 
and  large  scale  problems.  Its  feasibility  has 
been  demonstrated  by  numerical  solutions  ob¬ 
tained  for  a  two-dimensional  pressure  dis¬ 
tribution  problem  and  a  three-dimensional 
accelerating  strut  problem. 

It  would  be  of  Interest  to  study  further 
application  and  extension  of  our  methods  to 
more  complex  problems.  For  example,  a  hybrid 
method  that  combines  the  finite  element  and 
finite  difference  grid  ayat-sma  can  be  devised 
for  complex  flow  geometry  to  Increase  the 
computational  accuracy  as  well  as  efficiency. 

We  illustrate  in  Fig.  21  a  hybrid  system  chat 
has  two  regions.  We  propose  to  use  the  finite 
difference  method  in  the  outer  region  and  the 
finite  element  method  in  the  inner  region  that 
has  triangles  as  basic  elements.  The  inner 
region  has  a  square  outer  boundary  that  match¬ 
es  the  inner  boundary  of  the  outer  region. 

Suwh  a  scheme  can  be  applied  to  problems  such 
as  that  of  an  air  cuahion  vehicle. 

The  application  of  any  time -dependent 
approach  to  find  the  steady  state  solution  of 
free  surface  problems  la  possible  only  if  we 
arc  able  to  find  way*  to  increase  the  computa¬ 
tional  efficiency  and  to  control  the  accumula¬ 
tion  of  the  diffusive  error.  These  two  diffi¬ 
cult  tasks  will  challenge  us  in  our  attempt  to 
solve  numerically  complex  free  surface 
problems. 
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Fig.  2.  An  Example  of  Restructuring  Elements 
near  the  Free  Surface. 


Fig.  3.  Schematic  of  the  Two -dimensional 
Pressure  Distribution  Problem. 


rr 
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Fig.  1.  Finite  Element  Sectors:  (a)  Six  tri¬ 
angular  a laments,  ona  Intar lor  node,  (b)  Tan 
triangular  alanents,  two  Intar lor  nodes,  (c) 
Six  triangular  elements,  savan  interior  nodes, 
(d)  Four  quadrilateral  elements,  ona  interior 
node 


Lineor  Free  Surface  Conditions,  Fr  *  (4» )'UB,  <r  *0.01 
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Fig.  4.  Tima  Evolution  of  Wave  Haight  Computed 
with  Linear  Free  Surface  Conditions. 

Fr  •  (4n)"^  and  o  »  0.01. 
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Nonlinear  Free  Surface  Conditions,  Fr  <7  *O.OJ 


Fig.  5.  Time  Evolution  of  Wave  Height  Com¬ 
puted  with  Nonlinear  Tree  Surface  Condition*. 

Fr  -  (An)  ^  and  0  -  0.01, 


Fig.  6.  Comparison  of  Wave  Height,  a  -  0.01 
and  Fr  ■  (4n)  % 

a  -  Nonllnaar  solution  at  t  -  1.0. 
b  -  Linear  solution  at  t  -  1.0. 
c  -  Linear  solution  at  t  «  0.96  by  Hausallng 
and  Van  Ksaltlna. 

d  -  Analytic  llnaar  steady  state  solution. 


Fig.  7.  Variation  of  Computed  Rate  of  Work 

Energy  Growth,  and  Resistance.  Fr  -  (Att)’^1 
and  a  -  0.01. 


Fig.  8.  Schematic  of  Two-dimensional  Problem 
of  a  Submerged  Elliptic  Cylinder. 


Fig.  9.  Schematic  of  the  Hydrofoil  Problem. 


au 


Fig.  12.  Development  of  Wave  Heights  for  the 
Elliptic  Cylinder  Problem. 


Hydrofoil 


Fig.  13.  Development  of  Wave  Heights  for  the 
Hydrofoil  Problem. 


Fig.  1A.  Weve  Profiles  at  t  -  0,  1.0  and  2.0. 
Comparison  with  the  Linear  Steady  State  Solu¬ 
tion.  Fr  *  (Att)”^  and  a  -  0.01. 


Tig.  15.  Comparison  of  Wave  Drag  with  a  Linear 
Numerical  Solution.  Fr  -  (An)  a  •  0.01. 


Fig.  16.  Comparison  of  the  Finite  Blement  and 
Finite  Difference  Calculations  of  Wave  Drag. 

Fr  -  (An)  ^  and  a  ■  0.01. 


Fig.  17.  Comparison  of  Finite  Element  end 
Finite  Difference  Calculations  of  Wava  Height 

at  t  »  1.0.  Fr  -  (An)  ^  and  c  -  0.01. 


Di  stance,  z  p  s  Distance 


Distonce  to  Downstream  End 


Fig.  20.  Sequence  of  Wave  Profiles  at  the 
Surface  of  the  Strut  vs.  the  Distance  along 
the  Arc  of  the  Strut  Prior  to  and  After 
Wavebreaking. 


Fig.  21.  A  Crld  System  for  Implementation  of 
a  Hybrid  Mathod.  inner  Region  for  Finite 
Element  Method.  Outer  Region  for  Finite 
Difference  Method. 
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Abstract 

The  control  volume  approach  is  used  to  ob¬ 
tain  a  finite-difference  scheme  for  a  Lagran- 
gian  formulation  of  invlscld  incompressible 
flow  using  an  irregular  triangular  mesh.  The 
method  permits  grid  reconnections  and  allows 
local  vertex  addition  and  deletion.  Algorithms 
are  presented  which  conserve  divergence,  vor- 
tlclty,  mass,  momentum  and  energy  even  during 
grid  restructuring.  Examples  are  taken  from 
simulations  of  shear  flow  and  flow  over  a  hydro¬ 
foil  in  which  the  restructuring  algorithms  are 
crucial.  Although  the  structure  of  the  code  is 
highly  scalar,  techniques  are  outlined  for  pro¬ 
ducing  efficient  code  even  for  the  new  vector 
computers . 

I .  Introduction 

Hie  hydrodynamics  code  SPLISH  is  designed 
for  Lagrangtan  simulations  of  transient  free- 
•urfacc  phenomena.  The  present  version  of  the 
code  was  developed  for  inviscld,  incompressible 
flows  In  two  dimensions.  The  method  uses  a 
triangular  finite-difference  grid  In  which  tri¬ 
angle  sldas  are  aligned  along  free-surfaces , 
Interfaces,  boundaries  and  the  perimeters  of 
submerged  bodies.  The  grid  internal  to  these 
surfaces  Is  left  free  to  reconnect,  adjusting 
to  the  time -dependent  flow. 1,2  In  addition, 
vertices  can  be  added  or  subtracted  as  they 
accumulate  or  become  sparse  in  convergent  and 
divergent  regions  of  flow.  The  added  flexi¬ 
bility  gained  through  such  grid  restructuring 
permits  the  application  of  Lagranglan  tech¬ 
nique*  to  large  c leases  of  problems  which  were 
formerly  considered  eolveable  only  with  the  aid 
of  diffusive  Euierian  re zone  methods. n’4  For 
example,  the  s imitation  of  shear  flows  about 
obstacles  are  possible  with  only  local  changes 
in  the  gtld.  Thie  paper  will  present  the  for¬ 
mulation  and  the  motivation  of  several  such 
grid  restructuring  techniques,  the  algorithms 
used  in  implementing  them  and  examples  of  thei.* 
use  in  SPLISH.  Bacauae  the  lack  of  global  or¬ 
dering  in  a  reconnecting  grid  is  a  drawback  to 
its  implementation,  a  discussion  of  techniques 
to  produce  more  efficient  codes  is  Included. 
Exai^lee  will  be  given  of  calculation!  per¬ 
formed  on  NRL’s  Tt  ASC  pipeline  computer. 


This  research  was  supported  by  th*  Office  of 
Kaval  Research. 


II .  The  Control-Volume  Approach 

For  a  Lagranglan  formulation  of  ir.vtacid, 
incompressible  flow,  the  basic  equations  arc 


dV 

0  dt  "  P  ’  P8y 

(1) 

7  .  V  -  0 

(a) 

together  with  the  conservation  of  mass,  momen¬ 
tum  and  energy.  There  are,  of  course,  many 
possible  ways  to  design  finite-difference 
schemes  for  theae  equations.  However,  it  is  in 
general  not  posolble  to  determine  which  ap¬ 
proach  will  be  successful.5  For  the  case  of 
triangular  grids,  and  in  particular  reconnect¬ 
ing  grids,  there  does  not  exist  a  literature  of 
proven  techniques.  Therefore  the  method  chosen 
for  SPLISH  was  the  control -volume  approach,  in 
which  the  finite-difference  equations  are  for¬ 
mulated  to  satisfy  the  conservation  laws  macro- 
scopically,  over  a  computational  cell.  In  this 
way  the  conservation  of  physical  quantities  is 
explicitly  satisfied  by  the  scheme  af  the  out¬ 
set,  and  corrections  for  non-conservation  are 
eliminated.  ’Tf* 

The  definition  of  the  control  volume  will 
of  course  depend  on  the  location  at  which  phy¬ 
sical  variables  are  applied  on  th#  grid.  It  is 
natural  to  specify  positions  and  pressures  at 
vertices,  since  the  Lagranglan  surfaces  coin¬ 
cide  with  surfaces  on  which  pressure  is  de¬ 
fined  as  a  boundary  condition.  In  our  formu¬ 
lation  velocities  and  densities  are  triangle- 
centered,  yielding  e  staggered  meah.  Pressure 
gradients  are  Therefore  piecewise  l.near  with¬ 
in  each  triangle  and  discontinuous  at  triangle 
sides,  as  art  the  triangle  velocities  and 
denaitiea.  Therefore  all  the  variables  in 
Eq.  (l)  are  triangle-centered  end  It  Is  easy 
to  advance  the  triangle  velocities  either 
Implicitly  or  explicitly. 

The  vertex-centered  control  volumes,  cv, 
sre  used  to  define  the  new  prossures  through 
Eq.  (?),  expressed  as  an  Integral  Invariant: 

[  7  •  V  dV  •  0  (}) 

tv 


319 


Figure  1.  Definition  of  a  control  volume  about 
an  interior  vertex,  Vj.  The  area  of  triangle  J 
ia  apportioned  equally  to  the  control  volumes 
about  V.,  ■'  and  V, . 

12  5 

That  is,  the  pressures  at  the  vertices  are 
iterated  until  the  resultant  triangle  veloci¬ 
ties  reflect  a  divergence-free  condition  for 
each  control  volume.  An  obvious  construction 
for  a  control  volume  for  this  application  is 
shown  in  Figure  1.  The  vertex-centered  control 
volume  is  defined  by  lines  extending  from  the 
triangle  centroids  to  the  triangle  side  mid¬ 
points.  This  permits  a  unique,  uniform  and 
complete  teasalation  of  the  entire  computation¬ 
al  region .  The  control  volume  for  each  vertex 
contains  exactly  one-third  of  the  area  of  each 
of  the  adjacent  triangles.  Because  pressures 
are  defined  ai  boundary  conditions,  the  control 
volumes  are  altered  near  boundaries  as  shown  In 
Figure  2.  In  thle  way  the  preeeuree  at  ver- 
tlcee  near  the  boundaries  enforce  a  divergence- 
free  condition  over  the  additional  ares  as  well 


Figure  2.  Alteration  of  s  control  volume  near 
a  boundary.  The  portion  of  triangle  J  nor¬ 
mally  assigned  to  th*  vertex  Is  divided 
between  vertlcee  V,,  end  V^. 


There  is  another  constraint  Implicit  In 
Eq.  (1),  Taking  the  curl  of  both  sides,  we 
have  _ 

ilMi  .  .  (r  x  2,  <U 

dt 

For  homogeneous  systems  this  Implies  that  V  x  V 
is  an  Invariant  for  every  control  voUime  since 
a  0.  With  a  properly  defined  ^P,  the 
.finite  difference  formulation  also  yields  7  x 
VP  -  0,  so  that  the  vorticity  cannot  be  altered 
by  the  pressure  gradients  alone.  However,  this 
Invariant  does  not  ensure  the  conservation  of 
vorticity  over  a  complete  tlirestep  by  itself. 
The  velocities  are  triangle-centered,  and  ad¬ 
vancing  the  vertex  positions  means  altering  the 
size  and  shape  of  the  control  volumes  while 
leaving  the  velocities  unchanged.  In  other 
words,  the  integrated  region  Is  changed  but  not 
the  integrand.  Therefore  the  updating  of  ver¬ 
tex  posi  .luu*  dictates  an  accompanying  change 
in  triangle  velocities  to  keep  the  vorticity 
conserved.  This  is  shown  explicitly  in  Figure 
3.  The  rotation  and  stretching  of  the  triangle 
has  necessitated  a  rotation  and  diminishing  of 
the  triangle  velocity  such  that  the  V  •  di  line 
Integral  contribution!  within  the  triangle  for 
each  of  the  three  vertex  control  volumes  re¬ 
mains  constant. 


rigura  5.  Conservation  of  vorticity  while  ad¬ 
vancing  vertax  positions.  Th«_ui  angle  velo¬ 
city  is  altered  such  that  the  V’ di  line  inte¬ 
gral  contributions  within  the  rotated  and 
stretched  triangle  remain  the  seme  for  each 
vertex. 


MO 


Thai  Tar  we  have  ah own  only  that  a  logi¬ 
cal  extension  cf  the  control  volume  approach  is 
applicable  to  a  «eneral  triangular  mesh.  It 
can  lead  to  finite-difference  formulations 
which  macroscopically  conserve  appropriate  phy¬ 
sical  quantities,  regardless  of  how  irregular 
the  meah  becomes  The  real  utility  of  this 
approach  can  be  seen,  however,  when  we  allow 
the  mesh  the  freedom  to  reconnect. 

HI*  f.econnectlona 


shown  in  Figure  4(b).  Although  the  area  of 
each  triangle  remains  constant  (  and  each  con- 
tiol  volume  divergence-free)  the  convergence  of 
the  iteration  would  slow  and  truncation  errors 
build  vapidly  as  the  triangle  sides  lengthened. 
The  very  appearance  of  the  grid  reflects  the 
non-physical  situation  in  which  pressures  far 
removed  from  their  co-triangular  points  on  the 
interface  directly  influence  their  behavior, 
whereas  those  in  the  iimaediate  vicinity  have 
little  effect. 


Despite  the  assurance  that  both  the  curl 
and  divergence  can  be  conserved,  solutions 
through  such  Lagrangian  algorithms  can  still 
yield  groasly  erroneous  results.  Figure  4(a) 
illustrates  a  sample  calculation  of  9hcar  flow. 
Triangles  below  the  center  of  the  f^uid  are 
moving  to  the  left  with  velocity  -  U,  and 
those^above  are  moving  to  the  right  with  velo¬ 
city  U.  The  vertices  lying  directly  on  the 
•hear  Interface  are  stationary,  while  those 
s^ovc-  and  below  move  with  the  triangle  veloci¬ 
ties.  The  shear  layer  is  in  an  unstable  equi¬ 
librium  and  should  persist  until  round-off 
errors  accumulate  enough  to  perturb  the  layer. 
Howevei ,  even  in  the  absence  of  round-off  in 
the  positions  the  scheme  will  quickly  fail 
since  the  tri  ngles  on  either  side  of  the 
boundary  will  lecome  stretched.  Very  soon 
pressure  gradients  will  be  calculated  which 
involve  vertices  far  removed  from  each  other  as 


Figure  4.  An  example  of  stretched  grids  in  La- 
graugian  simulations.  The  Initial  grid  has  tri¬ 
angle  velocities  to  the  right  in  the  upper  half 
of  the  fluid  and  to  the  left  In  the  lower  half 
of  tha  fluid  (a).  Periodic  boundary  conditions 
are  specified  on  the  sides  of  the  region.  The 
grid  very  quickly  distorts  in  the  vicinity  of 
the  shear  layer  (b). 


Clearly  allowing  the  mesh  to  reconnect 
can  solve  this  dilerana.  After  reconnection  the 
finite-differences  will  again  only  involve 
neighboring  vertices.  The  most  obvfous  cri¬ 
terion  for  reconnection  is  based  on  this  pre¬ 
mise.  Any  interior  mesh  line  is  associated 
with  a  triangle  on  either  side.  The  line  can 
therefore  be  viewed  as  one  of  two  possible 
diagonals  of  the  quadrilateral  formed  by  these 
two  triangles.  One  reconnection  prescription 
is  to  select  the  shorter  of  the  two  diagonals, 
provided  the  resulting  triangles  are  not  too 
unequal  in  size.  This  last  caveat  can  be 
quantified  in  a  number  of  ways,  of  course.  For 
example,  this  algorithm  would  remove  the  line 
from  vertex  1  to  vertex  3  and  subtract  a  line 
from  vertex  2  to  vertex  4  only  in  Figure  5(a)- 
In  Figure  5(b)  the  new  line  would  lie  outside 
the  quadrilateral  and  in  Figure  5(c)  the  post 
reconnection  triangles  would  be  vastly  differ¬ 
ent  in  size.  Thus  reconnection  should  not  be 
performed. 


3 


Figure  5,  The  "nearest  neighbor"  reconnection 
algorithm.  Lines  are  reconnected  to  choose  the 
shortest  diagonal  of  a  quadrilateral  (a). 

Lines  are  not  reconnected  for  "inverted"  quad¬ 
rilaterals  even  If  the  exterior  diagonal  is 
shorter  (b).  Nor  is  the  recornection  performed 
if  the  resultant  triangles  are  too  dissimilar 
in  size  (c). 


Despite  the  simplicity  and  physical  moti¬ 
vation  of  such  an  algorithm,  It  is  nor.  obvious 
that  it  is  the  preferred  one.  The  expression 
for  a  general  triangular  mesh  Poisson  equation 
isB 


y  1  _  - 

4  ?W‘pi  ***  VW 

+  Vi  i,(v7c' *  ’’c 
«  •  vlCT-  0 


(5) 
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tern  Is  negative  only  when  9+  +  0“  >  100°, 
since 


aln(6'f+9  ) 
2sin9+sin0 


(9) 


Therefore  the  matrix  represented  by  Eq.  (5)  is 
diagonally  dominant  if  6+  +  0^  £  l8o°  for  each 
i.  This  provides  another  uniquely  defined 
reconnection  algor ithra,  since  the  sura  of  both 
such  pairs  of  angles  in  the  quadrilateral  is 
just  56.9°,  Whenever  8*  +  9”  >  100°,  the  line 
is  reconnected  to  the  opposite  diagonal.  In 
other  words,  we  have  a  reconnection  algorithm 
which  automatically  ensures  the  diagonal  domi¬ 
nance  of  the  Poisson  Equation  for  an  irregular 
triangular  mesh.  This  algorithm  also  auto¬ 
matically  ensures  that  a  diagonal  outside  the 
quadrilateral  is  never  chosen. 

Whichever  reconnection  algorithm  is  chosct> 
during  a  reconnection  the  smallest  physically 
definable  cell  is  the  quadrilateral,  and  not 
the  triangles.  It  is  reasonable  then  to  en¬ 
sure  that  quadrilateral  properties  are  un¬ 
changed  during  a  reconnection.  In  other  words, 
the  quadrilateral  becomes  a  control  volume  over 
which  certain  variables  must  be  conserved.  The 
reconnection  is  further  complicated  by  Its 
alteration  of  t'ne  vertex  control  volumes  of 
each  of  its  vertices,  as  shown  in  Figure  7* 


Figure  M  The  reconnection  algorithm  to  pre¬ 
serve  diagonal  dominance  of  the  Poisson  Equa¬ 
tion.  The  triangle  and  vertex  labelling  used 
in  the  Poisson  Equation  ia  ahown  in  (e).  Fig¬ 
ure  (b)  indicates  the  angles  0*  and  9”  used  in 
the  reconnection  test  for  the  line  from  vertex 
c  to  vertex  i. 


The  vertex  c  ia  the  central  vertex  aa  shown 
in  Figure  The  £  •  sum  over  all  tri 

angles  adjacent  to  c  Ann  the  labelling  for  the 
i  +  ith  triangle  la  aa  shown  In  the  figure. 

A.  l  is  the  area  of  the  1  +  Jth  triangle.  A 
i+f,  cv 

is  the  area_of  the  control  volume  about  vertex 
c  and  (V  ■  V)^v  is  the  finite  difference  form 
of  Eq.  CO.  Tne  coefficient  a  of  the  <p  term 
Is  c  „  c 
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and  is  always  negative.  The  coefficient  of  the 
term  has  contributions  from  Just  two  tri¬ 


angles  and  and  la 

Hi 
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This  coefficient  reduces  to 

®  +  tot  9>]  (0) 

where  0*  and  9  are  ahown  in  Figure  Mb). 

Since  9  and  9  are  both  within  the  range  of  0° 
to  109°  (in  positive  area  triangles  ), then  this 


Figure  /.  The  alteration  of  control  volumes 
by  a  reconnection.  Portions  of  the  control 
volumes  about  vertex  1  and  vertex  2  are  shown 
before  and  after  the  reconnection. 

Nevertheless,  it  would  be  desirable  that  the 
conservation  lavs  enforced  through  vertex 
control  volumes  remain  In  force  during  the 
reconnection.  For  exempls,  to  keep  the  vortl- 
cltv  and  divergence  conserved  the  portions  of 

the  integrals  J  V  •  V  dV  and  J  ^  X  V  •  dA 
cv  surface 

within  the  old  and  new  triangles  must  be  the 
same  before  and  after  the  reconnection.  Since 
there  arc  four  vertices  with  two  equations  fot 
each  and  only  four  triangle  velocity  components 
to  be  changed,  it  would  seem  that  both  inte¬ 
grals  cannot  remain  unaltered.  In  fact,  the 
eight  aquations  art  not  Independent.  There 
exists  a  unique  solution  for  every  interior 
vertex  which  satisfies  both  constraints.  It 
la  given  by 


J22 


(10) 

where  the  vector  definitions  of  A,  Bx  C,  D, 
and  ff  ara  given  In  Figure  ft,  VR  and  are  the 
£ri«ngle  velocities  before  reconnection  end 
Vg,  Vp  and  Kp  are  the  triangle  velocities 
and  areas  after  the  reconnection. 


Figure  8.  The  labelling  for  triangles  and 
aide  vectors  used  In  the  reversible  algorithm 
to  determine  nay  trlangla  velocities. 

This  solution  includes  a  valuable  bonus. 
Not  only  Is  it  unique,  but  it  la  reversible. 

Re -reconnecting  a  ltna  yields  th©  original 
trlangla  velocities  as  wall  aa  the  original 
vertax  control  volume  configurations.  This  la 
a  desirable  feature  alnce  It  mirrors  yet 
another  implicit  property  of  the  basic  aqua¬ 
tions,  time  reversibility. 

Aa  stated  above,  Eq.  (10)  also  preserves 
rhe  quadrilateral  velocity.  Ihet  la 

V«  +  Vl-  Vf  +  Yv  (») 

where 

\  \  "  *F  +  V  lU?) 

The  mesa  of  the  quadrilateral  la  just  the  avtm 
of  the  triangle  masses,  or 

V  v«  *  V,.  *  V, +  Vj-  i»5) 


Therefore  strict  mass  conservation  can  also  be 
enforced  despite  the  destruction  and  creation 
of  triangles  by  constraining  the  new  densities 
through  Eq.  (13).  By  Eqe.(ll)  and  (lj)  VQ  and 
Mq  are  both  separately  conserved,  and  therefore 
so  is  the  quadrilateral  momentum  and  kinetic 
energy.  The  pressure#  ar*.  defined  at  vertices 
whose  positions  do  not  change  during  reconnec¬ 
tion,  and  the  potential  energy  can  be^ altered 
only  by  the  different  definitions  of  Vp/p, 

Since  we  are  free  to  choose  both  rev  densities 
and  have  only  one  equation,  Eq.  (13)?  to  satis¬ 
fy,  we  also  control  the  change  in  potential 
energy  through  Eq.  (4),  which  provides  the 
second  density  constraint.  This  specifies  that 
the  amount  of  vorticlty  generated  within  the 
quadrilateral  is  the  same  before  and  after  the 
reconnection. 

Reconnections  then  offer  a  very  attractive 
alternative  to  global  ve zoning.  The  control 
volume  approach  leads  to  algorithms  which  con¬ 
serve  vorticlty  and  divergence  in  the  control 
volume  about  each  vertex  despite  the  reconnec¬ 
tions.  The  algorithms  also  conserve  mass,  en¬ 
ergy  and  momentum  on  the  basis  of  triangular 
and  quadrilateral  control  volumes  and  further 
exhibit  time  reversibility.  Finally,  the  pre¬ 
scription  for  the  occurrence  of  reconnections 
can  be  chosen  to  preserve  ordering  by  nearest 
neighbors  or  to  preserve  the  diagonal  domi¬ 
nance  of  Poisson’s  equation  over  the  Irregular 
grid. 


SHEAR  FLOW  WITH  NO  PERTURBATIONS 


Figure  ■),  A  tsat  of  tha  raconnectlon  algorithm 
in  SPLISH.  Tha  grid  at  various  tlmaa  la  prs- 
ssnted  for  •  simulation  of  an  unperturbed 
shear  layer.  The  grid  at  t  -  0  co* responds  to 
that  in  Figure  4(a).  Howevar,  hers  tha  grid 
racotinscts  as  It  stretch##,  aa  ahovn  between 
t  ■  .036  sec  and  t  •  .043  sec.  In  thla  simu¬ 
lation  it  -  .'J04  a#c,  |u|  -  *>  cm/aec  and  tha 
langth  of  ►he  system  la  2  cm.  At  t  •  «?,')'.)  sac 
aach  vert  ex  in  tha  upper  layer  has  passed  each 
vertex  in  the  lower  layer  ten  times.  Any 
arrote  in  taslgiimsnt  of  trlungta  velocltlaa 
would  have  perturbed  the  unstable  equilibrium 
of  the  layer. 


Figure  10.  The  grid  gnd  marker  particle*  at  two  tinea  in  a  simulation  of  a  perturbed  shear  layer. 
Here  6t  -  .001  sec,  |u|»  5  cm/sec  and  the  length  of  the  system  1*  1  cm.  At  t  ■  .300  sec.  the  pertur¬ 
bed  layer  has  grown  to  a  mature  Kelvin-Helmholts  billow.  Only  reconnections  were  used  in  restruc- 
turlng  the  grid.  At  t  -  .}29  sec  the  billow  is  shearing.  Two  grid  anomalies  are  circled. 


These  routine#  have  been  tested  on  the 
problem  of  shear  layer  Instability.7  Figure  9 
illustrates  a  simulation  in  which  the  initial 
shear  layer  was  not  perturbed.  The  grid  has 
not  changed  although  each  vertex  in  the  upper 
half  of  the  fluid  has  traversed  the  entire 
grid  ten  times.  Figure  10  shows  the  grid  and 
a  marker  particle  display  for  the  caaa  of  an 
initial  perturbation  which  ha#  grown  to  a 
Kelvln-Helaholt*  billow  (top  row),  and  after 
the  mature  billow  begins  to  shear.  The  cal¬ 
culation  agrees  wall  with  the  predicted  growth 
rates.  Only  the  reconnection  algorithms  ware 
used  in  restructuring  the  grid,  and  the  grfd 
at  t  "  .329  sec  exhibits  two  irregularities.  Two 
of  the  vertices  have  become  too  cloae,  forming 
thin  elongc  'rt  triangles,  and  a  third  vertex 
has  become  inclosed  within  a  triangle.  Other 
grid  re* fracturing  la  clearly  needed.  These 
additional  techniques  wilt  be  dlacueaed  in  the 
following  section. 

IV.  Vertex  Addition  and  Deletion 

The  fluid  flow  near  a  aaparatrlx  la  ano¬ 
ther  area  in  which  traditional  numerical  La- 
g rang lan  treatment#  fall.  Figure  11  Illu¬ 
strates  a  sample  grid  for  a  submerged  hydro¬ 
foil  near  a  free  surface.  The  flow  ig  directed 
to  the  right  initially  with  velocity  U.  Clear¬ 
ly  as  the  flow  develops  vertices  will  tend  to 
accumulate  at  the  lurward  stagnation  point.  At 
the  same  time  the  vertices  on  the  hydrofoil 
will  move  with  the  flow  along  the  hydrofoil 
and  accusai late  (by  pair*)  in  ita  wake.  After  a 
vary  short  time  the  grlddlng  will  deteriorate 


to  a  denser  grid  before  and  after  the  hydro¬ 
foil  and  a  sparse  grid  along  the  hydrofoil 
Itself. 


Figure  11.  The  grid  for  a  hydrofoil  near  a 
free  aurfaca.  The  flow  ia  initially  directed 
to  the  right  with  velocity  U. 

These  problems  do  not  derive  from  an  ill- 
choaen  initial  grid  but  aia  inherent  in  Le- 
granglan  treatments.  By  choosing  the  mid- line 
of  the  hydrofoil  between  an  Initial  row  of  ver¬ 
tices,  a  situation  develops  In  which  vartlcaa 
of  the  sane  triangle  flew  toward  opposite  aides 
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of  tha  obstacle.  leading  to  »  nonsensical  cal¬ 
culation  of  fluid  pressure  gradient.  betww 
vertices  separated  by  an  obetacle.  Fixing  tha 
verticae  on  the  hydrofoil  surface  and  allowing 
reconnections  is  neither  physically  desirable 
nor  effective.  A  tangled  grid  results  from 
inverted  triangles  forming  over  Che  hydrofoil. 

The  advantage  of  the  present  treectsent  using  a 
control  voIum  foneulatlon  la  that  vbile  these 
problem.  are  difficult,  they  are  still  soluble. 

The  problem  of  representing  flow  near 
separacrlces  could  be  resolved  if  It  were  pos¬ 
sible  to  add  and  subtract  vertices  from  tha 
calculation  as  needed  without  altering  the  phy¬ 
sically  conserved  properties  of  the  flow.  For¬ 
tunately,  such  schemes  are  possible,  end  may  be 
derived  in  the  saae  spirit  as  the  reconnection 
algorithm  by  using  a  control  volume  approach. 

For  example,  the  simplest  way  to  add  a  vertex 
to  the  fluid  is  at  the  centroid  of  a  triangle. 
Lines  ere  drawn  from  the  new  vertex  to  each 
of  the  existing  vertices,  leaving  three  new 
triangles  in  piece  of  the  old  one.  If  *11 
triangle  variables  ere  chosen  to  be  identical 
with  the  original  variables  of  the  old  triangle 
the  behavior  of  the  three  triangle*  clearly 
doe*  noc  elter  the  fluid  motion  since  it  is 
identical  to  that  of  the  initial  triangle.  If 
the  vertex  pressure  1*  chosen  as  the  average  of 
the  three  vertex  preaeuree,  we  hive  likewise 
left  uneffected  the  pressure  grsdierts  through¬ 
out  the  area  occupied  by  the  old  triengle.  In 
other  word*,  the  three  new  triangle!  behave 
exactly  as  the  former  one,  end  are  indistin¬ 
guishable  from  it  since  the  vertex  remains  en¬ 
closed  within  its  fanner  boundaries.  However, 
we  know  that  the  reconnection  algorithm  will 
eventual) v  alter  one  of  the  triangle  aides  if  e 
vertex  in  the  vicinity  oi  the  old  triengle  we« 
really  needed.  Otherwise  the  new  vertex  will 
continue  to  behave  at  If  it  were  not  there. 

But  the  reconnection  is  also  conservative  es 
■hown  above,  end  once  a  reconnection  occur*  we 
have  auccesofully  Introduced  a  vertex  while 
maintaining  atrlct  conservation  of  flow  pro¬ 
perties. 

The  converse  l*  elao  true.  If  e  vertex 
becoswte  enclosed  in  a  triangle,  the  bohavior 
of  that  triangle  la  not  altered  if  the  vertex 
is  removed  and  the  new  larger  triengle  given 
the  velocity 

V>-*iVVe  +  V>  ilh) 

where  triangle  encompaaaea  tha  thraa  tri¬ 
angles  1,  2,  and  3.  Slnca  tha  of  tha  r*- 
■ultant  trlangla  can  b«  defined  In  a  similar 
wanner,  tha  momentum  of  tha  largar  trlangla 
hat  not  batn  altarad.  Tharafora  for  both  addi¬ 
tion  and  aubtractlon  of  vertical,  the  larger 
trlangla  acta  as  a  control  volume  in  exactly 
tha  ifcae  eanaa  at  tha  quadrilateral  for  tha 
reconnect tone.  What  haa  bean  loat  la  tho  In¬ 
fo  net  ion  about  tha  behavior  of  tha  preaaure 
gradients  and  velocity  gradient*  within  tha 
trlangla.  Thl*  Information  haa  bean  averaged 
out  and  replaced  by  a  linear  variation  aero** 
tha  trlangla.  All  wa  have  suffered  la  a  loss 
In  raaolutlon,  exactly  wh«t  ww  aat  out  to  do  In 
removing  tha  vertex. 


Figure  1 2.  Trlangla  configuration  Imaedlately 
before  and  after  the  removal  of  a  vertox.  Vet* 
tex  1*  te  enclosed  within  triangle  t  either  as 
a  result  of  normal  reconnection*  or  by  forcing 
reconnections  at  It  approaches  vertex  2. 


This  claim  requires  elaboration.  The  re¬ 
moval  of  a  vertex  implies  the  alteration  of 
four  vertex  control  volumes,  one  of  Which  is 
removed,  and  such  a  drastic  change  does  not 
seem  consistent  with  a  mere  change  in  resolu¬ 
tion.  Figure  12  Illustrate*  the  triangles  be¬ 
fore  and  after  vertex  removal.  Before  the  ver¬ 
tex  is  deleted  the  relevant  contribution  to  the 
vortlclty  Integrals  about  each  vertex  are 
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After  vertex  U  Is  eliminated,  its  vortlclty 
must  be  apportioned  to  vertices  1  through  3  ln 
.one  manner; 
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Ellalnating  ?2  and  ^  betwean  Eq.  (15)  end 
(16),  wa  have 
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Substituting  A/V<  -  AjVj  +  A^J  +  A)(Vk  into 
Eq.  (17)  yields,  after  some  al8*bra, 
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where  S  +  S  +  S  ’  'ii  ,lnc£  A1  +  Aj  +  \  *  V 
Therefore,  conserving  momentum  exactly  over  the 
large  triangle  yields  exactly  the  conservation 
of  vorticity  within  the  affected  vertex  control 
volume*.  The  vorticity  carried  by  the  expunged 
vertex  Is  apportioned  by  area  to  the  neighbor¬ 
ing  vertices.  If  the  deleted  vertex  lies  close 
to  one  of  the  remaining  vertices,  that  vertex 
will  carry  most  of  the  reassigned  vorticity. 
Therefore  the  total  vorticity  Is  accounted  for 
in  a  reasonable  and  natural  manner,  and  momen¬ 
tum  is  still  conserved.  Since  a  similar  argu¬ 
ment  holds  for  the  divergence  equations,  con¬ 
servation  of  flow  variables  is  demonstrated, 
and  a  loss  in  resolution  is  the  only  effect. 

For  the  case  of  an  added  vertex,  the  ver¬ 
tex  control  volume  Integrals  are  trivially  left 
unchanged,  and  the  added  vertex  initially  car¬ 
ries  no  vorticity.  Vorticity  can  accumulate 
about  the  added  vertex  only  through  reconnec¬ 
tions  with  triangles  having  dissimilar  o.  That 
is,  vorticity  is  generated  only  by  density 
gradients,  as  expected. 

Therefore,  vertices  can  be  added  and  sub¬ 
tracted  rlthin  triangles  while  conserving  flow 
properties  exactly.  In  both  cases  the  useful¬ 
ness  of  this  result  derives  from  the  reconnec¬ 
tion  algorithm.  Used  in  tsndera  with  addition 
and  deletion  within  triangles  it  provides  a 
general  algorithm  for  altering  the  grid  without 
disturbing  the  fluid  flow.  It  has  already  been 
shown  that  reconnection  used  after  addition  o< 
a  vertex  at  the  triangle  centroid  liberate  .he 
vertex  in  t  conservative  manner  and  permits  it 
to  behave  no  longer  as  the  centroid  of  the  tri¬ 
angle.  The  process  can  also  be  reversed.  The 
reconnection  algorithm  can  be  use  "  ..  isolate 

any  vertex  within  a  larger  triangle.  Once  this 
is  accomplished  the  vertex  can  be  averaged  out. 


Figure  1?.  The  addition  of  a  vertex  at  a  boun¬ 
dary,  The  vertices  on  the  boundary  are  moving 
along  opposite  tides  of  «  submerged  body  (a), 
and  resolution  Is  loot  for  the  leading  edge  of 
the  body.  In  (b)  a  new  vertex  is  added  on  liic 
boundary.  Tha  old  triangle  is  deleted  end  *•««' 
new  triangles  are  added. 

The  utility  of  this  technique  is  not  limi¬ 
ted  to  interior  mesh  points.  Figure  15(a) 
illustrates  a  triangle  at  the  leading  edge  of  e 
submerged  body.  The  flow  is  forcing  the  tri¬ 
angle  vertices  on  the  boundary  in  opposite 


directions,  and  resolution  of  the  leading  por¬ 
tion  of  the  hydrofoil  is  being  lost.  A  point 
may  be  added  along  the  body  as  in  15(b).  The 
result  may  be  viewed  as  the  addition  of  a  point 
within  a  triangle,  but  one  in  which  only  two  of 
the  three  straller  triangles  survive. 

i«)  <b> 


Figure  lb.  The  deletion  of  a  boundary  vertex. 

The  flow  is  converging  at  the  trailing  edge  of 
a  submerged  body  (a),  resulting  In  a  clustering 
of  vertices  and  the  formation  of  long  thin 
triangles.  a  vertex  is  removed  by  draw¬ 

ing  a  new  line  to  form  the  enclosing  triangle. 
In  (c)  a  new  ver’  i9  added  within  the  elon¬ 
gated  triangle  to  preserve  resolution  of  the 
flow  at  the  trailing  edge.  Subsequent  recon¬ 
nection-  -*111  remove  the  thin  tr*«ugle*. 

^ure  114(a)  illustrates  the  reverse  situ¬ 
ation  at  the  rear  of  the  hydrofoil.  Ther*  * 
new  line  Is  drawn  to  enclose  the  unwanted  ver¬ 
tex  in  a  triangle.  In  Figure  lb(b)  the  vertex 
i»—  ioved  from  the  body,  leaving  the  way 

clear  to  add  a  verLcx  in  the  fluid,  if  needed 
to  preserve  resolution,  as  in  Figure  lb{c). 

The  use  of  the  control  volume  approach  has 
there.  0  made  possible  the  dynamic  a.  Utlon 
and  subtraction  of  vertices  exactly  wi.ee  de¬ 
sired  and  in  a  fashion  which  locally  and  glo¬ 
bally  conserves  the  properties  of  the  fluid 
flow.  The  combined  use  of  local  resolution 
alteration  and  reconnection  algorithms  permits 
Lngranglan  calculations  of  extremely  compli- 
.  .1  ’  s , 

V.  Efficiency 

It  is  obvious  that  for  a  code  such  as 
SPLISH  any  global  ordering  of  the  grid  would 
soon  be  invalidated  by  reconnections  and  by 
the  addition  and  delation  01  vertices.  Since 
standard  fast  Poisson  solvers  rely  on  such  an 
illicit  ordering  among  vertices,  it  is  appro¬ 
priate  to  conclude  this  paper  vim  soma  remarks 
on  its  efficiency. 

The  new  generation  of  vector  computers 
>vldes  a  good  starting  point  for  euch  a  dis¬ 
cussion.  The  Increased  speed  of  these  compu¬ 
ters  is  attained  in  large  part  by  their  ability 
to  perform  quickly  a  given  operation  on  large 
numbers  of  member*  of  sn  array,  which  are  pre¬ 
ferably  stored  contiguously  in  memory.  Calcu¬ 
lations  on  a  vector  compjter  are  therefore 
performed  operation  by  operation  for  all  array 
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member*  Instead  of  perforating  the  whole  se¬ 
quence  of  operations  in  turn  for  each  member  of 
an  array.  The  ordering  of  the  vertices  be¬ 
comes  all  important.,  and  a  highly  disordered 
code  such  as  SFLISH  is  almost  totally  unsuit¬ 
able  for  efficient  operation.  However,  dee- 
pite  such  obvious  problems,  the  entire  SPLISH 
code  has  been  optimised  for  the  NRL  TI  ASC 
vector  computer. 

Our  first  example  is  the  reconnection 
algorithm  itself.  The  heart  of  the  reconnec¬ 
tion  algorithm  is  based  on  the  quadrilateral 
shout  the  line.  However,  every  reconnection 
that  is  performed  redefines  the  quadrilaterals 
for  each  of  the  four  lines  which  make  up  the 
original  quadrilateral.  This  situation  is 
highly  scalar,  in  that  a  single  reconnection 
may  invalidate  the  possible  reconnection  of 
four  neighboring  lines.  Therefore  it  is  im¬ 
possible  to  allow  reconnections  to  proceed  in 
parallel,  and  the  complete  calculation  for  one 
must  be  performed  before  the  next  is  initiated. 

However,  even  in  this  situation  some  in¬ 
crease  in  speed  may  be  gained  through  effi¬ 
cient  coding.  Clearly  a  good  deal  of  the  time 
in  the  reconnection  algorithm  is  spent  in  test¬ 
ing  each  line  for  a  possible  reconnection.  In 
general,  very  few  of  the  lines  reconnect  for  a 
given  limestep.  The  flow  is  following  local 
etreemlines.  Therefore  the  test  can  be  vector¬ 
ised  provided  its  output  is  a  list  o".  lines 
which  way  want  to  be  reconnected.  Each  of 
these  i few)  lines  is  then  passed  through  the 
scalar  reconnect  routines,  in  which  they  are 
retested  and  the  reconnection  performed  if  it 
la  still  desirable.  An  iteration  ..trough 
this  procedure  may  be  desired,  but  in  most 
cases  is  not  necessary  since  most  reconnections 
occur  remote  from  each  other.  In  no  realiatic 
case  tested  were  more  than  three  iterations 
required  to  reach  the  final  grid. 

The  savings  in  computer  time, of  course, 
depends  on  the  number  of  lines  reconnected. 

For  roughly  one  percent  of  the  lines  reconnec¬ 
ting  per  limes tep  (an  average  case),  the  vec¬ 
torised  test  followed  by  scalar  reconnect  is 
ten  times  faster.  The  same  Is  true  of  all  the 
grid  restructuring  algorithms.  Large  saving 
in  time  can  accrua  through  vectorizing  the 
tests  which  must  be  performed  on  every  line  or 
triangle,  The  grid  alterations  must  remain 
scalar,  but  are  relatively  few  In  number. 

Hie  second  example  is  the  solution  of 
Poisson's  Equation.  In  SPLISH  the  pressures 
are  adjusted  at  each  vertex  Iteratively  to 
enforce  a  divergence -free  condition  for  each 
vertex  control  volume.  Aa  shown  by  Eq.  (5), 
coefficients  of  each  term  are  expressed  in 
terme  of  the  positions  of  co-trlangular  ver¬ 
tices.  Since  there  is  no  global  ordering,  such 
a  calculation  accesses  storage  almost  randomly. 
Thar  la,  the  coda  is  highly  scalar,  and  Its 
efficiency  on  a  vector  machine  is  correspon¬ 
dingly  poor. 

Nevertheless,  it  is  also  possible  to  ob¬ 
tain  vectorised  coda  in  this  situation.  The 
solution  la  to  precompute  arrays  which  dupli¬ 
cate  tha  position  data  for  each  neighboring 


vertex.  These  "alias"  arrays  can  be  ordered 
consecutively  in  core  in  exactly  the  ordering 
necessary  for  efficient  vectorized  code.  There¬ 
fore,  although  a  fc'jod  deal  of  extra  scalar  com¬ 
putation  is  performed,  the  increase  in  spaed 
obtainable  for  the  vectorized  code  more  than 
compensates  for  the  extra  time.  The  uae  of 
"alias"  arrays  has  yielded  decreases  in  compu¬ 
tation  time  of  roughly  a  factor  of  three. 

Typical  timings  for  the  Poisson  solver  are  now 
6.8  milliseconds  per  iteration  for  123  vertices 
or  about  63  microseconds  per  iteration  per 
vertex. 

Although  auch  Increases  in  speed  are  en¬ 
couraging,  they  are  not  the  final  solution. 
Large  calculations  will  require  faster  solvers. 
The  moat  promising  approach  is  through  the  use 
of  direct  solvers,  rather  than  Iterative  ones. 
Although  the  matrix  representing  Eq.  (5)  does 
not  exhibit  the  ordering  of  rectangular  meshes, 
it  la  nontheless  sparse.  Furthermore,  if  the 
vertices  are  preordsred  by  position,  the  non¬ 
zero  members  will  lie  along  rather  diffuse 
bands.  Recently,  there  has  been  an  Increase  In 
interest  in  fast  solvers  for  such  banded  ma¬ 
trices  and  several  techniques  look  particularly 
encouraging, 10  The  outlook  is  very  good. 

Not  only  is  a  large  class  of  problems  now 
amenable  to  I.agrangian  calculations,  jut  also 
at  a  computational  cost  per  zone  competitive 
with  other  techniques. 
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DISCUSSIONS 
of  two  papers 


FINITE-ELEMENT  AND  FINITE-DIFFERENCE  SOLUTIONS 
OF  NONLINEAR  FREE-SURFACE  WAVE  PROBLEMS 
S.M.  Yen,  K.O.  Lee  end  T.J.  Akel 

TRANSIENT  FREE-SURFACE  HYDRODYNAMICS 

M.J.  Fdtte  end  J.P.  Boris 


Invited  Discussion 

Aed  J.  Hermans 
Technlsche  Hogeschool  Delft 


The  authors  should  be  congratulated  for 
their  contribution  of  numerical  tools  to  be  used 
in  ship  hydrodynamics.  Both  papers  present 
methods  to  be  used  to  solve  the  complete  non¬ 
linear  free-surface  problem  In  two-dimensional 
problems,  while  the  paper  of  Ten  et  al.  presents 
some  results  In  three  dimensions  as  well.  Up 
to  now  these  problems  are  considered  as  too  com- 
llcated  for  solving  with  purely  analytical  tools. 
Papers  of  for  Instance  Ogllvle,  Dagan  and  myself 
show  that  the  linearized  Kelvln-Neuman  problem 
leads  to  erroneous  solutions  at  low  Froude  num¬ 
ber,  at  least  In  certain  two-dimensional  problems. 
For  three-dimensional  problems  the  same  errors 
are  expected  locally.  Therefore  It  Is  suggested 
that  one  take  Into  account  the  non-linearity  In 
the  free-surface  condition. 

With  the  aid  of  the  very  fast  new-generatlon 
pipeline  computer,  and  perhaps  In  the  future 
with  more  sophisticated  parallel  processors, 
large  computations  may  be  carried  out  at  rather 
low  costs.  The  disadvantage,  however,  of  the 
use  of  highly  specialized  numerical  procedures 
may  be  that  a  gap  will  grow  between  numerical 
specialists  and  the  physicist  who  likes  to  ob¬ 
tain  a  description  of  a  particular  physical 
phenomenon  In  ship  hydrodynamics. 

There  are  some  well-known  examples  where 
computational  results  look  similar  to  physical 
ones,  although  It  is  Impossible  for  the  mathe¬ 
matical  model  to  have  such  a  solution.  However, 
errors  In  the  numerical  procedure  make  the  re¬ 
sults  look  that  way.  For  Instance,  solutions  of 
models  without  viscosity  may  look  like  solutions 
of  equations  with  viscosity  terms,  because  of 
the  use  of  certain  difference  schemes.  There¬ 
fore  a  sufficient  amount  of  testing  has  to  be 
carried  out  before  the  programs  can  be  used 
generally. 

I  would  like  to  start  iqy  discussion  with 
the  last  paper  where  many  details  are  presented 
concerning  a  Lagranglan  method.  The  shear-flow 
problem,  treated  as  an  example  for  the  reconnec¬ 
tion  procedure,  brings  forth  some  questions. 

The  nonvlscous  Interaction  between  two  parallel 
streams  of  fluid  with  equal  density  and  opposite 


direction  Is  nonstable.  Figure  10  shavs  the 
development  of  the  nons table  situation.  For 
certain  combinations  of  density  and  fluid 
velocity  there  exists  a  stable  situation.  An 
Interesting  check  of  whether  the  described  pic¬ 
ture  Is  a  physical  one  or  just  a  numerical 
failure  could  be  to  run  the  program  for  a  stable 
situation.  I  hope  that  this  kind  of  Information 
can  be  given  In  order  to  furnish  more  confidence 
In  the  method. 

The  paper  of  Ten  et  al.  brings  up  some  ques¬ 
tions  as  well.  In  our  paper  earlier  this  morn¬ 
ing  we  presented  a  numerical  technique  that  may 
be  modified  to  solve  the  same  class  of  problems 
as  treated  here,  but  In  stationary  situation. 

In  shallow-water  problems  It  turns  out  that  the 
mean  surface  elevation  In  front  of  the  distur¬ 
bance  Is  different  from  the  mean  elevation 
behind  the  disturbance.  This  difference  In  mean 
level  In  the  steady-state  problem  Is  due  to  a 
phenomenon  described  by  Brooke  Benjamin  and 
drawn  to  our  attention  by  a  paper  presented  at 
the  IUTAM  meeting  In  Delft  by  Salvesen  and  von 
Kerczek  In  1976.  It  turns  out  that  If  one  starts 
at  rest  and  gives  the  disturbance  a  constant 
velocity  suddenly,  hydraulic  jumps  move  forward 
and  backwards  with  different  heights.  These 
Jumps  have  to  be  found  If  one  describes  the 
Initial-value  problem  properly  In  the  snallow- 
water  case.  Especially  In  the  supercritical 
case  this  effect  Is  Important.  In  the  deep-water 
case  th's  effect  Is  of  no  importance;  therefore 
the  results  look  reasonably  good.  However,  I 
doubt  whether  In  the  shallow-water  case  the 
correct  physical  solution  will  come  out  of  the 
numerical  treatment.  At  last  I  would  like  to 
remark  that  the  authors  In  their  paper  do  not 
pay  much  attention  to  the  Kutta  condition.  It 
may  be  of  Interest  to  present  more  details 
about  the  vortex  that  Is  left  behind  and  Its 
Influence  on  the  free-surface  elevation. 


Discussion 
by  Kwang  June  8a1 

of  paper  by  S.M.  Yen,  K.D.  Lee  and  T.J.  Akal 

Professor  Yen  and  his  associates  should  be 
congratulated  for  tholr  successful  attack  on  an 
exact  nonlinear  free-surface  flow  problem.  I 
have  only  a  few  specific  comments  on  their  paper. 
(1)  It  seems  to  me  that  in  treating  a  hydrofoil 
problem,  the  boundary  condition  V*0  at  the  trail¬ 
ing  edge  Is  not  convenient  for  the  numerical 
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solution  of  potential-flow  theory.  From  my  own 
experience  in  treating  a  hydrofoil  problem  (Bai, 
1578),  it  was  convenient  to  use  the  'numerical 
Kutta  condition'  following  Hess  (1972),  namely 
that  the  tangential  velocities  on  the  upper  and 
lower  surfaces  at  the  trailing  edge  have  the 
same  magnitude. 

(2)  When  the  Kutta  condition  is  used,  the  domain 
of  the  potential  flow  is  no  longer  a  simply- 
connected  region  but  a  doubly-connected  region. 
Therefore,  there  should  be  a  cut  connecting  the 
hydrofoil  surface  and  the  outer  boundary  (i.e., 
the  bottom,  the  free  sui face,  or  the  point  at 
infinity). 

(3)  The  mechanism  of  vortex  generation  used  here 
for  a  time-dependent  potential-flow  problem  is 
not  proper.  For  this  initial-value  problem,  the 
authors  make  no  provision  for  the  trailing  vor¬ 
tices  which  necessarily  lie  within  a  finite  do¬ 
main  downstream  of  the  hydrofoil. 

(4)  In  this  paper  the  authors  propose  a  hybrid 
method  that  combines  the  finite-element  method 
and  the  finite-difference  method.  However,  I 
oo  not  see  any  advantage  of  this  hybrid  method 
since  it  is  known  that  the  finite-element  method 
and  finite-difference  method  both  reduce  to  the 
same  final  matrix  equation  if  a  proper  choice 

of  the  trial  function  is  made. 

Bai,  K.J.,  "A  localized  finite-element 
method  for  two-dimensional  steady  poten¬ 
tial  flows  with  a  free  surface,"  (Sub¬ 
mitted  to  J.  Ship  Research),  1978 
Hess,  J.L.,  "Calculation  of  potential  flow 
about  arbitrary  three-dimensional  lifting 
bodies,"  Douglas  Aircraft  Company,  Long 
Beach.  California,  Rep.  No.  MDC  J5679-01, 
Oct.,  1972,  160  pages. 


Author's  Reply 

By  S.M.  Yen,  XD.  Lee  and  T.J.  Akai 
to  discussion  by  Aad  J.  Hermans 

.he  supercomputers  would  undoubtedly  be  use¬ 
ful  to  us  in  applying  the  existing  nunerical 
methods  (the  validity  of  which  has  been  estab¬ 
lished)  to  more  complex,  large-scale  problems 
such  as  those  encountered  in  ship  hydrodynamics 
and  in  developing  more  accurate  computational 
schemes  for  solution  of  these  problems.  Further¬ 
more,  the  computation  power  of  such  computers 
will  enable  us  to  treat  these  problems  in  con¬ 
siderably  more  detail;  therefore,  we  expect  that 
the  numerical  solutions  obtained  from  the  super¬ 
computers  will  exhibit  more  accurately  the 
physical  phenomenon  to  be  simulated.  The  super¬ 
computers  do  present  a  problem  to  the  users  in 
that  they  should  understand  the  machines'  archi¬ 
tecture  (either  pipeline  or  parallel  design)  in 
order  to  obtain  the  maximun  possible  computa¬ 
tional  efficiency  In  the  implementation  of  a 
numerical  scheme. 

Froe-surface  wave  problems  Introduce  com¬ 
putational  difficulties  in  accommodating  the 
free-surfece  geometry,  in  satisfying  the  bound¬ 
ary  condition  at  the  'ree  surface,  and  in  treat¬ 
ing  the  radiation  condition.  Methods  devised 
to  deal  with  tnese  difficulties  will  introduce 
errors.  The  focus  of  our  effort  in  developing 
numerical  methods  to  solve  these  problems  Is  to 
minimize  equally  the  error  from  each  source. 


Equal  attention  should  of  course  be  given  to  the 
sources  of  enor  that  are  cotnnor,  to  the  solution 
of  any  fluid-mechanics  problem,  such  as  that  due 
to  artificial  viscosity. 

We  used  the  “water  table"  to  study  quali¬ 
tatively  the  features  of  high-speed  compressible 
flow  in  the  earlier  days;  therefore,  we  can 
appreciate  the  conments  on  the  hydraulic  jump 
and  other  features  in  the  shallow-water  free- 
surface  flow,  lhe  observation  that  these  flow 
features  may  lead  to  difficultires  in  solving 
numerically  the  initial-value  free-surface 
problem  In  shallow  water  serves  as  a  caution  to 
people  in  their  attempt  to  solve  such  a  problem 
and  suggests  a  new  area  of  study  in  the  numerl 
cal  solution  of  free-surface  problems. 

The  discussion  of  the  treatment  of  the  Kutta 
condition  for  the  hydrofoil  problem  is  given  in 
the  reply  to  Dr.  Bai. 


Author's  Reply 

by  S.M.  fen,  K.D.  Lee  and  T.J.  Akai 
to  discussion  by  Kwang  June  Bai 

Our  attempt  Is  to  develop  numerical  methods 
to  solve  the  nonlinear  free-surface  wave  prob¬ 
lems  in  general.  The  first  step  of  our  effort 
is  to  devise  computational  schemes  to  deal  with 
the  nonlinear  free-surface  boundary  condition, 
the  radiation  condition  and  the  free-surface 
geometry.  The  second  step  is  to  study  the 
feasibility  of  these  schemes  by  applying  them 
to  problems  of  increasing  complexities.  In  this 
study,  methods  used  to  treat  some  of  the  other 
boundary  conditions  encountered  may  have  to  be 
simplified  in  order  to  facilitate  numerical 
experiments  that  are  necessary  to  study  system¬ 
atically  the  accuracy  of  computations.  The 
third  step  is  to  refine  our  basic  computational 
schemes  as  suggested  by  these  numerical  experi¬ 
ments.  The  final  step  *s  to  find  the  detailed 
solutions  of  nonlinear  problems  of  interest  by 
applying  the  revised  methods.  It  is  in  this 
step  that  we  intend  to  make  further  refinements 
of  the  treatment  of  boundary  conditions,  if 
necessary,  that  are  peculiar  to  these  problems. 

In  our  feasibility  study,  we  applied  our  methods 
to  the  nonlinear  problems  of  pressure  distribu¬ 
tion,  submerged  bodies  and  a  surface-piercing 
body.  For  the  hydrofoil  problem,  we  chose  a 
thin,  symmetrical  hydrofoil  and  neglected  the 
circulation  generated  by  the  free  surface.  In 
the  future,  when  we  attempt  to  find  the  detailed 
numerical  solutions  of  the  lifting-body  prob¬ 
lems,  wf  will  uoe  more  accurate  Implementation 
of  the  h  itta  condition  and  consider  the  potential 
Jump.  (Ttie  conments  made  by  Dr.  Bai  on  the  treat¬ 
ment  of  the  Kutta  condition  are  pertinent,  and 
the  method  he  suggested  to  implement  this  condi¬ 
tion  is  of  interest  and  would  Indeed  be  useful.) 

In  our  proposed  hybrid  scheme,  our  intention 
Is  to  accoamodate  more  accurately  the  complex 
flow  geometry  (e.g.,  the  free  surface  in  the  f- 
direction  as  shown  in  Fig.  21)  by  using  the 
finite-element  method  in  the  near  field  and  to 
facilitate  the  treatment  of  the  hyperbolic  fea¬ 
ture  of  the  radiation  condition  at  the  free  sur¬ 
face  by  using  the  finite-difference  method  in 
the  far  field  (in  the  X-Z  plane). 
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Author's  Reply 

by  M.J.  Fritts  and  J.R.  Boris 
to  discussion  by  Aad  1.  Hermans 

We  would  like  to  thank  Dr.  Hermans  for  his 
remarks.  His  suggestion  that  the  program  be 
used  to  study  a  stable  shear  layer  Is  well  taken. 
We  have  conducted  these  tests  and  the  detailed 
results  may  be  found  In  our  reference  7.  Speci¬ 
fically  we  used  several  combinations  of  density 
gradients  and  shear  layer  depths  at  a  given 
wavelength  to  test  whether  the  unstable  growth 
was  indeed  restricted  to  the  spectral  band  which 
Is  theoretically  predicted.  For  all  of  our  cal¬ 
culations,  the  layers  were  stabilized  in  agree¬ 
ment  with  theory.  Similarly,  whenever  the 
density  gradients  or  layer  depths  were  Insuffi¬ 
cient  to  achieve  stabilization  numerically, 
the  theoretical  limits  were  in  agreement. 

Although  these  calculations  were  performed 
primarily  to  test  the  program  and  had  Insuffi¬ 
cient  resolution  for  highly  accurate  results, 
we  feel  they  carry  more  than  the  usual  weight 
associated  with  routine  testing  of  code.  The 
tests  also  indicated  the  presence  of  symmetri¬ 
cal  waves  on  the  stabilized  layers  which  were 
experimentally  observed  but  not  theoretically 
predicted.  Furthermore  the  long-time  solutions 
indicated  that  the  shear  layer  between  the 
kelvin-Helmholtz  billows  remained  stable  even 
during  the  coalescence  of  the  billows  Into  a 
turbulent  layer.  This  provided  a  plausible  ex¬ 
planation  for  the  previously  unexplained  phenom¬ 
enon  of  the  appearance  of  density  gradients  In 
the  micro-layers  of  late-time  turbulent  regions 
formed  by  shear  layers. 
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ADVANCES  IN  THE  CALCULATION  OF  STEEP  SURFACE  WAVES 
AND  PLUNGING  BREAKERS 


Mlcheel  S.  LonguebHIgglna 
Dept  of  Applied  Mathematics  and  Theoretical  Physics 
University  of  Cambridge  $nd  Institute  of  Oceanographic  Sciences 
Wormley,  Surrey,  England 


Abstract 

This  paper  describes  some  new  and 
accurate  methods  for  the  calculation  of 
the  form1  of  steep  gravity  waves,  and  of 
the  time-history  of  unsteady,  breaking 
waves . 

For  steady  waves,  one  method  has 
been  to  use  the  small-arapli tude  expan¬ 
sion  due  to  Stokes,  but  introducing  a 
new  expansion  parameter  which  (unlike 
the  first  Fourier  coefficient) 
increases  monotonically  over  the  perm¬ 
issible  range.  With  the  aid  of  Pads 
approximants ,  satisfactory  convergence 
can  be  obtained  with  the  use  of  about 
10*  terms.  These  calculations  have 
been  facilitated  by  the  recent  discov¬ 
ery  of  u  new  set  of  quadratic  relations 
between  the  coefficients  in  Stokes's 
expansion. 

The  author  and  M.J.H.  Fox  have 
developed  a  different  approach  for 
waves  of  nearly  limiting  height,  where 
the  wave  crest  is  still  rounded.  They 
have  shown  that  the  flow  near  the  crest 
tends  to  a  certain  asymptotic  form, 
whose  length-scale  t  is  proportional 
to  the  (non-zero)  radius  of  curvature 
at  the  crest.  This  asymptotic  form  is 
the  same  for  steady  waves  of  any  type, 
whether  in  deep  or  in  shallow  water. 
Using  this  as  an  "inner  solution",  and 
matching  it  to  an  "outer  solution"  rep¬ 
resenting  the  rest  of  the  wave  (wave¬ 
length  L  ),  they  have  shown  how  to  des¬ 
cribe  a  steep  wave  by  an  expression 
Involving  two  terms  only .  for  suffic¬ 
iently  small  values  of  «/L  .  The 
expression  derived  for  the  phase 
velocity  confirm*  very  accurately  the 
previous  calculations  by  Pad£  sums,  and 
shows  in  particular  that  the  phase- 
speed  is  not  a  mono tonic  function  of 
the  wav#  height:  the  highest  wave  la  not 
the  fastest. 

For  unsteady  breakers,  a  new  and 
accurate  method  was  proposed  by  the 
author  and  developed  in  collaboration 
with  E.D.  Cokelet.  This  semi -Lagrang- 
lan  method  usee  the  values  of  the  coor¬ 
dinates  and  of  the  velocity- 


potential  {p  at  the  free  surface 
only.  At  each  time-step  an  integral 
equation  is  solved  for  the  normal  com¬ 
ponent  of  velocity  .  The  method 

is  free  of  analytical  approximations. 

It  was  found  possible  to  follow  the 
development  of  the  free  surface  well 
beyond  the  point  of  overturning. 

In  more  recent  work  Cokelet  has 
followed  the  flow  to  the  point  where 
the  tip  of  the  breaker  touches  the 
forward  face  of  the  wave.  The  momentum 
in  the  jet  has  been  found  numerically 
to  increase  almost  linearly  with  the 
time  after  overturning. 

A  recent  calculation  of  the  dynam¬ 
ical  stability  of  steep  waves  has  shown 
that  as  well  as  subharmonic  instabilit¬ 
ies  of  the  Benjamin-Feir  type  there 
also  occur  local  instabilities,  on 
waves  whose  steepness  exceeds  about  93 
percent  of  the  maximum.  These  instab¬ 
ilities,  and  their  corresponding  growth 
rates,  were  calculated  by  a  normal -mode 
analysis.  A  quite  independent  check 
has  now  been  carried  out  using  the 
time-stepping  method  described  earlier. 
This  has  accurately  confirmed  the  ini¬ 
tial  rates  of  growth  and  displayed  the 
later  stages  of  development  of  each 
type  of  instability.  The  local 
instabilities  develop  rapidly  into 
plunging  breakers.  The  subharmonic 
Instabilities  grow  more  slowly  at  first, 
but  at  a  later  stage  local  Instabilities 
develop  at  the  wave  crests. 


I.  Introduction 

Most  theuries  of  surfacs  waves  are 
valid  only  when  the  surface  slops  la 
sufficisntly  small,  the  particle  accel¬ 
erations  are  small  compared  to  §  ,  and 
the  particle  speeds  are  much  lees  then 
ths  phase  speed  C  .  But  observations 
of  waves  under  the  action  of  wind,  or 
near  the  caustic  of  a  ship-wave  pittern, 
commonly  show  the  wave  form  as  quite 
steep  snd  sharp-crested ,  sometimes 
breaking  by  turning  over  onto  the  for¬ 
ward  faoe  of  the  wave.  Laboratory 
observations  of  plmging  breakers  also 


show  the  particle  velocity  in  the  for¬ 
wards  jet  may  exceed  1*2  times  the 
phase-velocity  for  low  waves  of  the 
same  length  (l_). 

Here  we  shall  review  recent  cal¬ 
culations  under  three  heads  (a)  steep 
symmetric  waves  (b)  the  deformation  of 
the  wave  which  lead  to  breaking  and 
(c)  the  flow  in  whiteeaps  after  break¬ 
ing.  Ve  also  describe  a  new  calcula¬ 
tion  of  the  normal-mode  instabilities 
of  steep  gravity  waves,  which  indicates 
that  there  are  two  different  types. 

First,  there  are  subharmonic  instabili¬ 
ties  of  the  Benjamin-Feir  type.  These 
tend  to  modulate  the  wave  envelope,  so 
that  the  difference  between  high  and 
low  waves  constantly  increases.  Second¬ 
ly  there  is  a  local  type  of  instability, 
concentrated  near  the  wave  crest,  which 
leads  directly  to  plunging.  The  rates 
of  growth  of  these  instabilities  have 
been  accurately  checked  by  the  indepen¬ 
dent  time-stepping  method  described 
under  (b). 

This  paper  is  about  waves  without 
ships.  Nevertheless  there  is  reason  to 
suppose  that  numerical  techniques 
similar  to  those  for  pure  gravity  waves 
may  be  extended  to  problems  involving 
solid  bodies v  and  with  analogous  results. 


II.  Steady  symmetric  waves 

It  was  Schwarts  (2.)  who  discovered 
that  for  steep  gravity  waves,  not 
necessarity  the  highest,  Stokes's 
series  must  fail.  This  is  because  the 
parameter  used  by  Stokes,  which  is 
effectively  the  amplitude  <X,  of  the 
first  Fourier  harmonic,  does  not 
increase  uniformly  with  the  wave  height 
su.  «1  constant  wavenumber  K  .  In  fact 
0-|  reaches  a  maximum  at  about  txj*  m  0.^0 b 
whereas  the  highest  wave  corresponds  to 
a-kmO.^4-3  (see  Figure  8).  For  the 
same  value  of  0-,  ,  therefore,  there  can 
sometimes  be  two  possible  waves  of  the 
same  length,  with  differing  heights 

Schwarts  (£)  overcame  this  obataclo 
by  using  as  expansion  parameter  not  a i 
but  each  value  of  which  defines  a 
unique  wave.  Convergence  was  acceler¬ 
ated  by  use  of  Padi  sums. 

Soon  afterwards  Q)  it  was  estab¬ 
lished  that  not  only  each  coefficient 
0Ln  but  also  the  phase-speed  C  attains 
a  maximum  for  waves  less  than  the  high¬ 
est,  in  fact  when  akmO,4-36  (see  Fig¬ 
ure  l).  The  pliysioai  reason  Is  connec¬ 
ted  with  the  fact  that  tha  highest  waves 
are  so  sharp-crested  that  their  surface 
profile  intersects  that  of  the  waves 
that  are  slightly  lower.  So  the  prof¬ 
ile  of  the  higher  waves  lies  below  that 
of  the  lower  waves  over  most  of  their 
wavelength.  Hence  the  potential  energy 


of  the  higher  waves  is  actually  less, 
and  their  speed  also. 


Figure  1.  The  phase  velocity  c  of  steep 
gravity  waves  In  deep-water,  relative 
to  the  speed  c*  of  wavea  of  infinit¬ 
esimal  slope.  Circles  represent  cal¬ 
culations  by  use  of  small-amplitude 
series,  carried  to  high  order.  The 
broken  line  represents  the  asymptotic 
expression?-.  (3.2). 

These  results  aie  similar  to  those 
found  for  solitary  waves  (^).  The 
numerical  computations  hove  been  exten¬ 
ded  systematically  to  waves  in  water  of 
finite  depth  h  by  Cokelet  Q)  who  has 
given  tables  of  important  wave  propert¬ 
ies  at  different  values  of  <xfo  and  kk  . 


Numerical  calculations  have  been 
facilitated  by  the  discovery  of  a  new 
set  of  identities  between  the  coeff¬ 
icients  in  the  expansion  of  the  surface 
elevation  as  a  function  of  the  velo¬ 
city  potential  d>  at  the  free  surface. 
Thus  in  deep  water.  If  ^  «  A  «  /  and 

J  *  A  H„  *-  c<r>  t  H(  uo  Jj>/L  +  . 

and  if  we  write 


then  we  have 


Aa-0f  l.a-.a,  +■  ^ 


I.  <x,a0-+-  +  I  *  Q 

(  C.O..+  \  a.L  +  I  0 

J»-]  “o+2'*,»|+l.»ial+  A  + ...  a  0 


AM 


in 


-*/« 


Figure  2  from  Longuet-Higgins  and  Fox  (2.).  Asymptotic  form  of  tlie  profile 
of  a  steep,  progressive  gravity  wave. 


Here  X  is  an  eigenvalue,  equal  to  -  H  C 
The  above  relations  are  quadratic  in 
ctc  ,  ^  -  -ind  A  .  So  they  are  bo  th 

simpler  and  more  efficient  than  those 
previously  used  ( £) . 

The  above  relations  were  discover¬ 
ed  accidentally  by  comparing  two  columns 
in  the  output  of  a  computer  program  (^>) . 
But  a  formal  proof  has  now  been  prov¬ 
ided  { fi ) . 


111.  Asymptotic  methods 

For  steep  waves,  the  above  methods 
require  summation  of  series  to  high 
order  fs)  ,  where  may  exceed  80.  A 
different  approach  (£,  K))  reduces  the 
expression  ofc  and  other  integral 
quantities  to  only  two  terms. 

It  was  noticed  (<£)  that  for  very 
steep  waves  the  forms  of  the  wave 
profiles  at  the  crest  are  self-similar, 
being  scaled  by  the  length 


where  denotes  the  particle  speed  at 
the  wave  crest,  seen  by  an  observer 
moving  with  the  ptiaao-speed  C  ,  For 
limiting  waves  the  crest  is  s  stagna¬ 
tion  point  at  which  |  vanishes.  In 
general  t  is  proportions!  to  the  rad¬ 
ius  of  curvature  at  the  crest.  The 
limiting  form  of  the  crest,  at  distances 
comparable  to  l  ,  has  been  calculated 
by  Longue t- Higgins  and  Fox  (ees  Figure 
2).  Because  the  profile  crosses  its 
asymptotes,  the  maximum  slope  slightly 
exceeds  30°,  as  suspected  by  Sasaki  and 
Murakami  (^)  The  actual  value  is 

10. 17°  (*••  (a)). 


To  calculate  the  complete  wave 
profile  (lO)  we  define  a  small  parameter 

e  *>y 

feJ  *  fcl'j/*) 

so  that  for  steep  waves  t  is  small. 

The  fluid  is*  then  divided  into  three 
zones  of  dimensions  0(€  *L)  ,  Ofe  L)  and 
O(L)  respecively  (see  Figure  3).  In 
the  inner  zone  1  the  flow  is  given  by 
the  asymptotic  solution  of  reference 
(5)  •  the  outor  zone  III  the  flow  is 

given  essentially  by  Mlchell's  limiting 
solution  for  the  highest  wave,  pertur¬ 
bed  to  order  €  ^  so  ae  to  accomrodate 
the  rounded  crest.  Matching  of  the 


Figure  3.  /ones  of  validity  for  cal¬ 
culating  the  almoat-highea  t  wave. 

inner  and  outer  solutions  is  accompl¬ 
ished  in  zone  II.  We  quote  the  follow¬ 
ing  results  (12)*  To  oFdar  ,  the 
wave  amplitude  a  and  phase  speed  C 
are  given  by 

ak  -  0.443  -  o.y  «a 

+  O  5*03  e3c*s  (<3.14  3  -2.6'V) 

ck/^  «.  I.173  I 

-  !  ■  I  V  *  ^  (<2-1 43  i*\  «  +3.32) 
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As  e  -*•  Q  •  the  cosine  gives  an  oscill¬ 
ation  in  cJ  t  damped  by  the  factor  t  5  . 
Tae  values  are  in  excellent  agreement 
wi tb  those  found  previously  by  the  auas- 
r'tioft  of  high-order  series  (see  Figure  1). 


Unsteady  surface  waves 


For  calculating  unsteady  notions 
and  breaking  waves  a  fully  nonlinear 
method  was  proposed  by  the  present 
author  (12)  and  developed  in  collabora¬ 
tion  with  E.D.  Cokelet.  Though  applied 
first  to  waives  in  deep  water  (13)  .  (l4 ) . 
( 1^  )  it  has  also  been  extended  to  finite 
depth  by  Fenton  and  Mills  (l6). 


The  notion  is  assumed  to  be  irro- 
tational  and  periodic  in  space  (see 
Figure  4)  though  not  generally  periodic 
in  tine.  All  calculations  are  carried 
cut  with  the  surface  values  of  the  space 
coordinates  (x,  y)  and  of  the  velocity 
potential  d>  .  For  tl»e  rates  of  change 
.  these  quantities  one  has 

Z)  *  j  x>r  *  /a*  'j 

}  .1 
b+/bt  ■  -/*  -jy  r  *(W)  ' 

where  2>/2>t  denotes  differentiation 
following  the  motion.  The  last  equat¬ 
ion  follows  from  the  time-dependent 
Bernoulli  equation  and  the  fact,  that 
*  htydt  t  (Vi)*  ■  Hence 

given  the  surface  values  of  3c ,  3  *  r 
and  p 7U  at  some  instant  f  on  the  sur¬ 
face  C  one  can  calculate  and 

\ h  at  time  f-  (it  on  the  displaced 
surface  C  (t 


To  proceed  to  the  next  time-step 
we  need  to  know  both  components  of  the 
velocity  on  C  tl~  t  dt)  .  We  can  obtain 
the  tangential  component  d<b/?i  immedi¬ 
ately,  by  differentiating  J>(t* 
along  the  new  surface.  However  we  still 
lack  the  normal  component  of  velocity 

°n  erv  i  at) 

Wow  because  of  the  space-periodic¬ 
ity  we  can  transform  C into  a  closed 
contour  O*  (Figure  5)  simply  by  writing 


,(!(X  M  j) 

e.  J 


The  domain  of  the  fluid  goes  into  the 
interior  of  C f  and  the  points  at  infini¬ 
te  depth  go  into  the  origin  0#-  We 
then  have  to  solve,  in  effect.,  the  well- 
known  Dirichlet  problem,  namely  to  find 
dj  /'£t\  on  a  contour  C  /  »  given  <j> 
on  C 1  and 


FV  =  O 

everywhere  inside  C 


Figure  4.  The  free  surface  in  the 
plane. 


(*.3) 


Figure  5.  The  surface 
f c rmed  pi  one . 


i  n  the  trans- 


This  problem  can  bo  solved  as 
follows.  Let  ft  j  cv  denote  the  polar 
coordinates  of  a  running  point  P  on 
the  boundary ,  relative  to  a  fixed  point 
Q  ,  also  on  Q/  .  Then  it  follows 
from  Green's  theorem  that 


where  in  the  right-hand  integral  we  take 
the  principle  value.  Since  is  known 
everywhere  on  C  *  ,  the  right-hand  la 


given,  and  the  equation  Le  then  a  linear 
equation  for  with  given  kemai 
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ImR.  Solution  cf  this  equation  gives 
us  onC/(t+<Afc,)  »  and  the 

time-a topping  can  proceed. 

Numerical  solution  of  the  integral 
equation  has  been  carried  out  by 
Longue t-Higgi ns  and  Cokelet  f 1?)  repla¬ 
cing  the  boundary  by  a  finite  number 
of  integration  points.  Typically 
for  one  wavelength.  Details  of  the 
method,  which  are  vital  for  its  accur¬ 
acy  and  success,  are  given  in  their 
paper.  The  method  was  tasted  for  accur¬ 
acy  on  a  free  symmetric  wave  of  finite 
amplitude  for  which  the  form  and  phase- 
velocity  were  calculated  independently 
by  the  method  **  Section  II,  and  good 
agreement  was  obtained. 

The  method  is  evidently  quite  flex¬ 
ible  and  can  be  applied  with  a  variety 


of  Initial  conditions.  Ve  quote  three 
examples. 

In  (l^)  the  authors  assumed  an 
initially  regular  progressive  vae  train 
of  finite  amplitude  and  applied  to  It 
a  surface  distribution  of  pressure  such 
as  to  raise  the  energy  of  the  waves 
smoothly  to  a  level  greater  Mian  the 
maximum  possible  nw  for  a  steady 
wave  train.  The  pressure  was  then  re¬ 
leased,  so  that  the  waves  were  free. 

They  thin  became  unsymmetric  and  over¬ 
turned  forwards  (see  Figure  6). 

It  will  be  noticed  that  the  compu¬ 
tation  points,  which  are  also  marked 
particles,  have  a  welcome  tendency  to 
collect  near  points  of  niarimum  curva¬ 
ture,  where  they  are  most  needed  for 
computational  accuracy. 


Figure  6  (from  Longue t -Higgins  arvi  Cokelet  Overturning  of  a  free  wavej(d)  to  (g)j 

when  raised  to  an  energy  level  m  J  £  by  a  smoothly  applisd  praasure 

at  the  aurfacef(a)  to  (c). 


In  a  second  example  Cokelet  (jA) 
has  begun  with  a  free  wave  of  exactly 
:  inc  foidal  form  but  moderate  or  large 
amplitude.  Thus  i  t  is  not  a  steady 
wave.  Without  aplying  any  pressure  at 
the  free  surface,  he  follows  the  devel- 
opoent  of  the  wave  in  time,  shoving 
that  it,  too,  curia  over  forwards  (see 
Figure  7).  This  occurs  though  the 
total  energy  £  of  the  wave  nay  be  less 
than  £  .  The  momentum  of  the  Jet, 

defined  as  that  part  of  the  breaker 

e/e, 


which  lies  between  the  two  vertical 
tangents  to  the  surface  has  been  foll¬ 
owed  numerically  as  a  function  of  the 
time  (ae<>  Figure  8).  Once  started,  it 
appears  to  increase  almost  linearly  with 
the  time,  until  the  tip  of  the  Jet  meets 
the  forward  face  of  the  wave. 

A  third  example  of  the  application 
of  this  method  is  given  in  the  next 
section. 


=  1-67 


ffigure  7.  (from  Cokelet  (l4 ) )  Overturning  of  a  froe  wave.  Ini tially  a  purs  aino-wave 
of  finite  amplitude. 


t 


Figure  8.  (from  Cok.lat  (it)) 
of  time. 


Growth  of  tbs  momentum 


in  tbo  J.t  as  a  function 
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V.  The  instabilities  of  steep 
gravity  waves. 


In  order  to  understand  the  proc¬ 
esses  leading  to  wave  breaking,  the 
author  (6,  2)  haa  recently  investigated 
systematically  the  stability  of  regular 
fini t®-ampli tude  gravity  waves  with  res¬ 
pect  to  arbitrary  small  perturbations. 

In  a  frame  of  reference  moving  with  the 
phase-speed  of  the  unperturbed  wave,  the 
unperturbed  motion  is  steady.  So  for 
the  perturbed  motion  w©  may  write 

x  -  X  (f,  f  )  +•  f  (V’.'f.  0  | 

<j  ~  y^,f)  +  y(4,  t,  t)  ; 


where  ^  are  the  velocity  potential 

and  the  s treamfunction  taken  as  indep¬ 
endent  variables;  ^  ,  Y  represent  the 
unperturbed,  fini te-ampli tude  wave  cal¬ 
culated  by  Stokes’s  method  or  otherwise, 
and  £  ,  V)  are  small,  time-dependent 
perturbations The  free  surface  is 
given  by  V>  .*  F  (  <b !  tj ,  where  F  also  is 
small,  anct  all  squares  and  products  of 
£  ,  and  F  are  neglocted. 

An  arbitrary  perturbation  may  be 
resolved  into  normal  modes  of  the  form 


j  fvi  'is,  t )  = 


yp:tL)  - 

F(4,t)  - 

where  C  denotes  the  corresponding  eig- 
enfrequency.  If  c  is  real,  then  the 
modes  are  neutrally  stable.  If  on  the 
other  hand  c  is  complex,  with  a  non¬ 
zero  imag.  ary  part,  then  the  modes  will 
grow  or  demy  in  time. 

In  (£)  and  (2)  the  normal  modss  A 
were^omputed  by  resolving  )(  t  Y  •?*  *7 
and  p  each  into  a  Fourier  series  in  <J>  ( 
The  calculations  showed  that  for  suffic- 
inetly  small  values  of  the  steepness  C*.  A' 
of  the  unperturbed  all  normal-mode 

perturbations  are  ,ral ,  and  resemble 
travelling  waves  v  .  »,n  frequency  r\  ±,  |ta  | 
where  A  is  the  wavenumber  of  the  pert¬ 
urbation.  Thus  a  •  /  corresponds  to  a 
perturbation  that  shifts  the  unperturbed 
wav*  through  a  constant  phase.  Since 
the  phase-speed  of  the  perturbed  wave 


FU)*-*' 


is  then  unaltered,  this  perturbation  is 
independent  of  time;  its  frequency  is 
zero,  for  all  Qjl  .  However,  as  evg  inc¬ 
reases  from  zero,  each  of  the  super- 
harmonics  a  *  2 , 1  *+  ...tends  generally 
to  decrease  in  frequency,  in  this  ref¬ 
erence  frame.  The  frequency  cra  of  the 
iowest  superharmoui c  tends  towards  C*,  *  O 
at  precisely  the  steepness  •»  0*^3  k._ 
for  which  the  phase-speed  C  is  a  maxi¬ 
mum,  indicating  the  onset  of  a  local 
instability  at  this  critical  amplitude. 


NORMAL  MODE  PERTURBATIONS 
OF  DEEP-WATER  WAVES 


Figure  9.  (from  Longue t-Hi ggi ns  (2)) 
Frequencies  of  normal -mode  perturba¬ 
tions,  as  a  function  of  the  dimension¬ 
less  amplitude  cvfe  of  the  unperturbed 
wave.  The  ratio  r\  corresponds  to  the 
wavenumber  when  ag  is  small. 
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Still  more  interesting  are  tbe 
subharwonic  ins tabili ti e«  j*|  <  I  , 
whose  frequencies  (tr)  are  shown  in 
Figure  10.  As  increases,  the  noutr- 

al  modes  n  »  l±  I/m  Coalesce  in  pairs 
to  form  subharmonic  instabilities  of 
the  Benjamin-Fair  type.  Their  rates 
of  growth lin(c)  are  shown  in  Figure  10. 

Consider  for  example  tbe  subharmo-^ 
nic  mode  that  is  to  say  h  ■* A  .-4j 

whose  basic  length  is  twice  that  of  the* 
unperturbed  wave.  From  Figure  10, this 
first  becomes  unstable  at  c*.)1?  »  c>  2.1C. 


9 


It  has  a  maximum  rate  of  growth  when  I 

Ji  o  and  than  dies  out  at  about  2 

<v.  r  s  O  ><*  b  •  Then  at  about  alfsO^I  1 

a  new  instability  arises,  resulting  from  j 

a  coalescence  with  the  mode  n  *  f  ,  It  ! 

can  be  shown  (2)  that  this  is  to  be  | 

expected  at  about  the  value  of  <v/?  which  I 

makes  C  a  maximum.  The  new  instabil-  J 

ity  is  localised  -ear  the  crests  of  the  | 

original  wave.  It  has  a  much  greater  I 

rate  of  growth  ( »«e  Figure  11)  and  is  | 

expected  to  be  toe  forerunner  of  a  j 

plunging  breaker.  | 

3 


Figure  *.•>  (from  Longue t-Higgins ,  (£)). 
The  frequencies  of  normal  modes  of 
oscillation  (subharmonics)  having  a 
horizontal  periodicity  of  wave¬ 
lengths  ,  when  m  *  ?  .  The  real  part 
of  the  frequency  ia  shown  ae  a  func¬ 
tion  of  the  steepnees  o-k.  of  the 
unperturbed  wave. 


Figure  11  (from  Longue t -Hi ggi ns ,  (8)). 
The  rates  of  growth  of  normal  modes  of 
oscillation  (subharmonics)  having  a 
horizontal  periodicity  of  m  wave¬ 
lengths,  when  m  «  *?  .  The  i naginary 
part  of  the  frequency  ie  shown  as  a 
function  of  the  steepness  o-ft  of  the 
unperturbed  wave. 
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To  check  these  conclusions,  obtai¬ 
ned  by  a  normal-mode  analysis,  and  to 
extend  then  in  time  until  the  pertur¬ 
bations  themselves  became  nonlinear,  the 
author  and  E.C.  Cokelet  (ii)  have  used 
the  time-s tapping  method  described  in 
Section  TV  to  follow  the  development  of 
the  normal  mode  (£,4)  .  The  motion 
satisfies  the  conditions  of  the  analysis, 
being  periodic  in  space  (not  time)  but 
repeating  itself  every  two  wavelengths 
(see  Figure  ll).  The  perturbation, 
being  odd,  is  of  opposite  sign  on  adjac¬ 
ent  waves. 


Figure  12  shove  the  results  for  the 
fastest-growing  oubharmonic  instability, 
when  o4?  *  0*32.  .  On  the  left  are 
shown  two  wavelengths  of  the  perturbed 
wave,  with  time  increasing  down  the 
page.  The  wave  is  progressing  to  the 
right,  in  general.  In  the  right-hand 
column  is  shown,  at  the  top  the  initial 
perturbation  imposed  on  the  wave,  with 
vertical  scale  exaggerated  x  20.  At 
subsequent  times  the  perturbation  is 
defined  as  the  difference  between  the 
perturbed  wave  as  shown  on  the  left,  and 


Figure  12.  Time-stepped  calculation  of  the  growing  perturbation  ( 
when  oct?  «0.32  *  On  the  left  is  the  calculated  profile,  as  it 
develops  through  ons  half-oyole  of  the  perturbation  (time  increases 
downwards).  On  the  right  is  shown  the  perturbation  magnified 
vertically  times  20. 
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more  flattened,  and  vice  versa. 


the  unperturbed  wave  advanced  to  the 
right  with  the  phase  speed.  Figure  12 
encompasses  one  half-cycle  of  the  pertur-  Figure  13  shows  the  results  of  carr- 

bation,  during  which  the  perturbation  ying  the  computation  of  the  unstable  mode 

can  be  seen  to  have  grown  and  to  have  0/2 ,3/1)*  for  o  further  half-cycle.  By 

reversed  in  sign,  relative  to  the  unper-  this  time  the  steeper  crest  has  developed 

turbed  wave.  Thus  the  wave  crest  which  a  sharp  curvature, 

was  initially  more  peaked  has  become 


Figure  13.  (continuation  of  Figure  12).  Further  development 

of  the  growing  perturbation  ('■/£  ^  ‘S/jg’)  **  when  <\K‘  -  0.35. 
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The  rate  of  growth  of  the  pcrturb- 
tion  waa  calculated  as  follows.  Let 
„(>.)  and  denote  the  perturb- 

tions  at  times  t  *  O  and  'fl/or  (a 
half-period)  respectively.  Then  the 
apparent  rate  of  growth  ft  *  was  taken 
an  / 

/S'  -  r 

where  J  denotes  the  r.m.s.  value  of 

mi  In  this  case  the  calculated 
value  was  1*51  giving  /f'*  .02 

(see  Table  1')  compared  to  the  value 
fS  *  .  O 9  3*1  obtained  by  the  normal- 

mode  analysis. 

As  a  check,  the  correlation  coe¬ 
fficient  C  (rf,  t  ,  AxJ  between 

and  AY  x  -f  A  x.  )  vas  also  calculated,  and 
maximised  with  reopect  to  A  a  •  The  max- 
inrun  correlation  coefficient  C  ( ^  \4t^ 
was  in  this  case  0*039  (see  TablA  1  /. 

The  corresponding  decaying  perturb¬ 
ation  was  also  tested.  The  rate  of 
decay  was  fouivi  to  be  f>‘  «■  -O  t.i jy 
The  correlation  coefficient  C  A)  wcs 
only  slightly  less  than  for  the  increas¬ 
ing  mode. 

Figure  14  shows  a  close-up  of  the 
wave  profile  of  Figure  13  during  the  fin¬ 
al  stags  of  overturning,  as  seen  in  a 
frame  of  reference  moving  with  the  speed  C, 


of  low  waves.  The  interval  between 
successive  profiles  is  only  0*02  of  the 
basic  wavs  period,  so  that  the  final 
overturning  takes  place  very  rapidly. 


Figure  l4.  Close-up  of  the  overturning 
crest  correspond} ng  to  Figure  13 
(aK  *  O.S2)  in  a  reference  frame  mov¬ 
ing  with  speed  C0  .  The  time  between 
successive  profiles  is  1/50  of  the 
wave  period. 


Table  1.  Comparison  of  calculated  rates  of  growth  of  perturbations . 
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A  crucial  test  uf  the  normal-mode 
analysis  was  carried  out  on  the  mode 
at  the  basic  amplitude  afca(_X 3  S' •  Acc¬ 
ording  to  Figures  9  and  10,  the  mode  at 
this  amplitude  should  have  become  neut¬ 
rally  stable,  that  is,  the  rate  of 
growth  should  be  zero.  At  »  O.jTV 

there  are  actually  two  branches,  which 
for  convenience  may  be  designated  n* 
(the  upper  branch)  and  a --»/j  ( the  lower). 


Figure  15  shows  the  development  of  the 
mode  ns  V^.  After  one  half-cycle  the 
perturbation  returns  closely  to  its 
original  value,  with  a  change  of  sign 
but  without  appreciable  magnification 
(see  Table  l).  The  magnification  of 
the  mode  r\a.3/j  at  thio  value  of  ufc  is 
also  small. 


Figure  15.  Development  of  the  neutral  mode  A  m  «t  c  lc 

On  the  left  is  the  time-stepped  wave  profile;  on  tlm  right 
ie  the  perturbation  enlarged  vertically  by  a  factor  20. 
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Finally  Figure  l6  shows  the  growing  grow*  very  rapidly,  at  about  10  times  the 

mpde  at  aim  0.4-1  .  The  original  pert-  rate  of  the  fastest-growing  subharaonic 

urbation  is  clearly  very  local,  being  instability, 

concentrated  at  the  wave  crests.  It 


Figure  16.  Development  of  the  unstable  mode  fv  •  ’Vjj) at  •  0.^*1. 
On  the  left  is  the  time-stepped  wave  profile;  on  the  right  is 
the  perturbation  enlarged  vertically  by  a  factor  5. 


Figure  17  shows  a  close-up  of  the 
fluid  overturning.  It  is  so  similar  to 
Figure  l4  th&t  we  may  conclude  that  in 
both  cases  the  dynamics  of  the  final 
overturning  are  governed  by  the  local 
flow,  and  are  virtually  independent  of 
the  rest  of  the  wave. 


Figure  17  C.lose-up  of  the  overturning 
crest  corresponding  to  Figure  l6 
( OJ?  »  0.4-1)  in  a  frame  moving  with 
speed  C^,  .  The  time  between  successive 
profiles  is  1/50  of  the  wave  period. 


VI,  Waves  after  breaking 

The  present  caluclations  take  no 
account  of  surface  tension,  air  currents, 
shearing  in  the  upper  layers  of  the 
water,  or  of  finite  depth,  when  this  is 
appropriate*  In  principle  at  least,  all 
these  effects  might  possibly  be  includ¬ 
ed  in  the  numerical  method.  However, 
after  the  tip  of  the  jet  has  met  the 
forward  face  of  the  wave,  an  altogether 
new  type  of  analysis  is  required,  in 
order  to  model  the  entrainment  of  air 
and  the  turbulent  diffusion  of  momentum 
and  vorticity.  Whitecaps  which  are  in 
a  quasi-steady  state,  corresponding  to 
"spilling"  breakers,  appsar  to  offsr 
the  simplest  situation  for  analysis.  A 
model  which  represents  the  whitecap  as 
a  fluid  of  lowsr  density  riding  on  the 
forward  raoe  of  a  steep,  steady  wave, 
has  been  suggested  by  the  authors  and 
J.S.  Turnsr  (16 ) .  yhile  oorrsctly  pred¬ 
icting  the  conditions  necessary  for 
whiteoap  formation,  this  simple  model 
will  undoubtedly  require  some  modifica¬ 
tion  to  take  account  of  the  repeated 
injection  of  fluid  by  overturning  at  the 
crest,  and  ths  continuous  loss  of  buoy¬ 
ancy  by  air  bubbles  rising  through  ths 
surface. 
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NUMERICAL  SOLUTIONS  OF  TRANSIENT  NONLINEAR  FREE-SURFACE 
MOTION  OUTSIDE  OR  INSIDE  MOVING  BODIES 


Odd  M.  Faltlnsen 
Division  of  Ship  Hydrodynamics 
Norwegian  Institute  of  Technology 
Trondheim,  Norway 


Abstract 

A  numerical  method  is  derived  for 
study  of  two-dimension5*1  nonlinear 
transient  problems  of  a  body  oscillating 
in  a  free  surface.  At  each  timestep  the 
velocity  potential  is  represented  by  a 
distribution  of  sources  and  dipoles  over 
the  wetted  body  surface  and  the  free 
surface.  Properties  of  fluid  particles 
on  the  free  surface  are  used  to  step  the 
solution  forward  in  time.  A  formula  to 
calculate  the  exact  force  on  the  body  is 
presented.  A  solution  to  a  linear  tran¬ 
sient  problem  is  derived.  The  solution 
agrees  well  with  the  nonlinear  transient 
solution.  The  sloshing  problem  is  brief¬ 
ly  discussed. 

Nomenclature 

(x,y)  >rdinat.es,  (see  figure  1) 

<p(x,y,t/  velocity  potential 

t  time  variable 

C (x,t)  free  surface  elevation 

g  acceleration  of  gravity 

?0(t)  forced  vertical  velocity  of  the 

^  cylinder 

n  unit  normal  vector  to  the  sur¬ 

face  (positive  into  the  fluid) 
n3  y-component  of  ft 

S  wetted  body  surface  (mean 

wetted  surface  in  linear  theory) 
Sw  vertical  control  surfaces  at 

x  -  *  • 

Sy  free  surface 

S3  horizontal  control  surface  far 

down  in  the  fluid 

b(t)  is  so  defined  that  when  |x|>b(t) 

the  flow  can  be  approximated  by 
a  dipole  at  the  centre  of  the 
body 

V  volume  enclosed  by  S,  SP, 

and  SB 

A  defined  by  equation  (9) 

(ta,n.)  coordinates  of  endpoints  of  the 

segments  (seo  figure  1) 

(x.#y.)  coordinates  of  midpoints  of  the 

J  3  segments  (see  figure  1) 

P  mass  density  of  the  fluid 

A33  added  mass  coefficient  in  heave 

633  damping  coefficient  in  heave 

w  Fourier  transform  variable 

fl  circular  frequency  of  forced 

oscillation 


<J>  Fourier  transform  of  velocity 

potential 

Y0  Fourier  transform  of  forced 

vertical  velocity 

a  radius  of  circular  cylinder 

a  small  quantity  defined  by 

equation  (40) 

A3  amplitude  of  forced  heave  motion 

F  Hydrodynamic  vertical  force  on 

cylinder  minus  linear  restoring 
force  (-  pg2ay0(t)) 

1.  Introduction 

Nonlinear  free  surface  problems  are 
of  importance  in  many  ocean  engineering 
contexts.  An  example  is  sloshing  of 
fluid  In  a  ship  tank.  Other  examples 
are  the  Influence  of  steep  surface  waves 
on  marine  structures  and  the  slow  drift 
oscillations  of  a  moored  structure  or  a 
low-waterplane  area  large-volume  struc¬ 
ture  in  irregular  waves.  Linear  theory 
is  commonly  used  in  predicting  wave- 
induced  motions  and  loads  on  a  ship.  But 
nonlinear  effects  cannot  be  Ignored  in 
extreme  weather  conditions  or  for 
extreme  shipforms  (for  example  ships 
with  large  bowflare) . 

Nonlinear  free  surface  problems  are 
difficult  to  solve.  The  mathematical 
difficulty  of  the  problem  arises  essen¬ 
tially  from  the  nejd  to  satisfy  the 
condition  of  constant  pressure  at  a  free 
surface  which  not  only  is  unknown,  but 
whose  form  is  highly  time  dependent  . 
Finite  element  methods  and  finite  diffe¬ 
rence  methods  have  been  applied  with 
good  results  to  some  nonlinear  free  sur¬ 
face  problems.  But  in  this  paper  ve 
apply  a  Green's  function  boundary  -inte¬ 
gral-equation  technique  which  is  thought 
to  require  less  computer  storage  and 
computer  time  than  finite  difference  and 
finite  element  methods.  This  kind  of 
method  has  gained  good  reputation  in 
predicting  two  dimensional  added  mass 
and  damping  coefficients  (Frank  (1))  and 
linear  wave-induced  motions  and  loads  on 
large  offshore  structures  (Faltinsen  and 
Michelsen  (2)).  Ogllvie  (3)  suggested 
using  the  boundary- integral-squat Ion  tech¬ 
nique  to  solve  a  nonlinear  troe  surface 
problem  arising  in  wave  resistance 
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analysis.  A  similar  technique  was 
applied  by  Longuet-Higgens  and  Cokelet 

(4)  to  study  the  deformation  of  steep 
surface  waves.  Faltinsen  (5)  applied 
and  modified  Ogilvie*s  ideas  to  study 
sloshing  of  fluid  in  a  rectangular 
tank  forced  to  oscillate  harmonically 
in  sway  mode. 

In  this  paper  the  boundary-inttgral- 
equation  technique  is  applied  to  a  non¬ 
linear  two  dimensional  free  surface  pro¬ 
blem  with  a  body  oscillating  harmonically 
With  forced  vertical  velocity  in  the  free 
surface.  The  amplitude  of  oscillation 
is  finite.  We  neglect  viscosity  and 
assume  incompressible  fluid  and  irrota- 
tional  flow.  The  exact  nonlinear  free 
surface  conditions  are  satisfied.  The 
problem  is  solved  as  an  initial-value 
problem.  When  the  problem  has  been 
solved  for  one  time-instant,  the  free 
surface  conditions  are  used  to  find  the 
free  surface  position  and  the  velocity 
potential  on  the  free  surface  for  the 
next  time-instant.  At  each  time  instant 
the  velocity  potential  is  represented  by 
a  distribution  of  sources  and  dipoles 
over  the  wetted  body  surface  and  the 
free  surface.  Unknowns  at  each  timestep 
are  the  velocity  potential  on  the  wetted 
body  surface  and  the  normal  derivative 
of  the  velocity  potential  on  the  free 
surface.  Those  are  found  by  solving  an 
integral  equation.  The  numerical  calcu¬ 
lations  are  significantly  reduced  by 
representing  the  flow  far  away  from  the 
body  by  a  dipole  with  eingularity  in  the 
centre  of  th^  body. 

A  formula  to  calculate  the  exact 
force  on  the  body  is  presented.  In  the 
formula  it  is  only  necessary  to  know  the 
velocity  potential  on  the  positions  of 
the  free  surface  and  the  wetted  body 
surface. 

In  order  to  gain  some  confidence  in 
the  nonlinear  theoretical  predictions, 
the  corresponding  linear  transient  pro¬ 
blem  is  solved.  The  solution  was  found 
by  Fourier  transform  technique.  The 
nonlinear  theory  agrees  well  with  the 
linear  theory  for  small  amplitude*  of 
oscillation. 

The  solution  to  the  Interior  problem, 

l.e,  the  sloshing  problem  is  only  dis¬ 
cussed  briefly  in  this  paper,  since  It 
will  be  published  separately  (Faltinaen 

(5) )  . 

2.  Theoretical  Formulation 

Consider  an  infinitely  long  horizon¬ 
tal  rigid  cylinder  of  arbitrary  cross- 
section  that  is  forced  vertically  in  a 
free  surface.  Let  the  water  be  Infinite 
in  extent  and  be  of  infinite  depth. 
Initially  the  water  is  calm.  The  origin 
of  the  coordinate  system  Is  in  the  plane 
of  the  undisturbed  water  surface.  The 
y-axls  is  positive  upwards  and  goes 


through  the  center  of  gravity'  of  the 
cylinder.  The  y-axis  is  symmetry  line 
for  the  cross-section.  The  x-axis  is  in 
the  undisturbed  water  plane.  * 

We  assume  the  fluid  to  be  incom¬ 
pressible  and  the  flow  irrotational  so 
that  there  exists  a  velocity  potential 
$  that  satisfies  the  Laplace  equation 

^  +  !y$  “  0  (1) 

in  the  fluid  domain.  The  pressure  is 
set  equal  to  a  constant  atmospheric 
pressure  on  the  fr  le  surface.  Neglecting 
surface  tension,  we  can  write  the  dyna¬ 
mic  free  surface  condition  as 

+  H  +  +  <$>2'  ■ 0 

on  y  «  ;(x,t)  (2) 

Here  g  is  the  acceleration  of  gravity, 
y  -  t(x,t),  the  free  surface  shape,  and 
t  is  the  time  variable. 

The  kinematic  free  surface  condition 
can  be  written  as 

&-&*!£!£- 0 

on  y  -  C (x, t)  (3) 

We  yet  the  lnitialvalue  condition 

♦  »  0  on  the  free  surface  t»0  (4) 

For  a  linear  system  this  Implies 

III*, 0,0)  -  0  <S> 

Other  lnitialvalue  conditions  would  have 
been  possible.  We  write  the  velocity  of 
the  cylinder  as  £0(t)5»  where  5  is  the 
unit  vector  along  the  positive  y-axis. 
The  l>oundary  condition  on  the  wetted 
body  surface  can  be  written  as 

f*  -  *0<t>!  ■  "5Vt,BJ  “> 

where  n  Is  unit  normal  vector  to  the 
body  and  3/3n  is  the  derivative  along 
this  normal  vector.  We  assume  A  to  be 
positive  Into  the  fluid. 

3.  Solution  Procedure 

By  applying  Green's  second  ldontity 
to  the  velocity  potential  4  and 

*  -  log/ (x-x j )  *  ♦  (y  -y1t * 
we  can  write 

0  l7) 


where 

S'*  s  +  +  SB  +  SF  +  S1 

Here  S  is  the  wet tel  body  surface,  Sm 
vertical  control  surface  at  x  *  ± 

SB  horizontal  control  surface  far  down 
In  the  fluid,  Sp  the  free  surface  anc. 

Si  is  a  cylindrical  surface  of  small 
radius  rj  and  with  axis  through  (x^y^) 
which  is  a  point  in  the  fluid  domain. 

The  contribution  from  SB  and  SM  are  both 
zero.  Note  that  for  the  steady  state 
case  the  contribution  from  Stt  is  not 
zero. 

We  can  now  write 
-27T(|>(x;i,y1) 

"  /f ♦  tx,y)-|^-T— — .  i°g/(x->rj7^+~(y-y^j 2 

Sp-tS  ,y 


-log/lx-x^S  }ds  (x.y) 

(8) 

The  contribution  from  the  free  sur¬ 
face  integral  can  be  rewritten.  For 
|x|>b(t)  where  b(t)  is  a  large  number 
dependent  on  time,  we  can  write 

4>(x*y*  *  x’+y*  (9) 

where  A  is  at  present  unknown. 


We  can  write 

a 


!}  *  tx#y,3nT3c7y) lorv  (x“xi'  +«y-yi>1 


¥rnxty}lo9'/(x~xl)  *  +  (y*Vi,,T,dx ! 


y=0 


x.  Iji logv'(x-x1)  3+y1’  dxUlx^y^ 
b 


(10) 


In  a  similar  w 
contribution  from 
to  -b  in  equati 


■ve  can  write  the 
'  Integration  from 
\3)  as 


-b - 

■  /  ^rlog/(x-x^) a+y12  dx 


(ID 


It  is  possible  to  show  analytically  that 
Wib-x  ,)!+y,!  x. 

T  _  A  /  _._A  _  _  _ * _  . 


*r,i 


/(T-v  **v7  yi 

•1"{- - + 

•(ngnty^  -  arctgl—r^J)  )  (12) 


Further  we  can  write 

J(x1,y1)  =  I(-x1,y1)  (13) 

The  problem  will  be  solved  by  a  time 
step  integration  procedure.  For  each 
timestep  equatim  (8)  will  be  solved 
with  d<fi/ 3n  as  tie  unknown  along  the  free 
surface,  <t>  as  tie  unknown  along  the 
wetted  body  boundary  and  with  (Xi,yi) 
as  points  on  the  body  surface  ana  tns 
free  surface. 

In  the  numerical  evaluation  of 
equation  (8)  the  free  surface  Sp  and  the 
wetted  body  surface  S  are  divided  into  a 
number  of  segments,  and  <J>  and  9$/3n  are 
set  constant  over  each  segment.  An 
example  of  the  subdivision  of  one  part 
of  the  surface  is  shown  in  Figure  1 
where  the  x  -  y  -  coordinates  of  the 
endpoints  and  midpoints  of  the  segments 
are  denoted  by  (5^,  n j )  and  (Xyy^) , 


FIGURE  1 

EXAMPLE  OF  SU8OVISI0N  OF  BODY 
SURFACE  AND  FREE  SURFACE 


respectively.  In  fia.  1  only  segments 
on  a  small  portion  of  the  free  surface 
are  shown.  In  general,  it  is  necessary 
to  have  segments  over  a  much  larger  part 
of  the  free  surface.  But  by  using  (10)- 
(13)  it  is  unnecessary  to  cover  the  com¬ 
plete  free  surface.  Due  to  the  symmetry 
of  the  problem,  the  segments  for  x  >  0 
can  be  reflected  about  the  /-axlB  to  repre¬ 
sent  the  body  and  the  free  surface  for 
x  <  0. 

Using  the  subdivision  in  figure  1  as 
an  example  together  with  the  symmetry 
properties  of  the  fluid  motion  we  can 
rewrite  the  integral  equation  resulting 
from  equation  (8|  as  a  linear  algebraic 
equation  with  <J>(Xj,yj)  (j"l,8)  and 

o-9-22’  as  the  unknown,  i.e. 

Al,l^*l'^l*  +  ‘  *  ’+A1,8*  ^*8 '^8* 

+Al,9Tn(x9^9)  +  *  •*+Al,22?n(*22'^22) 


-  B 


1 


A22 , 1^  ^X1 '^1^ +  * * *  * 

A22, 22?nlX22^22)“B22  (U) 
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Here 


22 

*  £  ♦(x.,y.)CM  (1-1, 22) 

j.g  l  - 

where 


-I  SirfxTTT1 1°9'/U-*l)r*Ty-yl)'TW»(x,y) 


Analytical  expressions  tor  the  Inte¬ 
grals  above  can  be  derived  (see 
Faltinsen  (5)).  The  .Integration  la 


where  xp  is  the  x-coordinate  of  the 
fluid  particle. 

Knowing  the  velocity  potential  at 
the  free  surface  and  the  coordinates 
of  particles  on  the  free  surface  at 
some  time  instants,  equations  (15),  (16) 
and  (17)  provide  means  to  find  the 
change  with  time  of  these  variables. 

In  the  numerical  calculation  proce¬ 
dure  the  free  surface  particles  will  not 
always  correspond  to  midpoints  on  the 
free  surface  elements.  When  the  fluid 
characteristic  is  known  at  the  midpoints , 
the  fluid  characteristic  at  the  fluid 
particles  will  be  determined  by  inter¬ 
polation,  and  vice  verse  when  the  fluid 
characteristic  of  the  fluid  particles 
are  known.  The  time  stepping  procedure 
is  performed  by  the  Runge-Kutta  method. 

It  is  possible  that  a  less  tl»e-consun- 
ing  method  could  also  have  been  used 
with  satisfactory  results. 

4.  Force  Calculation 

After  the  fluid  motion  has  been 
determined,  the  Bernoulli  equation  may 
be  used  to  obtain  the  force  on  the  bodyi 
however,  we  will  follow  another  proce¬ 
dure,  which  will  be  derived  below. 
Salvesen  (6)  has  used  #*  similar  proce¬ 
dure,  but.  one  important  terr.  is  Bluing  in  i 
his  expression. 

The  hydro Induced  force  f  on  the  body 


can  be  written 


F  -  -//p.ndS  +  // pgyndS 
S  1  S 


-  §  // I v* | I5as 


where  the  total  pressure  p  (excluding 
atmospheric  pressure)  is 

P'Pj-pgy-  -p§|  -  •§ I  v<*.  1 2-pgy  (19) 

Applying  Gauss'  theorem  we  car  write 

-/ /p, ndS«  -  +  *V|7*|*}dT 

S  1  V  3t 


+// pndS  +  //pgyndS 


Again  Gauss*  theorem  can  be  used  to  show 
that 


-  ///  -^V^dS  =  *///V|V*|adT 
S+S„+S  dn  V 


We  can  now  write 


*-//p,  ndS-pJrr  //  4>ndS+//pgyndS 

s  1  ats+sF  SF 


//{|f  +  H I  7$ | 2  JndS 


where  V  is  the  volume  enclosed  by  S,Sp, 
Sro  and  S0.  Since  p  =  0  on  St-  the  second 
integral  on  the  right  hand  side  is  equal 
to  zero.  We  can  writes 


///v$dr  - 


Substituting  (21)  into  (20)  given 


-//p.ndS  -  -p£r  ///V*dt 

s  1  QC  v 


+p//(7*j|  -  l>|V<H  2n)dS 
Hence,  the  hydrodynamic  force  is 
?  8Ptt  //  <J»ndS+  //  pgyndS 


+  -  -ilV*!  2n)dS  (24) 

The  second  term  in  (24)  was  not  included 
in  the  formula  derived  by  Salvesen  (6) . 

In  a  transient  problem  we  can  neg¬ 
lect  the  contribution  from  Sw.  The 
hydroinduced  force  during  the  transient 
phase  can  therefor  be  written  as 


-  a  v*4£<is 

S+SF  3n 


-  ■§  ///V|  1 2dt  ►  //pgyndS 

V  SF 

~  p  //(x4  +  S | V0 [ 2 JndS 


Applying  Gauss1  theorem  we  can  write 


•Ptt  //  4>ndS+//  pgyndS 


A  special  case  of  this  formula  is 
used  in  wave  Impact  problems,  for 
instance  to  calculate  the  wave  induced 
loads  on  horizontal  truss  members  in  the 
splash  zone  or  to  calculate  hydrodynamic 
forces  on  bowflare  sections.  In  those 
cases  the  boundary  condition  ^  -  0  is 
used  on  the  undisturbed  free  surface. 
Equation  (25)  can  then  be  written 


;rr//m dx  - 
V 

-11  ||ndS 
S_ 


•rr  //  $ndS 

s+sF 


*  ■  -  3t(A33(“>yo(t^» 


//pgyndS 

S 


We  can  write 


-II p.ndS  -Ptt  II  <,fidS-p  It  V*|*ds 

e  *  cap  ®n 


-  §///V| Vf I *dt+  //pgyndS 

v  Sr 


where  A33  («)  is  the  infinite  frequency 
added  mass  coefficient  in  heave  as  a 
function  of  submergence.  The  last  term 
is  the  hydrostatic  pressure  force  as  a 
function  of  submergence. 

5.  Linear  Theory 

In  order  to  gain  some  confidence  In 
the  nonlinear  theoretical  prediction,  a 


solution  to  the  corresponding  linear 
transient  problem  has  been  derived. 
Ursell  (7)  and  Maskell  and  Ursell  (8) 
have  studied  transient  free  motion  of  a 
two  dimensional  body  in  a  free  surface, 
while  we  are  Interested  in  the  transient 
forced  motion. 


wave  components .  This  implies 


34  T  i.u* 

3?  +  T 


4 

r 


0 


according  as  w  >  0 


(35) 


The  formulation  of  the  linear  problem 
is  very  similar  to  the  formulation  of 
the  nonlinear  problem  given  in  Chapter 
2.  We  assume  no  motion  when  t  <  0.  The 
velocity  potential  <J>  satisfies  the 
Laplace  equation  (1) .  The  linearized 
free  surface  condition  can  be  written  as 


The  solution  to  the  4-problem  may 
now  be  obtained ,  The  solution  is  by  no 
means  trivial,  but  is  routine  calcula¬ 
tion  in  strip  theory  calculation  of  ship 
motion,  (see  for  instance  Ursell  (9)  , 
Frank  (1)). 


0  cn  y 


outside 
the  body 


(27) 


It  is  the  force  that  we  want  to 
determine  here.  The  Fourier  transform 
of  the  force,  can  be  written  as 


The  body  boundary  condition  is  given  by 
(6)  but  evaluated  on  the  mean  body  sur¬ 
face  position.  The  initial  value  con¬ 
ditions  are  given  by  (4)  and  (5) .  We 
want  to  find  the  forcecomponent 


F.(u>)  =  /eiu)tf_  (t)dt  (36) 

J  0  J 

— iwp/4  (x,y  jw)n-dS-p/4>  (x,y ,  0)  n.df» 

S  J  S  J 


-/ pn-dS 
S  J 


(20) 


Note  that  the  dynamic  effect  due  to 
change  in  hydrostatic  force  is  neglected. 
This  can  be  written  as  -pgBy0(t)  where  B 
is  beam  at  the  water  line. 


We  take  the  Fourier  transform  with 
respect  to  tine  of  the  equations.  The 
Fourier  transform  of  the  velocity  poten¬ 
tial  and  the  velocity  can  be  written  as 


When  co  >  0  we  can  write 

F3(ui>— 1wY0(w){-A33<u)-  jBjjOiOh 

-p/4»  (x,y,0)  n^dS  (37) 

S 

where  A33(u>)  and  B33(u>)  are  added  mass 
and  damping  coefficients  in  heave, 
respectively.  When  u  <  0  we  note  that 

f3(-w)  -  fjw  08) 


*  (x,yiu>)-/e1'"t4  (x,yi  t)dt  (29) 

0 

°° 

Y0(o>)-/eiu,t$0(t)dt  (30) 

where  1  is  the  complex  unit. 


where  the  bar  denotes  complex  conjugate. 

When  F3(u)  is  obtained,  f3(t)  can  in 
principle  Be  obtained  by  Fourier  inver¬ 
sion. 

Special  Case 


The  Integration  la  only  from  0  to  °» 
because  the  variables  are  zero  for  t  <  (1 
The  Inversion  formula  is  of  the  form 


Consider  a  circular  cross-section 
with  axis  in  mean  free  surface.  The 
radius  is  a.  The  forced  velocity  is 
written  as 


♦  <x,y,t)-yj <x,y»u>du  (31) 


yQ(t)  -  cosflt 


(39) 


By  using  the  initlalvalue  conditions 
(4)  and  (5)  and  similar  conditions  when 
t  •*  m  we  can  write  the  following 
equations 


3*4  .  3*4 

W  *  W 


0 


(32) 


-u>*4  ♦  -0  on  y  ■  0 


(33) 


T-  -  Y.(ui)n.  on  mean  position 

u  s  of  the  body  (34) 


To  circumvent  mathematical  diffi¬ 
culties  we  write 

y^U)  -  e  atcosf)t  (40) 

where  a  is  a  small  quantity  which 
later  will  approach  zero.  Wo  can  write 
(see  (30)) 

VU!"l,(a-l17-Tri  ^a^Vin1  <41) 

Sines  y_ ( 0 )  «  1  and  ♦  (x, 0,0) “i£(x,0, 0) *0 
w.  can  Sr  it.  3t 


To  daflna  ths  4-problam  compl.t.ly  an 
additional  condition  is  nacastary.  But 
from  aquation  (31)  va  not.  that  ♦  can  b« 
vrlttan  aa  a  sun  of  an  Infinite  nunbar 


-p/»(x,y,0)n3dS-AJ3(-)  (42) 


This  Implies  that 

•{-A33(u)-  ^B33(u.)  )  +  A33 {-»)  (43) 

when  oj  >  0. 

Using  (38)  we  can  write  the  force  on 
the  body  as 

f,(t)  -  ye'^V.luIdu 
3  2*0  3 

+  i-  /e~lutF, (ui)dtD  (44) 

2it  o  3 

The  integrals  in  (44)  converge. 
According  to  Ursell  (9) 

A33  ”  ^B33(U1' 


/*/  -2tt1  (residue  at  -ii-ict 

0  C+ 

for  the  contribution  fro-  :he  - 
circular  arc  vanishes.  W  j  choo»  ^ie 
contour  of  integration  a^ong  r^ie  ay 
arg(w)  *  -arctg(^) . 

We  can  now  write 

f,(t)«2Re{i~/  e~il0CF,  u»)c. 

3  2TJC+  ^ 

+  Qsin  fit.  A33  (fi) -cosj.c.  (  lh) 

where  a  has  been  set  equal  ze-.  anc 
Re  means  the  real  r'rt. 

The  last  two  terms  rei  sent,  the 
steady-state  solution,  i.t  *-he  solution 
when  t  ■*■  <*.  To  calculate  v  transient 
term  we  need  to  evaluate 


!(1'  “wS*  when  “ 


This  implies  F3(w)  -  0(uT  )  when  <*>-*•“ 
which  ensures  that  the  integrals  con¬ 
verge.  On  the  other  hand  they  are 
cumbersome  to  calculate  due  to  s]ow 
convergence  and  singularities  close  to 
the  real  axis.  To  circumvent  this 
problem  we  Introduce  a  path  C+  in  the 
complex  plane  (see  figure  2).  The 
contour  of  integration  is  deformed  into 
a  contour  C+  which  goes  from  0  to  »  , 


Here  A.  is  the  analytic  c<  inuation  of 

4  *■ 

A33-h-jB33  along  the  ray  arg  -arctg(V) 

A.  can  be  calculated  in  the  way  presen¬ 
ted  by  Maskell(lO).  A  computer  program 
based  on  his  procedure  has  been  pre¬ 
pared.  Numerical  results  for  A^  are 
shown  in  figure  3. 


1m  (  u») 


FIGURE  2 

DEFORMATION  OF  THE  CONTOUR 
OF  INTEGRATION 


which  lies  entirely  in  the  fourth 
quadrant,  which  pastes  below  the  pole 
<d  *  fi-ia,  and  which  also  satisfies  the 
condition  that  no  other  pole  lies  bet¬ 
ween  the  real  axis  and  C*.  The  gap  at 
«*  between  C+  end  the  reel  w-axis  is 
closed  at  •  by  a  large  circular  arc. 
Then  by  Cauchy *s  theorem 


figure  t 

CALCULATION  OF  FORCE  COEFFICIENT 
ALONG  THE  ARRAY  vw»*u  1Q3i) 


The  asymptotic  solution  when  'ji  -»  0 


used  on  the  total  wetted  cylinder  sur¬ 
face.  In  the  case  of 


„  -(In  Ka-ni! -y+4-2  In  2+... 

iy{  - - l - }  (46) 

*  1  -  ;Ka(ln  Ka  -  si) 


0/  |  -  0.5,  0.8,  1.0 

the  tame  length  was  used  initially  on 
the  surface  elements  on  the  free  sur¬ 
face.  Number  of  free  surface  elements 
were  60  totall".  This  implies  that 
b  -  7,73  when  »  -  1.  In  the  case  of 


Here  Ka  -  ~  and  y  »  0,57725385.  When 


Lifisar  tronsitftt  Viewy 
■  Nonlintor  thtoiy -AtmOl 
Transient  part  of  fore* 
(linear  transient  theory) 

FORCED  HEAVE 
MOTION  A,  sin  At 


The  transient  term  car*  be  easily  cal¬ 
culated  when  Aj  is  obtained.  There  are 
no  singularities  of  the  integrand  close 
to  C+  and  the  integrand  decays  exponent¬ 
ially  for  large  arguments  along  the 
Integrationpath . 


FIGURE  6 

HYDROOYNAMIC  FORCE  ON  CIRCULAR 
CYUNOER 

IEXLUOE0  LINEAR  RESTORING  FORCE) 


6.  Numerical  Results 

Results  by  the  nonlinear  and  the 
linear  transient  solution  methods  are 
presented  in  figures  4  to  7.  The 


‘nfeHfc) 


n^.as 

linear  transient  theory 
Nonlinear  theory  A*i).| 
a 

Transient  part  of  force 
(linear  transmit  theory) 

_  FORCEO  HEAVE  MOTION 
in  m  A.«ont 
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HYDRODYNAMIC  FORCE  ON  ORCUAR  CYLINDER 
(EXCLUOE0  LINEAR  RESTORING  FORCE) 


forced  oscillation  frequencies  are 
fl/  A  ■  0.5,  0.8,  1.0  and  1.5,  respec¬ 
tively.  The  results  sre  for  a  circular 
cross-section  of  radius  "a"  with  axis  in 


.a« 

Leieor  transient  theory 
Norlx\*<jf  theory  A«  01 

Transient  port  of  tore* 
(linear  transient  theory) 

FORCED  HEAVE 
MOTION  A,  am  nt 
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FOURS  I 

HYOROOYNAMtC  FORCE  ON  CIRCULAR  CYUNOER 

(Exauoeo  lmear  restorjno  force) 


the  mean  free  surface.  The  forced  heave 
motion  Is  A-slnftt  where  the  nonlineer 
results  azeJfor  A,/s  •  0.1.  Pour teen 
surface  elements  of  equal  length  were 


fl/  -  *  1.5,  40  equal  surface  elements 
werS  used.  The  results  are  presented 
as  hydrodynamic  vertical  force  F  on  the 

•?o 

_ E__ Ji  I  •  Linear  transient  theory 

*>.  .  Nonlinear  theory  A»0il 

Transient  part  of  force 

-1.0  (Linear  transient  theory) 

FORCEO  HEAVE  MOTION 
A,  sin  nt 
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HYDROOYNAMIC  FORCE  ON 
H°ORCULAR  CYUNOER 

(EXCLUOEO  LINEAR  RESTORINO 
FORCES! 


cylinder  nondimens Iona li zed  by  pg^  aA 
as  a  function  of  flt.  in  the  hydro- 
dynamic  force  is  excluded  the  linear 
restoring  force  -  pg2ay0(t).  The  non¬ 
linear  solution  method  agrees  well  with 
the  linear  solution  method.  We  note 
that  the  transient  r»nr t  of  the  torr*  *" 
appreciable  for  email  flt-valuee  except 

when  fl/  *  ■  1.5.  But  the  translent- 
9 

force  part  dies  rapidly  out  and  steady- 
state  oscilietion  is  nearly  reached 
within  the  first  osclllatlrr,  period. 

Ths  numerical  results  by  the  non¬ 
linear  method  will  depe«»d  on  the  number 
end  the  length  of  the  eus  race 
The  length  of  the  eleatents  must  not 
exceed  a  certain  fraction  of  the  wave 
lengths.  The  number  of  surfeoe  elements 
will  be  a  function  of  Mm,  to  be 
more  precise,  b  is  a  functl,ui  of  Mm*». 
For  instance,  tne  solution  ptooedtff* 
becomes  Invalid  when  a  surface  wave  has 
raached  b.  In  reality  the  solution  pro- 


■W 


cedure  becomes  invalid  even  before  that 
time.  This  has  been  studied  to  some 
extent  by  varying  b.  The  initial 
langth  of  the  free  surface  elements  are 
ke^t  equal  to  a.  * - * — 


n/f 


Results  for 


1.0  and  0.0  are  presented  in 


figures  8  and  9.  The  amplitude  ratio 
is  0,1.  Based  on  these  results  a 


T«s. 


FORCEO  HEAVE  MOTION:  A,*m  nt 

niff  .10 

*  ,  I 

.  b  »  773 

•  b  «5A9 
b-324 

.  b-212 


One  should  note  that 

(it  -  (|  -  n-p5 

a  g 

defines  the  time  the  energy  in  an  Airy 
wave  of  circular  frequency  ft  takes  to 
propagate  from  a  to  b.  (fit) puTLURE 
seems  to  be  lower  than  this  vaiueT 

The  nonlinearity  has_been  studied  by 

varying  ^1  for  given  fi/  Results  for 

a/  S-  1.0  and  J 
g  a 

are  presented  in  figure  11 
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FIGURE  9 

INFLUENCE  OF  b  ON 
THE  RESULTS 


figure  10  has  been  prepared.  It  shows 
(Ht)....,,..  as  a  function  of 


whem 


FAILURE 

2a’« 

9 


1>- 


^ '  ^ATLURE  lfi  de*ined  aa 


♦  (At  Jr*. 


figure  12.  Number  of  free  surface  ele¬ 
ments  are  40.  Their  initial  lengths  are 
0.3a.  To  my  knowledge  there  exist 
neither  analytical  methods  nor  model test 
results  to  compare  vith  in  the  transient 
phase.  For  steady- state  conditions  C. 

M.  Lee  (11)  has  prevented  nonlinear  ana- 

,jli  nlff'.io 

1  FORCED  HEAVE 

MOTION  Ajftinnt 
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Deit.*V)NAI»N  Of  b 


12  3.  in  'b  "  f 

when  tiia  soiuti.  fail.  fo.  given  b. 
There  will  ..  .eye  . .on.  ambiguity  in¬ 
volved  in  determinlnq  (fit) rjuLURi ' 


lytlcal  results  for  forced  vertical 
oaclllatlon  of  a  cylinder  In  a  free  sur¬ 
face.  He  eeeume*  small  amplitude  of 
oscillation.  Whet  (mail  amplitude  of 
oscillation  meant  ia  a  question  of 
experience,  but  it  la  questionable  if 

^  -  0.4  and  0.6  can  be  denoted  small 
aflplltuda  of  oaclllatlon.  C.M.Lea 
solves  the  problem  by  perturbation 
tachnlque  to  second  order  In  forced 
oscillation  amplitude.  Hie  results  in¬ 
clude  firet  harmonic  and  second  harmonic 
rorcad  Qicillatlona  in  addition  to  a 
tlmelndependent  vertical  force.  C.M.Ua'i 
results  do  not  ahow  a  significant  in¬ 
fluence  of  nonlinearity.  This  is  loqi- 


3# 


cftlly  inherent  in  assuming  the  linear 
first  order  harmonic  term  to  be  domi¬ 
nating.  Our  results  indicate  a  more 
significant  influence  of  nonlinearity. 
This  is  especially  true  when  A,/a  * 

0.6.  Although  the  possibility  of  nume¬ 
rical  errors  exist,  the  results  for 
A^/a  *  0.6  can  to  some  extent  be  ratio¬ 
nally  explained.  The  initial  phase  of 
small  flt-values  correspond  to  high 
suddenly  exposed  forced  vertical  velo¬ 
city  and  resulting  high  fluid  accelera¬ 
tions.  As  in  wave  impact  problems  a 
good  approximation  to  the  vertical 
hydrodynamic  force  (excluding  the  hydro¬ 
static  force)  would  be 

F—  3t(A33(",:?0<t))  (50) 

where  A-3(»)  is  the  infinite  frequency 
added  mass  in  heave  as  a  function  of 
submergence  measured  relative  to  initial 
calm  free  surface.  Equation  (50)  has 
been  compared  with  the  results  by  the 
complete  nonlinear  transient  method.  The 
results  are  presented  in  figure  13  and 
agrees  quite  well  up  to  flt  %  0.5  where 
the  result  by  the  complete  nonlinear 
theory  starts  to  decliue.  This  decline 


1 

t 
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'  Aporoximatt  nonlinear 
method 

•  Complete  nonlinear  .nethod 
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csn.'.ot  be  easily  explained,  but  it 
should  be  noted  that  the  results  for 
smaller  amplitude  ratios  have  a  similar 
behaviour. 


7,  Interior  Problem 

The  interior  problem,  i.e.  the 
sloshing  problem,  has  also  been  studied. 
No  details  wilt  be  given  here  since  a 
separate  paper  has  baen  devoted  to  this 
subject  Ualttnsen  (6)).  In  the  slos¬ 
hing  problem  we  are  studying  f oread 
harmonic  away-osc illation  of  a  rectan¬ 
gular  tank.  But  tha  method  is  thought  to 
be  applicable  for  the  case  of  forced  ir¬ 
regular  oscillation  of  a  combination  of 
modaa  and  to  a  wide  class  ot  tanks  with 
two-dimans Iona 1  flow.  In  genaral  tha 
approach  Is  tha  tame  as  in  the  exterior 
problem  presented  above.  There  are 
differences.  Thase  are: 


nonlinearity  in  the  free  surface  condi¬ 
tion  is  much  more  significant  than  the 
nonlinearity  in  the  body  boundary  condi¬ 
tion. 

b)  The  velocity  potential  is  repre¬ 
sented  as  a  distribution  of  sources  over 
the  body  surface  and  the  free  surface. 

In  the  exterior  problem  both  sources  and 
dlpole3  were  used.  In  principle  both 
approaches  are  right. 

c)  In  the  sloshing  problem  the  free 
surface  position  and  the  velocity  poten¬ 
tial  on  the  free  surface  are  obtained  by 
following  "points*  on  the  free  surface 
with  constant  horizontal  coordinate.  In 
the  exterior  problem  we  are  following 
fluid  particles. 

d)  In  the  sloshing  problem  it  is 
necessary  to  introduce  an  artificial 
damping  term  of  the  Rayligh  viscosity 
type  in  the  nonlinear  free  surface  con¬ 
dition,  i.e.  we  add  a  term  m)  to  the 
left  hand  side  of  the  dynamic  free  sur¬ 
face  condition  (2) .  The  damping  is 
small,  but  essential  because  there  is  no 
damping  in  a  potential  flow  inside  a 
tank.  By  examining  the  analytical  solu¬ 
tion  of  the  linear  transient  sloshing 
problem,  we  will  note  that  transient 
terms  will  not  die  out  if  damping  is  not 
present.  In  reality  (i.e.  modelte3ts)  a 
steady-state  oscillation  is  clearly  seen. 
Damping  is  therefore  introduced  and  re¬ 
presents  a  substitute  for  viscous  losses 
primarily  in  the  boundary  layer  close  to 
the  tank  wall. 

e)  In  the  sloshing  problem  it  is 
necessary  to  solve  the  problem  over  a 
substantial  number  of  oscillation  peri¬ 
ods  to  achieve  steady-state  oscillation. 
In  tna  exterior  problem  steady-state 
oscillations  will  nearly  be  achieved 
within  the  first  oscillation  period. 

An  example  of  the  calculations  is 
bhown  in  figure  14  for  a  rectangular 
tank  that  is  forced  to  oscillate  harroo- 
n'.cally  in  sway.  The  tank  breadth  la 
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•  I  Th.  body  boundary  condition  1*  figure  14 

llnaarlsiod.  In  Many  cat  thin  la  no 
limitation.  In  raaonanca  condition  tha 


1  m  and  the  mean  water  depth  is  0  >  m. 
The  sway  amplitude  is  0.025  m  and  lie 
■dilation  period  is  1.2  s  which 
dost  to  the  natural  period  l."8  s  lor 
the  £j.uid  motion.  An  artificial 
damping  of  5%  of  the  critical  dampinq 
is  usea.  The  figure  shows  free  surface 
elevation  at  the  tank  wall  as  a  function 
o  time.  The  nonlinear  numerical  method 
is  compared  with  a  linear  analytical 
solution  which  has  been  derived  ar  a 
mean  to  control  the  numerical  results 
The  agreement  is  reasonable.  The  non¬ 
linear  solution  shows  the  typical  non¬ 
linear  behaviour  that  the  distance  fret 
mean  surface  level  to  the  trough  : 
smaller  than  the  distance  from  the  mean 
surface  j.evel  to  the  crest 

The  intention  with  the  methodr.  Is  no 
to  study  the  fine  details  of  the  mot  ions 
i.e.  local  tweaking.  We  are  more  inte¬ 
rested  in  the  gross-motion  of  the  ‘iuid. 
Thin  imp 'l  lev  that  rather  few  marked 
points  torde  of  magnitude  :  10)  are 
needed  on  the  free  surface  to  descr... 
the  fluid  ;notion.  This  is  advantageou: 
due'  to  the  substantial  number  of  osr 
lation  periods  necessary  to  reach 
steady-state  oscillation. 

'conclusions 
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Boundary-integral  equation  t---  hnique 
has  been  applied  to  study  nonlinear 
transient  problems  of  bodies  osc  i  I  lat.  •  ’n 
in  a  free  surface  and  to  the  slosh Iny 
problem.  A  linear  transient  the  -  v  for 
the  exterior  problem  has  been  derived 
This  solution  agrees  well  with  t ho  non¬ 
linear  transient  method  for  small  ampl 
tude  of  oscillations.  It  shows  that 
transient  effects  die  out  rapidly 
Steady-state  conditions  arc  nearly 
reached  within  the  first  oscillation 
period.  The  opposite  is  true  in  the 
sloshing  problem  where  an  artificia’ 
damping  term  has  to  be  introduced  t< 
Achieve  steady-state  oscillations .  "he 
nonlinear  transient  method  snows  a 
significant  effect  o*  nonlinearity  which 
to  some  extent  can  be  rational Ly  ex¬ 
plained.  But  before  proceeding  further 
with  numerical  studies  It  seems  wise  to 
perform  modelteate  for  Icu-ro  amplitudes  or' 
forced  oscillation. 

The  method  presented  in  this  paper  Is 
quite  general.  In  principle  it  applies 
to  any  type  of  forced  velocity  and 
cross-sections.  But  problems  are  anti¬ 
cipated  when  the  free  surface  normal  and 
the  body  surface  normal  at  the  inter¬ 
section  between  the  free  surface  and  the 
body  surface  are  not  close  to  orthogo¬ 
nal  . 
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Abstract 

A  ship  motion  simulation  technique  is  de¬ 
scribed  which  utilizes  Eulerian  hydrodynamic 
techniques  to  solve  for  the  free  surface  flow 
field  in  the  vicinity  of  the  ship.  The  ship 
constitutes  one  of  the  boundaries  on  the  flow 
field.  The  ship  motion  is  calculated  by  sum¬ 
ming  the  hydrodynamic  forces  and  couple  on  the 
ship  and  solving  Newton's  equation.  This 
technique  has  been  applied  to  modeling  the 
motion  of  a  moored  ship  in  random  beam  seas 
in  two  dimensions  and  three  degrees  of  freedom. 
The  computed  results  agree  very  well  with  the 
model  test  results. 

I ,  Introduction 

The  operation  of  large  ships  in  shallow 
coastal  waters  has  created  a  need  for  predic¬ 
tive  methods  to  analyze  the  fluid  flow  fields 
and  ship  motion  encountered  in  this  environment. 
Existing  techniques  do  not  in  qenaral  handle 
this  problem  very  well.  Tho  geometry  encoun¬ 
tered  is  complicated  enough  that  analytic 
methods  can  solve  only  very  simplified  models. 
Existing  numerical  techniques  generally  solve 
the  problem  in  the  frequency  domain  using 
linearised  boundary  conditions  and  simplified 
bottom  geometries.  The  Inertial  Marker 
Particle  (INF!  method  described  here  is  an 
essentially  new  approach  to  the  problem  ot  pre¬ 
dicting  ship  motion. 

The  method  involves  solving  the  Euler  hydro¬ 
dynamic  equation  coupled  with  the  rlqid  b>xiy 
equation  of  motion  for  the  ship.  The  ah ip  con¬ 
stitutes  one  of  the  boundaries  ot  the  fluid 
flow  region  and  is  treated  aa  a  reactive 
boundary  which  is  free  to  move  In  response  to 
forces  exerted  on  it  and  obeys  the  appropriate 
equations  of  motion. 

Thw  boundaries  will  not  in  genaral  coincide 
with  the  grid  lines  and  it  ia  necessary  to 
interpolate  the  relevant  conditions  to  the 


boundary  location.  A  substantial  fraction  of 
the  code  is  devoted  to  accomplishing  this  task 
accurately. 

The  main  features  of  the  existing  code  are< 
(1)  nonlinear  treatment  of  ship-wave  inter¬ 
action;  (?)  arbitrary  two  dimensional  geometry; 
(3)  calculating  ship  motion  in  irregular  or 
regular  waves;  and  (4)  arbitrary  mooring  forces 
on  the  ship. 

The  code  has  been  validated  against  model 
results  for  a  spring  moored  vessel  exposed  to 
irregular  beam  seas.  The  computed  sway  agrees 
very  well  with  r.hn  measured  quantities. 

The  computer  code  as  currently  implemented 
runs  approximately  four  times  slower  than  real 
time  on  a  CDC  6600  computer  system. 

Chapter  II  discusses  the  Mathematical  Formu¬ 
lation  of  the  problem.  Chapter  III  presents 
the  numerical  techniques  which  we  have 
employed.  Chapter  IV  presents  the  simulation 
results  while  Chapter  V  gives  conclusions. 

II.  Mathematical  Formulation 

Tho  equations  satisfied  by  the  fluid  in  the 
absence  of  thw  ship  are  tho  incompressible 
viscous  flow  equations  shown  in  equations 
(2.1)  and  (2.2). 

div  V  -  0  (2.1) 

i)V  -*• 

♦  iv  -  v)v  -  -  vp  ♦  v  *  (yW)  (2.2) 

whore 

V  -  fluid  velocity  victor. 

p  -  pressure  norms' 1  ted  to  the  density. 

V  ••  artificial  Mnamatlc  viscosity. 

V  •  "del"  vector  deferential  operator. 

This  1s  coupled  with  the  equations  of  ship 
motion  which  are 
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dV 


-  /  p  dnv  ♦  »  g  J 


(2.3) 


III.  Solution  Techniques 


an 


-/ 


px  (p  dn  ) 


(2.4) 


where 

tn  »  mass  of  the  ship 
s 

V  =  velocity  of  the  center  of  mass  of  the 
8 

ship 

■+ 

n  »  surface  area  in  the  direction  of  V 
v  s 

I  =  moment  of  inertia  about  an  axis  per¬ 
pendicular  to  the  plane  of  ft 

g  ■  acceleration  due  to  gravity 

P  *  vector  from  metacenter  to  the  marker 
particle  on  surface 

ft  =  angular  velocity  about  the  axis  of  I 

n 


The  motion  of  the  particles  is  subject  to 
the  fact  that  the  particles  are  constrained  to 
lie  on  the  surface  of  a  rigid  body.  If  (x,  y) 
marks  the  position  of  a  representative  inertial 
marker  particle,  then 


x 

new 


V  fit 


ft  p  fit 

*  y 


(2.5) 


y 

new 


*■  V  fit 
ys 


+  ft  p  fit 

z  x 


(2.6) 


where 


p  are  the  components  of  the  vector 
'  from  the  metacenter  to  the  IHP  under 
consideration. 

V  , V  are  the  components  of  the  tranula- 
xs  y* 

tional  velocity  of  the  body. 

ft  is  the  rotational  velocity  of  the 

body. 


The  kinematical  boundary  condition  at  the 
ship-fluid  interface  is  that  the  fluid  velocity 
equal  the  body  velocity. 


On  a  stationary  curved  wall  rigid  boundary, 
the  requirement  is  that  normal  fluid  velocity 
equal  saro.  Pur  the r  all  rigid  boundariea  are 
oasumed  free  slip.  The  appropriate  boundary 
condition  on  a  frea  surface  is  that  it  cannot 
support  any  strass. 


The  solution  method  to  be  presented  utilizes 
the  salient  features  of  modified  SUMHAC  [1) 
method  with  respect  to  the  computation  of  flow 
field  and  free  surface  and  the  ABMAC  [2]  nethc-d 
with  respect  to  the  treatment  of  curved  wall 
and  moving  boundaries.  The  computation  is  per¬ 
formed  over  a  finite  difference  mesh  encompass¬ 
ing  the  region  of  interest.  For  fluid  dynamic 
calculations  it  is  customary  to  use  a  set  of 
staggered  meshes  one  for  each  of  the  primitive 
variables  (velocities  and  pressure) .  The 
staggered  mesh  scheme  is  the  result  of  consid¬ 
erable  experimentation  (3]  and  appears  to  be 
the  most  successful  scheme  for  fluid  dynamic 
calculations.  It  allows  all  spatial  deriva¬ 
tives  to  be  approximated  by  centered  finite 
differences.  A  typical  cell  from  a  mesh  is 
shown  in  Figure  3-1  along  with  the  points  of 
definition  of  the  field  variables.  Pressure 
is  defined  at  the  center  of  cell  and  the 
velocities  are  defined  at  the  centers  of  the 
cell  faces.  A  typical  cell  (i,j)  extends  from 
x  »  ifix  to  (i-fi)fix,  and  y  =  jfiy  to 
( j  +  l)fiy. 


v(i,j) 

t 

(j+l)4y 

'  3 )  1 

"  »  u  1 

l 

v(i, j-l) 

ifix  (i+l)fiu 

- -*“x,i 

Figure  3-1.  Typical  Mesh  Cell  with  Points  of 
Definition  of  Field  Variables 


Overall  calculation  for  one  time  step  may  be 
divided  into  three  phases  al)  of  which  are 
referenced  to  the  Eulerian  grid  just  described. 

PHASE  It  since  we  are  dealing  with  arbi¬ 
trary  curved  wall  and  free  surface  boundaries, 
the  ectual  boundary  seldom  exactly  coincides 
with  mesh  cells.  As  a  result,  we  need  to 
approximate  the  true  boundary  by  a  boundary  of 
mesh  ceils.  The  first  step  is  to  find  the 
intersections  of  the  true  boundary  with  the 
meah  cells.  Now  the  true  boundary  consists  of 
a  number  of  segments  whose  union  is  the  total 
boundary  and  has  sero  intersection,  each 
associated  with  a  mesh  cell.  The  second  step 
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of  Phase  I  is  to  compute  the  fluid  volume  of 
the  cell  bounded  by  the  boundary  segment.  If 
this  volume  is  greater  than  a  set  fraction 
(25%  normally)  of  the  cell  volume  (fix  •  6y) ,  the 
cell  is  flagged  a  boundary  cell. 

For  the  stationary  part  of  the  boundary  this 
calculation  need  be  done  only  once  at  the 
beginning  of  the  simulation,  but  for  moving 
boundary  the  procedure  needs  to  be  repeated 
every  tine  step.  At  this  stage  the  boundary 
is  composed  of  a  number  of  contiguous  segments 
each  associated  with  a  boundary  mesh  cell  and 
characterized  by  a  normal  pointing  into  the 
fluid,  positioned  at  the  midpoint  of  the  seg¬ 
ment  and  whose  magnitude  equals  the  area  of  the 
segment.  The  logic  of  the  code  is  built 
around  flags  associated  with  each  cell.  A 
flagging  scheme  is  adopted  in  which  a  four 
digit  cell  flag  is  assigned  to  each  and  every 
cell  of  the  computational  mesh.  The  most 
significant  digit  indicates  whether  the  cell  is 
empty,  full,  boundary,  or  intersection.  If  the 
cell  is  a  boundary  type,  the  next  significant 
digit  indicates  the  type  of  boundary  (rigid, 
stationary,  reactive,  free  surface,  outflow, 
and  inflow).  The  two  least  significant  diqits 
indicate  the  orientation  of  the  cell  in  rela¬ 
tion  to  the  neighboring  cells. 

PHASE  II J  Consists  of  setting  appropriate 
boundary  conditions,  advancing  the  velocities 
in  time  and  iterating  on  velocities  and  pres¬ 
sures  until  a  flow  field  is  obtained  which 
satisfies  the  incompressibility  condition. 
Viecolli  [2)  reported  a  method  in  which  arb‘ 
trary  free  slip  rigid  wall  boundaries  (either 
stationary  or  moving)  are  treated  as  if  they 
were  free  surfaces  with  a  pressure  distribu¬ 
tion  applied  exterior  to  the  fluid  in  such  a 
way  that  the  free  surface  position  coincides 
with  the  well  boundary.  The  technique  involves 
an  iteration  method  in  which  velocities  and 
pressures  art  adjusted  simultaneously  as 
opposed  to  the  standard  iterative  solution  of 
Poisson  aquation  followed  by  the  computation 
of  new  velocities  ss  used  in  ths  SMAC  (4) 
method,  it  can  be  shown,  however,  that  the  two 
techniques  are  equivalent. 

•oumUry  Conditions 

VslocitJes  on  and  exterior  to  the  boundary 
cells  are  necessary  in  differencing  the 
mentis  equations  ss  well  ss  to  determine  the 
interpolated  boundary  valocltiaa.  The  veloci¬ 
ties  on  the  boundary  are  set  to  make  the  cell 
divergence  aero.  This  means  for  s  ceil  that 
has  only  one  closed  face,  we  calculate  ell  the 
other  velocities  in  the  usual  manner  and  com¬ 
pute  the  one  on  the  closed  face  by  setting 


V»v-0.  Cells  with  more  than  one  closed  face 
have  more  complicated  procedures.  The  required 
velocities  exterior  to  the  boundary  are  set 
equal  to  the  adjacent  velocities  inside  the 
fluid.  The  boundary  conditions  at  rigid 
stationary  and  reactive  boundaries  are  implic¬ 
itly  implemented  through  the  pressure  iteration. 

In  the  free  surface  boundary  cells  the  pres¬ 
sure  is  calculated  by  a  linear  interpolation 
from  the  pressure  in  the  fluid  cells  iranedi- 
ately  below  it. 


ap  (1  -  a)  p 


i.j-1 


where  is.  the  required  (or  specified)  free 

surface  pressure  (normally  zero)  and  a  -  fiy/6, 
where  6  is  the  distance  from  the  free  surface 
to  the  center  of  cell  (i,j-l)  and  6y  is  the 
grid  size. 


Outflow  boundary  conditions  are  the  most 
interesting  and  difficult  to  implement. 

Roache  (5)  presents  a  good  survey  of  different 
types  of  outflow  conditions.  The  most  stable 
outflow  condition  <s  to  specify  the  outflow 
velocities  a  priori.  Unfortunately,  the  kind 
of  outflow  conditions  we  are  interested  in  are 
the  so-called  "continuative"  outflow  condition, 
where  the  requirement  is  to  permit  the  fluid 
to  flow  out  of  the  mesh  with  a  minimum  of  up¬ 
stream  influence.  Outflow  boundary  conditions 
are  particularly  important  in  wave  propagation 
problems.  A  good  outflow  boundary  allows  cx*  to 
use  a  much  smaller  mesh  than  otherwise  needed 
because  iv  eliminates  the  possibility  of 
reflected  waves  affecting  the  calculation.  The 
prescription  we  implemented  involves  setting 
the  velocity  gradients  near  the  outflow  bound¬ 
ary  to  zero.  However,  Inside  the  pressure 
Iteration  they  are  free  to  change  with  the 
changes  in  pressures.  This  seems  to  work  well, 
as  svidenced  by  the  results  presented  later. 

Inflow  boundaries  are  implemented  by  speci¬ 
fying  velocities  as  a  function  of  depth.  The 
theoretical  velocity  diatributione  of  a  right 
running  linear  gravity  wave  in  water  of  finite 
depth  are  given  by  HcCormiek  [6). 


u 


ajk  cosh  (hr  +  kh} 
w  couh  (kh) 


(kx  -  4>t) 


cosh  (kh) 


1  sin  (kx  -u»t) 


where 

k  •  2W/X  •  wav*  histxr 
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a  -  wave  amplitude 
g  -  gravitational  constant 
(i i  ■  wave  frequency 
z  »  depth  coordinate 
h  -  depth  of  water 

x  -  coordinate  in  direction  of  propagation 
t  *  time 

In  order  to  specify  the  velocities  at  the 
boundary,  x  was  set  to  ^ero  and  the  veloci¬ 
ties  were  calculated  as  a  function  of  time  and 
depth.  The  initial  condition  from  which  we 
start  has  the  free  surface  and  velocity  field 
set  to  zero.  We  start  generating  inflow 
velocities,  thereby  creating  a  wave.  It  takes 
several  time  steps  for  the  wave  to  reach  its 
steady  state  amplitude.  The  waves  propagate 
*croas  the  mesh  at  a  phase  velocity  determined 
by  the  k  of  the  wave  and  which  agrees  well 
with  the  theoretical  phase  velocity. 

Irregular  waves  corresponding  to  a  given 
wave  spectrum  are  assumed  to  be  a  superposition 
of  regular  waves  with  different  magnitudes  and 
random  phase  mix. 

Pierson-Moskowitz  { 7 J  spectrum  for  fully 
developed  seas  i  s 

.  -(B/w") 

S (w)  -  (A/tu  )  e  (3.1) 

S(w)  -  apecual  density  of  wave  heights, 
ft.2  sec. 

A  •  172.8  h!  f ' 

B  -  691  T" 

w  -  circular  frequency,  rad/sec. 

h  ■  mean  of  the  1/3  highest  peak  to 

trough  values,  ft. 

T  -  average  period,  secs. 

Irregular  waves  with  any  specified  spectrin  can 
be  modeled  by  the  following  equation! 


A  wave  corresponding  to  Eq.  (3.2)  can  be 
readily  generated  by  the  same  procedures  de¬ 
scribed  for  the  generation  of  regular  waves. 

Difference  Equations  and  Pressure  iteration 

The  specific  finite  difference  equations 
used  to  advance  the  velocities  in  time  are  pre¬ 
sented  in  Appendix  A.  Time  derivatives  are 
approximated  explicitly,  and  for  space  deriva¬ 
tives  a  factor  is  built  into  the  equations 
which  controls  the  amount  of  donor  ceil  flux¬ 
ing.  A  time  dependent  solution  for  the  problem 
is  obtained  by  advancing  the  flow  field  vari¬ 
ables  through  a  succession  of  time  steps.  The 
velocities  are  advanced  using  the  previous 
state  of  the  flow  to  calculate  accelerations 
caused  by  convection,  pressure  gradients, 
viscous  stresses,  body  forces,  etc.  by  an 
explicit  calculation.  However,  this  explicit 
time  advancement  does  not  necessarily  yield  a 
velocity  field  with  zero  divergence.  There¬ 
fore,  the  pressure  field  is  adjusted  such  that 
cell  in  the  computational  grid  has  zero 
divergence.  Since  a  pressure  change  in  one 
cell  affects  velocities  in  neighboring  cells 
as  well,  this  pressure  adjustment  is  done 
iteratively  until  all  cells  have  simultaneously 
achieved  a  zero  divergence.  The  following 
algorithm  is  employed  for  pressure  iteration. 
Let  6p  denote  the  pressure  correction  at  ith 
iteration  for  a  typical  cell  (i,j)»  i.e.  6p  - 
p(i,j)n+*  -  p(i,j)n  where  superscript,  n, 
denotes  iteration  number,  then  fori 

Full  Colls: 

6p  »  -  Bd 
where 

D  -  the  coll  divergence 


u(t)  •  /  a  cos  (mu  t  *  c  ) 
n  on 


0.2) 


x  -  free  surface  height  with  reference  to 
the  still  water 


U  -  a  relaxation  factor  between  0.5  and 
o 

1.0. 

Boundary  Cal  let 


a  -  A/  2  u  S  (nu)  ) 
n  1  o  o 

C  -  a  random  number  uniformly  distributed 
n 

between  0  and  2* . 

N  -  a  reasonably  large  number  such  that 

0**>o)  covers  the  frequency  of  Interest. 


$  -  the  interpolated  velocity  vector  at 

ftp 

the  midpoint  of  the  segment  associated 
with  the  boundary  ceil. 

» 

V  -  tile  boundary  velocity  vector  of  the 
midpoint. 
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=  the  unit  normal  at  the  midpoint, 
pointing  into  the  fluid 

•  »  symbol  for  vector  dot  product 

6  “  a  mesh  parameter. 

-*■ 

For  rigid  stationary  boundaries  is  set 

identically  to  zero  and  for  the  reactive  boun- 
+  4  *  ■* 

daries  a  +  %  x  where  is  the 

tr  inslational  velocity  and  is  the  rota¬ 

tional  velocity  of  the  boundary  and  R  is  the 
vector  from  the  center  of  rotation  to  the  mid¬ 
point. 

V  is  obtained  by  a  bivariate  interpola¬ 
tion  of  the  velocity  components  which  are 
defined  on  mesh  lines  to  the  midpoint  of  the 
segment.  It  is  similar  to  the  MAC  1 3]  area 
weighting  procedure  used  to  compute  particle 
velocities. 

Intersection  cells  are  the  cells  that  con¬ 
tain  both  a  free  surface  boundary  and  some 
other  type  of  boundary.  Several  alternate 
treatments  are  possible  for  such  cells.  After 
a  considerable  experimentation,  we  found  that 
adjusting  pressures  based  on  the  free  surface 
part  of  the  boundary  works  best.  This  may  not 
always  exactly  satisfy  the  rigid  boundary  con¬ 
dition  for  that  part  of  the  rigid  boundary 
associated  with  the  intersection  cell.  How¬ 
ever,  from  our  experience  we  found  that  the 
discrepancies  caused  by  this  are  minimal. 

Since  the  free  surface  segment  in  the  inter¬ 
section  cell  can  lie  anywhere  in  the  cell, 
there  is  a  question  as  to  what  surface  height 
need  be  used  to  Interpolate  the  pressure.  An 
extrapolated  surface  height  at  the  center  of  the 
column  in  which  the  intersection  cell  lies  was 
utilized  because  the  pressure  interpolation  is 
in  terms  of  cell  pressures  which  are  defined  at 
the  center  of  cells.  Several  extrapolation 
schemes  were  tried  and  the  most  simple  linear 
extrapolation  seems  to  work  best.  The  failure 
of  high  order  extrapolation  is  attributable  to 
the  tact  that  these  formulas  force  a  dependency 
over  a  larger  domain  and  as  a  result* the  height 
at  the  intersection  cull  cannot  react  freely  to 
the  local  flow  field. 

Once  a  <Sp  has  been  detcimined  for  a  cell 
(1,))  the  pressures  and  velocities  are  updated 
as  foliowsi 

1-U.))  *  !»<»♦))  ♦ 

>j  ( l ,  ) )  *  u(i,j)  *■  (<St/*Sx)dp 


u(i-l,j)  u(i-l,j)  -  (6t/!$x)6p 

v(i,j-l)  -*■  v(i,j-l)  -  (<5t/6x)6p 

For  boundary  cells  only  the  velocities  on  epen 
faces  are  adjusted  and  the  velocities  on  closed 
faces  are  determined  by  setting  the  cell  diver¬ 
gence  to  zero. 

One  complete  iteration  consists  of  adjusting 
pressures  (and  thereby  velocities)  in  all  the 
cells  by  sweeping  the  mesh  in  an  orderly 
fashion.  It  is  to  be  noted  that  pressure  in 
each  cell  gets  updated  once  during  an  iterati.cn, 
whereas  the  velocities  get  updated  twice.  The 
iteration  is  terminated  when  the  ratio  of  the 
norm  of  the  pressure  changes  to  the  norm  of 
pressures,  drops  below  a  small  positive  number 
C ,  Usually  sufficient  accuracy  is  obtained 
with  an  £  of  the  order  of  10“s.  Iteration 
normally  converges  in  about  4  to  6  iterations, 
provided  the  flow  variations  are  not  too  rapid 
from  time  step  to  next  and  e  is  not  chosen 
excessively  small. 

PHASE  III:  Having  obtained  a  consistent 
flow  field,  it  is  necessary  to  uj  '  te  the  free 
surface  and  reactive  boundaries  in  preparation 
for  next  time  step. 

In  the  early  MAC  methods  a  line  of  particles 
marked  the  free  surface  position.  hen  these 
particles  are  moved  each  time  step  by  computing 
the  velocities  of  these  particles.  This  is  a 
Lagranglan  procedure  and  tends  to  be  unstable 
after  a  large  number  of  time  steps.  Chan  and 
Street  (l)  reported,  that  the  round  off  errors 
were  particularly  serious  in  problems  involving 
waves,  To  overcome  this  difficulty  an  alterna¬ 
tive  Eulerian  approach  has  1  :*n  developed  for 
two  dimensional  problems  by  Chan  and  Street.  (It 
Later  the  method  was  applied  to  J-D  problems  by 
Nichols  and  Hlrt  (H).  In  this  approach  the 
fluid  surface  is  represented  by  a  single  valued 
function  and  is  initially  defined  by  the  sur¬ 
face  height  abo '•  the  bottom  of  mesh.  Thu 
surface  height  Is  defined  at  the  center  of  each 
column  of  cells.  The  change  in  surface  elevx* 
tion  Is  determined  by  the  local  fluid  velocity 
and  is  governed  by  the  following  equation. 

Jh  3h  3h 

*  v  -  u  “  -  w  ~— 

Jt  3x  a* 

This  equation  is  solved  by  a  space  centered 

expli  it  differencing  method  to  obtain  the  free 
surf *co  position  at  new  time.  This  particular 
difference  approximation  is  unstable  because  of 
a  negative  diffusion  truncation  error,  as  a 
rc-nilt  a  stal  l litinq  viscous  like  term  of  the 
forr> 


vU.j)  •  v(i,))  ♦  (<5t/6yl6p 


rh\ 

3z 2 1 


Z 


a  vector  in  the  y-direction  whose  mag¬ 
nitude  is  Mg 


ras  been  cdded  to  the  surface  height  equation. 

T  is  a  small  positive  number  and  is  chosen  to 
be  greater  than  u?6t/2.  Where  u  is  the 
■axial**  velocity  m  the  flow  field.  Due  to  the 
nature  of  the  dif  ference  approximation,  a  sur¬ 
face  height  is  required  in  the  column 
dutely  outside  the  fluid  region,  Th  j 
obtained  by  setting  9h/3n  *  0. 

Reactive  Boundaries 

These  are  the  boundaries  which  can  move  in 
response  to  the  forces  exerted  on  the*  in  a 
fashion  dictated  by  the  inertial  characteris¬ 
tics  of  these  boundaries.  Let  us  assume  that 
the  rea  tive  boundary  is  characterized  bv  j  set 
of  N  particles  (called  Inertial  Warier  .  arti¬ 
cles  (9))  located  at  the  *idp>  ints  of  the 
segments  associated  with  the  reactive  boundary 
cells. 

X  *  (x^,  y^J  denote  the  position  of  these 
particles. 


R  *  the  vector  from  center  of  rotation  to 
c 

center  of  mass 

*  symbol  for  vector  cross  product 

In  order  to  determine  p^  by  interpolation,  it 
is  sometimes  necessary  to  know  the  pressures 
in  exterior  empty  cells  for  which  a  pressure  is 
normally  not  computed.  Therefore,  before 
attempting  to  determine  p^,  pressurss  are 
extrapolated  to  the  cell  centers  of  iwuediately 
exterior  cello  by  a  linear  extrapolation  pro¬ 
cedure. 

Now  the  motion  of  the  boundary  ic  governed 
by  dX;/dt  «  ^ .  It  is  assured  that 

the  init’il  condition  is  that  tne  fluid  and  the 
floating  body  are  at  rest  and  hence  and 

are  zero  at  time  zero.  Explicit  finite 
differences  are  used  to  solve  these  equations 
of  motion.  After  all  the  inertial  mai  r  par¬ 
ticles  are  moved,  both  the  center  of  rotation 
and  center  of  mass  are  moved. 


A  *  area  of  the  corresponding  segments, 
note:  -  t  >tal  area  of  reactive 

boundary. 


Let  M  and  I  be  the  mass  and  inertia  tensor 
of  the  collection  of  these  particles.  Then,  if 
and  ^  are  the  instantaneous  transla- 
ti  il  and  rotational  velocities  of  the  boun¬ 
dary,  the  dynamics  of  the  boundary  Is  governed 
by  the  following  equations; 


IV 

M  —  “  IT  -  Mg' 

dt  i 


£(f 


H  1  -  G  *  R 
1  c 


This  concludes  the  compulation 
step.  At  the  cor.  .lusion  of  Phase 
ready  with  a  new  configuration  cv 
tional  region  to  go  into  the  >■ 

A  flow  chart  of  proqram  orqar. 
sented  in  figure  3-2. 


for  one  t.ioe 
III,  we  are 
the  computa- 
ime  step, 
n  is  pre- 


NimKiical  Stability  and  Accuracy 
Considerations 


1.  A  a  iter  ion,  which  says,  the  distance 
the  f lui^  travels  in  one  time  step  must  be  less 
than  one  grid  length  is  known  as  the  Courar.t 
^ndition.  Tins  restricts  the  time  in.rement 
to 

**  '  "‘"(m -  m  •  17;) 


where 

F  "  fi  ia  vector  foice  acting  at 

X 

i 

p  »  the  interpolated  piessure  at  X 
i  i 

h  «  the  unit  normal  at  pointing  away 

trom  flu  d 


/.  Since  free  surfaces  are  present,  it  is 
n-  to  insure  that  the  distance  urface 

travels  during  one  time  step  be  lees  than 

the  U.nzon*  .1  ^el.  3 1 menu  ion 

i.e.,  cit  r  min  (Ax,  Az) 
c  »  the  wa<  spec  1 


R  “  the  vector  from  the  center  of  rotation 
(metacenter)  to  the  point  X 

i 

g  -  the  acceleration  due  to  gravity 


3.  Win.. i  viscous  diffusion  terms  sre  present, 
nuMticil  stability  requires 


>At 


1 

V 


3U 


Figure  3-2.  Flow  Chert 

5.  Instabilities  may  arise  if  there  are 
shArp  curvatures  in  the  boundary  relative  to 
mesh  site.  As  a  general  rule  at  least  3  to  5 
cells  should  be  allowed  to  define  a  sharp  curve 
in  the  boundary.  By  the  sane  token  any  con¬ 
fined  fluid  flow  regions  should  be  covered  by 

3  to  5  cells.  In  otherwords  floating  bodies 
must  be  composed  of  at  least  three  cells  in 
each  direction  and  fluid  flow  regions  must  be 
at  least  three  cells  thick. 

6.  Mien  once  numerical  stability  is  assured, 
accuracy  depends  a  lot  on  how  well  mats 

( vo 1 urns }  and  momentia  are  conserved.  The 
degree  of  mass  conservation  is  directly  depen¬ 
dent  on  how  stringent  the  convergence  criterion 
U.e.,  how  smell  t)  is.  Practical  experience 
indicates  that  below  a  certain  small  value, 
cutting  down  t  any  furttar  does  not  improve 
accuracy.  This  value  is  very  problem  dependent 
and  we  do  not  know  any  one  method  to  find  this 
value  a  pr ion,  except  by  trial  and  error. 
Moment  at  conservation  is  also  an  important 
aspect  with  ; aspect  to  the  accuracy  of  calcula¬ 
tions.  In  order  to  achieve  this  the  tetms  in 
the  transport  part  of  the  moms o tut  equations 
of  the  form 


3u  3u 
3x  '  3y 

were  transformed,  using  the  incompressibility 
condition  to 

3u2  9uv 
5x  +  3y 

The  difference  form  of  this  expression  can 
simply  be  written  such  that  flux  out  of  one 
side  of  cell  exactly  equals  the  flux  into  that 
same  side  of  the  adjacent  cell. 

IV.  Results 

Several  simulations  have  been  carried  out 
for  a  chip  moored  between  four  horizontal 
springs  and  subject  to  beam  seas.  Results  are 
compared  with  the  model  test  results  conducted 
at  Netherlands  Ship  Model  Basin  (10).  A  sketch 
of  the  model  test  setup  is  shewn  in  Figure  4-1. 


Figure  4-1.  Model  Tert  Setup 


In  order  to  simulate  this  situation  in  two 
dimensions,  it  was  observed  that  the  length  of 
the  ship  is  large  centered  to  wavelengths  of 
the  exciting  waves  and  hence  the  end  effects 
are  assumed  negligible.  As  a  result,  slab 
syasetry  may  be  assumed  in  the  third  dimension 
and  che  simulation  may  be  setup  (Figure  4-2)  in 
two  diamnaions  with  three  degrees  cf  body  free- 
dem  viz.  sway,  heave  and  roll.  The  mooring 
system  is  implicitly  incorporated  into  the  body 
dynamics  as  follows. 

Let  fjj,  Fy  and  Mh  be  the  forces  in  x,  y 
directions  and  moment  of  rotation  about  the 
metacenter  of  the  vessel  without  the  presence 
of  the  mooring  system,  (n  superscript  denoting 
hydrodynamic  forces.) 

Kith  reference  to  Figure  4-3,  let 
(Xp,  y°)  be  initial  (equilibria)  position 
of  point  p  where  the  ropes  are  attached  on 
the  deck. 

y  be  the  height  o*  metacenter  below  d«ck 

k  be  the  spring  constant  for  mooring 
ropes 
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Figure  4-2.  Simulation  Setup  at  Various 
Times.  (Wave  is  shown  amplified  by 
a  factor  of  8) 


(x°,y°)  be  the  equilibrium  position  of 
c  c 

metacenter 

new  let  (Xp,  yp>  be  the  new  oosition  of  point 
p  due  to  a  translation  of  (6xf  3y)  of  the 
metacenter  and  a  rotation  of  d9  about  the 
metacenter,  then 

n  o  ..  —  , 

x  *  x  +  6x  -  y  sin  du 
P  P 

y°  ■  y°  +  6y  -  y(l  -  cos  d9) 

P  P 

now  define  DX  and  DY  as 

DX  i  xn  -  x°  •  6x  -  y  sin  d9  (4.1) 

P  P 

DY  =  y°  -  y°  *  6y  -  7(1  -  cos  d0) 

P  P 

(DX,DY)  -  the  effective  translation  of  point 
p  with  respect  to  main  coordinate 
system. 


By  hypothesis, 

r  /  0  °v 

5x  ■  (x  x  ) 
c  c 

r  n  o 

6y  -  (y  -  y  ) 
c  c 

where 

n  n 

(x  ,  y  )  -  the  new  position  of  metacenter, 
o  c 

It  can  be  seen  that  the  net  force  due  to  moor¬ 
ing  system,  -  t  2k  DX  ♦  3  2*  DY*  Where  i, 
3  are  the  unit  vectors  in  x,  y  directions 
respectively.  Kn  assumption  has  been  made  her* 
that  the  magnitudes  of  DX  and  DY  are  such 
that  all  four  mooring  ropes  are  in  the  linear 
operating  range  all  the  time. 

Since  we  have  two  sets  of  springs  (two 
springs  each)  total  force  is 

F  ■  i  (k  DX  +  j  4k  DY  ■  i  K  DX 
ef  f 


Figure  4-J.  Schematic  of  Wooring 

Forces 


re 

"  he  effective  spring  constant  for  the 
to cel  mooring  system  •  4k 


Now  the  total  forces  and  moment  in  the  combined 
system  cf  ship  and  mooring  ropes  are 

F°  =  Fh  +  K  DX 
x  x  eff 


n  h 

F  =  F  ♦  K  DY 
y  y  err 


•  Mh  +  K  DX  (y  cos  d6) 

off 


-  K  DY  y  sin  d9 
eff 

Thus,  if  we  use  F*\  f",  M°  in  computing  the 
new  body  velocities,,  instead  of  f£,  fJ  and 
we  are  effectively  incorporating  the 
mooring  system  into  the  problems. 

Two  different  irregular  beam  seas  are  used 
in  the  simulations  whose  spectra  are  shown  in 
Figures  4-4  and  4-5. 


Figure  4-4.  Wave  Spectrin  No.  2 


The  simulation  spectrum  and  the  spectrum 
generated  in  the  model  test  are  both  indicated. 
The  simulation  spec trim  coincides  with  the 
spectruw  which  the  model  tests  attempted  to 
produce.  However,  it  is  to  be  noted  that 


noticeable  discrepancies  exist  between  the 
simulation  spectrum  and  the  one  that  was 
actually  generated  in  the  model  test.  This 
point  is  to  be  born-  in  mind  when  comparing  the 
computer  simulations  to  model  test  data. 


o.<  o.g  n.i  i.o  ».« 


Figure  4-5.  Wave  Spectrum  No.  3 

The  main  particulars  of  the  ship  and  the 
mooring  system  aret 

Length  to  beam  ratio  “5.3 

Bean  to  draft  ratio  *  3.65 

Block  coefficient  *  0.75 

Mid-ship  section  coefficient  "  0.997 

Stiffness  of  each  mooring  spring  ■  5  tons/m 

Neither  the  mass  nor  one  of  (length,  beam  or 
draft)  was  reported  in  the  model  test  report  to 
uniquely  determine  all  the  ship's  parameters. 
Hence  a  typical  beam  length  of  90  ft.  was 
assumed  and  all  other  parameters  wers  deter¬ 
mined  in  conformity  with  this  length.  A  still 
water  depth  of  65  ft.  was  used  in  all  the  simu¬ 
lations. 

It  was  pointed  out  in  Chapter  III  that  a 
minimum  amount  of  viscosity  must  be  present 
make  the  numerical  calculation  stable.  This 
"artificial  viscosity"  seems  to  attenuate  the 
wave  slightly  as  ths  wave  propagates  down  the 
mesh.  Therefore,  it  ie  necessary  to  generate  a 
slightly  larger  wave  at  the  inflow  boundary  so 


v«, 


that  we  get  the  right  magnitude  wave  near  the 
ship. 

The  initial  condition  for  the  simulation  is 
that  the  ship  and  the  fluid  are  at  rest.  We 
start  the  simulation  by  impressing  appropriate 
velocities  at  the  inflow  boundary,  thereby 
creating  a  wave.  The  generated  waves  propagate 
across  the  mesh,  interact  with  the  ship  and 
smoothly  flow  out  through  the  outflow  boundary 
(see  Figure  4-2) .  It  takes  several  wave 
periods  for  the  wave  to  get  setup.  Simulation 
results  for  the  setup  period  were  discarded  in 
the  analysis  of  results  presented. 

The  computer  code  outputs  time  records  of 
sway,  heave  and  roll.  The  second  central 
moment  of  the  sway  for  two  different  sea 
states  is  shown  in  Figures  4-6  and  4-7.  The 
test  model  data  for  the  corresponding  cases  is 
also  shown  in  Figures  4-6  and  4-7.  No  data 
were  presented  in  the  model  test  report  to  com¬ 
pare  the  motions  in  the  other  two  degrees  of 
freedom  viz,  heave  and  roll. 

In  Reference  [10),  Verhagen  gives  a  plaus- 
ability  argument  that  the  standard  deviation 
of  the  sway  amplitude  is  related  to  the 
normalized  spectral  density  function  by  a 
linear  relationship  ns  shown  in  Figure  4-8.  He 
conducted  three  model  tests  to  confirm  this 
hypothesis  as  shown.  We  simulated  this  series 
of  model  tests  and  obtained  the  results  shown 
in  Figure  4-8. 

Our  results  showed  some  deviation  from  the 
linear  relationship  at  large  wave  amplitudes 
(approximately  20  ft.  waves).  We  suspect  that 
this  i*  a  nonlinear  effect  which  would  be  born 
out  by  the  model  tests  if  they  were  conducted 
at  large  amplitude.  Our  re;,  its  also  show  a 
slightly  different  linear  constant  in  the  low 
wave  amplitude  results.  This  may  be  attributed 
to  a  scaling  of  the  postulated  linear  relation¬ 
ship  to  the  mass  of  the  ship.  The  scaled  ship 
displacement  was  not  specified  in  Reference 
[10) .  We  can  bracket  the  above  results  by 
aoeuming  different  displacements  and  should  be 
able  to  reproduce  the  linear  relationship  acre 
closely  by  assuming  a  slightly  larger  mass  and 
rerunning  the  three  simulations. 


Figure  4-b.  Comparison  o*  Wave  and  Ship 
Notion  Distributions,  spectra*  2 
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FREE  SURFACE-WAVE 

_  Computed 

_  Model  Test 


Mean  *  74.0  ft. 
a  *  1.57  ft. 


Figure  4-8.  SuMoary  Comparison  of 
Model  Test  and  Computer  Results 


•JV  'iTjn«  njf,  ”  "  ”  ~ 


-  Computed 

-  Model  Test 

Mean  -  405.4  ft. 
o  *  11.2  ft. 


v  Conclusions 

Me  have  developed  an  Eulerian  hydrodynamic 
approach  to  .Ululating  ship  motions  in  random 
seas.  The  method  treats  the  ship  wave  inter¬ 
action  in  a  completely  nonlinear  fashion.  The 
code  as  presently  formulated  allowB  arbitrary 
boundary  shapes,  srbitrsry  scoring  forces  on 
the  ship  and  erbitrery  random  wave  input 
spectre.  The  code  resulte  have  been  velidated 
ageinet  model  test  results  and  shown  good 
agreement.  The  method  hae  the  capability  to  be 
extended  to  a  very  general  three  dimensional 
predictive  technique. 

appendix  a.  Finite  Difference 


The  finite  difference  notation  used  in  this 
paper  isi 

pn  »  pressure  at  center  of  ceil  (l,j)  at 
L’3  time  level  n 

un  .  x-direction  velocity  at  middle  of 
1,1  right  side  of  cell  <l.i>  »t  time 


I 

J  ,1  I  T 


1  I  I  ,  i _ - 1 - -1 - r1 - - ‘ 

w  «T«i  »■ sc  ..I  as  VI  ■»  »I  " 


Figure  4-7.  Comparison  of  Wave  end 
Ship  Motion  Distribution* 


vn  ■  y ■‘direction  velocity  at  aiAdl*  of  top 
1,3  side  of  cell  (l,j>  at  time  level  n 

The  difference  approximation  representing 
t'ie  continuity  equation,  Eq.  (2.1)  for  e 
typical  c*ll  (i»j) 

1  /  n*l  n»l  \  1  /  «♦!  .  yntl  \  »  o. 

U  (“i,l  ’  Vl.l)  «Y  \  M  M-lJ 

Tha  dtCferenoa  equation#  approximating  the 
Mavler-Stokee  equations,  *q.  12.2)  are, 


r.+l  n  I  jn  n 

"i.3  *  ui.i  *  "Mfe  K.j  -  *. 

♦  g^  -  Fur  -  FUY  VISXj 

and 

n+1  n  f  1  /  i  \ 

v.  .  ■  V.  .  +  >k.  i-r  P.  .  -  1.  ,1 

i,3  1, J  >Y  V  1,3  i#1+l / 

+  g  -  -~VX  -  FVY  +  VISY  , 

V  J 

where  the  convective  and  viscous  fluxes  are 
defined  au 

FUX  +  “in,))  +n|ui,itum,i 

*  (“i.i  •uin,j)'(ui-i,j  +  ,;ilj)J 


c 

c 

(u  -  u  \1 

1  i-l.j  i.j 

\  i-l.j  i.j/J 

i«7[(Vi.3+VW.j)K.j+i.)ti) 

“i.iJ 


*  a|ui.i  +  ut,jn|(vi,3  -  vwJ 


’  (Vi,j  *  Vipjn)(Vi.j  +  vm) 


x  (vi,j  -  vM  J  •  +  vi.j)! 

V,EX  ■  w[«*r(ui+i,j '  2ui,3  ♦  Vx.j) 

+  «7(“i.j+l-2uM  *-1.1-1)] 

d 

VIsy  ■  ■  2\i  *  Vy) 

*  ^K,j+i  '  + 
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COMPUTATION  OF  NEAR-BOW  OR  STERN  FLOWS, 
USING  SERIES  EXPANSION  IN  THE  FROUDE  NUMBER 


J.-M.  Vanden  Brcgck  and  E.  0.  Tuck 


Abstract 

Two-dimensional  Mow  past  a  cewi-infinite 
body  with  constant  draft  H,  is  solved  by 
expansion  in  a  foifnal  power  series  with  respect 
to  a  parameter  s'  related  to  J’he  draft-based 
Fro  »dtv  mxnber  F„  -  U/^gH  .  This  series  is 
e ve jy where  divergent.,  but  can  be  summed  by 
sta*  iard  methods.  Thi*  3  urn  is  not  unique,  and 
one  particular  <  “ficient  simulation  procedure 
yields  a  discontinuous  but  wa»e~free  free 
surface-  Iteratj  techniques  are  developed 
to  proceed  from  t.s  solution  as  a  starting 
point,  t.o  a  continuous  solution  possessing 
non-lincar  waves,  which  can  therefore  serve 
as  a  stern  f  L/.-  Result::  art:  presented  for 
the  steepness  o;  .hr  waves  generated  as  a 
function  of  KM  ii->  continuous  wave-free 
solution  appears  to  exist. ,  md  nunerical 
evidence  suggests  tfc  presence  of  a  re-entrant 
Jet  in  the  correspond » n,  •  iw-flow  problem. 

1.  lnt.  r  action 

In  the  present  p-  t  ,  we  study  further 
the  problem  considered  irst  by  Dagan  and 
Tulin  (1972),  of  ateai1  flow  past  a  semi- 
infinite  tvo-dlmenslr  1  flat-bottomed  body 
Of  draft  H  .  In  Da#-  1  and  Tulin’s  original 
problem  the  body  ten  atea  with  a  vertical 
face;  we  generalize  his  here  to  include 
plane  faces  at  an  arbitrary  angle  y  to  the 
horizontal.  This  geometry  can  serve  aa  a 
model  for  either  near-bow  or  near-stern  flow 
past  a  barge-like  vessel,  depending  on  the 
sign  of  the  flow  magnitude  U  at  infinity. 

Dagan  and  Tulin  found  two  terms  In  an 
expansion  in  powers  of  uVgH  .  We  are  able 
to  continue  this  series, in  principle  indefin¬ 
itely,  but  in  practice  are  able  to  obtain  good 
numerical  values  fer  15  terms  in  the  series. 
These  terms  are  quite  uniquely  determined,  and 
are  independent  of  the  sign  of  U  . 

However,  it  la  apparent  that  the  magnitude 
of  the  terms  la  Increasing  at  an  alarming  rate. 
Indeed,  convincing  numerical  evidence  is 
available  to  show  that  the  (n+l)st  term  is 
asymptotically  a  factor  of  order  n  times  as 
largo  as  the  nth  term.  Hence  Lhe  rate  of 
growth  is  factorial,  and  the  series  has  a  tero 
radius  of  convergence. 


Such  everyvhcre-div>rgent  series  can  be 
summed  by  a  number  cf  standard  methods.  How¬ 
ever,  there  is  necessarily  a  problem  of  lack 
of  uniqueness  about  this  3um.  Indeed,  it  is 
fortunate  that  this  should  be  the  case,  since 
the  same  scries  represents  both  bow  and  ‘j’ern 
flows,  which  are  expected  to  Do  quite  differ¬ 
ent  in  character.  The  major  task  is  then  to 
choose  a  simulation  procedure  capable  of  gener¬ 
ating  whichever  of  these  possible  solutions  we 
prefer. 

Although  work  is  proceeding  (Vanden  Broeck 
and  Schwartz, ,  1970  on  development  of  direct, 
techniques  to  achieve  such  a  purpose,  we  -ise 
here  an  Indirect  technique.  First,  we  uce  a 
standard  sunmation  procedure  due  to  Shanks 
(195$)%  which  gives  good  convergence,  but, 
uppears  to  generate  a  physically  unacceptable 
solution,  possessing  a  disconti nuour.  free 
surface. 

Appropriate  port,  ions  of  this  solution  are 
then  used  ab  a  "seed"  for  a  direct  numerical 
attack  on  the  probljm,  using  a  form  of  11  ewt on¬ 
ion  iteration.  Thi3  procedure  is  in  principle 
quite  independent  of  the  low-Froude  number 
asymptotic  series,  and  can  be  viewed  aa  a 
standard  numerical  solution  of  the  integro- 
differential  equation  to  which  the  complete 
problem  can  be  reduced,  at  arbitrrry  Froude 
nunber.  However,  convergence  of  the  itera¬ 
tions  i  s  very  sensitive  to  the  dm  lee  oT 
starting  solution,  and  success  has  been  achie¬ 
ved  only  by  use  of  the  summed  series  as  such 
a  starting  solution.  The  iterations  appear 
to  converge  extremely  well  for  stern  flow,  but 
not  for  bow  flow. 

In  the  case  of  stern  flow,  the  final  sol¬ 
ution  appears  to  agree  within  the  accuracy  ot 
convergence  of  the  iterations  with  the  summed 
series,  between  the  body  and  the  discontinuity. 
Beyond  the  previous  discontinuity,  the  final 
solution  changes  smoothly  into  a  train  of 
waves  at  infinity.  These  waves  become  strongly 
non-sinunoldri  as  the  Froude  number  increases. 
The  present  non-linear  computations  provide 
the  first  published  solution  for  waves  gener¬ 
ated  by  stsodlly  moving  semi-infinite  bodies; 
linear  theories  of  wave  generation  by  moving 
bodies  would  suggest  that  the  generated  wave 
amplitude  tends  to  tero  aa  the  body  length 
tends  to  infinity 
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2.  Mathematical  Formulation 


We  assume  a  two-dimensional  irrotation&i 
flow  past  a  semi-infinite  body,  consisting  of 
a  plane  lower  surface  y#  *  -H,  x*  <  0,  and  a 
face  y*  *  -H  +  x*  tan  y  which  slopes  at  an 
angle  y  to  the  horizontal .  Figure  1  shows 
an  idealized  flow  of  this  nature,  which  behaves 
at  infinity  as  a  uniform  stream  U  in  the  +x* 
direction,  vita  the  free  surface  ultimately  the 
plane  y*  «  0,  x*  -*■  .  The  fine  detail  of 

the  flow  sketched  in  Figure  1  (e.g.  the  stag¬ 
nation  point  of  contact,  and  the  absence  of 
waves)  may  not  be  representative  of  Ihe  true 
flow  to  be  computed;  indeed  it  is  part  of  our 
task  to  determine  if  these  features  are  present. 
Figure  1  shows  a  stern  flow  with  U  >  0;  the 
method  is,  however,  equally  applicable  to  bow 
flows  with  U  <  0. 


The  mathematical  problem  is  thus  to  deter¬ 
mine  a  dimensional  velocity  potential  #*(x*,y*) 
satisfying  Laplace's  equation  in  the  field  of 
flow,  with  <t>*  -*•  U  x*  at  infinity,  with  vanish¬ 
ing  normal  derivative  on  both  the  body  and  free 
surface,  and  with  uniform  pressure  on  the  free 
surface,  i.e. 


(2.1) 


At  infinity  in  non-dimensional  ao-ordi nates , 
we  have  a  unit  free  stream  $  x  and  a  free- 
surface  level  y  -  -e.  If  there  is  a  stag¬ 
nation  point  on  the  free  surface,  it  is  necess¬ 
arily  at  y  *  0,  and  y  <  0  for  all  non- 
stagnant  free-surface  points.  The  normalized 
flow  is  shown  in  Figure  2. 


Figure  2.  Sketch  of  non-dimensional  flow 


We  solve  this  problem  in  an  inverse  manner. 
If  ij>  is  the  stream  function,  conjugate  to  $, 
we  write 


f  =  $  +  ity  (. .8) 

and  z  *  x  ♦  l;,  ,  (*  -9) 

and  solve  for  z  as  an  analytic  func  of 
in  ^  <  0.  The  free  surface  and  the  cooy  are 
portions  of  the  streamline  \J>  »  0,  on  which 
(2.7)  becomes 


y(x’  +  y*)  *  c  -  0  A  >  o.  (2,10) 

The  boundary  condition  on  the  body  crn  be 
written 

fy,  -  o.  ♦  <  -l 

((sin  y)x^  -  (cos  y)y*  ■  0,  -1  <  4>  <  0.  (2.1l) 


Without  loss  of  generality,  we  can  choose  the 
zero  level  for  the  potential  ,  such  that 
«  0  at  the  point  of  contact  between  the 
body  and  the  free  surface. 


A  v  . ution  for  a  given  value  of  the  parameter  e 
can  be  written 

z(f)  *  z(f;r)  ■  x($,t(>;c )  ♦  iy  )  •  (2.12) 


We  now  normalise  with  respect  to  a  length 

scale 


L  -  K/U. 

(2.2) 

where  -K 

Is  the  walue  of  the  velocity 

potential 

at  the  corner  point  x*  - 

0, 

y*  ■  -H. 

Thus  we  define  non-dimensional 

quantities 

iji 

x  ■  (**-(H  ♦  t  ) c o t  y)/L 

(2.3) 

‘A 

y  ■  (y  -  §j)/l 

(2.U) 

♦  •  ♦•/* 

(2.3) 

and 

c  .  £- 
2«L 

(2.6) 

In  terms  of  un-starred  variables,  the  free- 
surface  condition  (?,l)  becomes 


t(»'  ♦  ♦*)  ♦  y  -  0.  (2.7) 


Note  that  n  '  dependent  variables  nlso  depend 
implicitly  on  the  angle  y  of  the  body.  The 
Inverse  problem  In  the  f-j>lone  l*  illustrated 
in  Figure  3. 


C 

' 

4'..  _  ■- 

v®  ^ 

Flat  Body 

Sloping  Bodyl  [  i- ree  Surface  1 

y4«x#t»n  y  |  |y(x<’.y’)*€»  oj 

x  ♦ly#fl  as 


Figure  3.  Flow  it  ($,4>)  plane 

In  thin  Inverse  formulation,  it  j  import¬ 
ant  to  note  that  the  normalization  chosen  has 
forced  the  body's  corner  point  to  lit  tt 
i^O.  Our  solution  will  then  determine  th* 
y-coordlnate  y(-l,0*t)  of  ^his  point  .onu 
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hence  implicitly  the  normalized  draft  H/L  of 
the  body.  Thus  (2.4)  implies 

|  -  -  y!-l,o;e)  -  e  (2.13) 

from  vhicta  we  find  the  draft-baaed  Froude 
number 


i.e.  using  (2.19)  with  >  0, 


(2.23) 


Fh  ’  £  <2'lU> 

-  (-  ■.  -  y(-l,0;c)/2c)‘>1  (2.15) 

as  a  function  of  the  parameter  €  . 

The  function  *(f)  is  analytic  in  i|>  <  0 
except  at  the  stagnation  point  f  »  0,  where 
(c  f.  Dag an  and  Tulin,  1972) 

-  r;;  ,y:>”/3  <2.16) 

'  ,  y  <  „/3 

and  at  the  corner  point  f  *  -1,  where 

z'(f)  -  (f+1)’"  .  (2.17) 

For  e  K  0,  the  problem  has  the  exact  solution 

z'(f> 3  (^) '  •  (2-l8) 

corresponding  to  flow  under  a  step,  the  free 
surface  being  replaced  by  the  rigid  plane  y«0. 
Note  that  this  is  a  good  local  approximation 
near  the  stagnation  point  f  *  0  only  if 
Y  >  it/3  but  gives  the  wrong  asymptotic  behaviour 
if  Y  <  */3. 


Upon  substitution  of  the  formula  (2.23)  for 
x^  into  the  free-surface  boundary  condition 
(2.10)  we  obtain  a  non-linear  singular  integro- 
differential  equation  for  the  unknown  quantity 
y($*0iE),  $  >  0. 

Once  this  equation  is  solved  on  ♦  >  0, 
the  solution  can  be  continued  to  the  remainder 
of  the  f-plane  using  (2.20).  In  particular, 
for  -1  <  $  <  0  the  integral  on  the  right  of 
(2.23)  (which  is  no  longer  of  Cauchy  principal- 
value  character  when  $  <  0) ,  provides  a 
representation  for  the  quantity  (cos  y)x^ (♦,0;e) 
+  (sin  Y)y*($»0;e).  In  combination  with  the 
boundary  condition  (2.1l),  this  gives  an 
expression  for  y^,  -1  <  $  <  0,  namely 


This  can  be  used  to  evaluate  y(-l,0;c),  and 
herce  the  draft-based  Froude  number  F  ,  via 

(2.15).  H 

3-  leries  in  Froude  Number 


Consider  now  the  function 

x(r>  *  (771)  x'(f)  -  l  .  (z.i9) 

which  vanishes  at  e  ■  0  and  as  ^  ,  and 

removes  the  singularity  at  f  *  -1.  If 
Y  ^  n/3,  It  also  renoves  the  singularity  at 
f  .  0,  but  If  Y  <  11/3,  ve  have  x  -  t,T”  *'  ’  • 
This  singularity  Is  weaker  than  a  simple  pole, 
so  that  in  all  cases,  we  can  apply  Cauchy’s 
theorem  to  y(f)  on  *  path  consisting  of  the 
complete  streamline  i)»  ■  0  end  a  seal-circle 


at  i|/  -  Hence 

we  have  for  i(i  <  0, 

xcr >  -  - 

Aittl  a*  , 

<p-r  ’ 

(2.20) 

since  x*0  u  ^ 
we  obtain 

-  --  . 

On  letting 

(I  •  0" 

X(f  -  10) 

■-M 

(2.21) 

the  Integral  being  of  Cauchy  principal- value 
form. 

The  boundary  condition  (2.11)  on  the  body 
♦  <  0  Is  equivalent  to  the  atatssMnt  that  the 
imaginary  part  of  the  function  X(f)  vanishes 
for  real  negative  f  ,  Hence,  on  taking  the 
real  part  of  (2.21),  we  have 

»  X( ♦ )  .  -  <W  (2.22) 


We  now  assvme  that  the  integro-differential 
equation  obtained  by  combining  (2.10),  (2.23), 
possesses  a  fomal  power-series  solution  in 
the  parameter  e,  of  the  form 

y(*,0;e)  «  £  ytU)e*  (3.1) 

•  y  h  <♦  -  io)c*, 

•••  (3.2) 

where  r»(f)  ■  x»  ♦  iyB  is  the  corresponding 
coefficient  in  a  power  series  for  the  complete 
solution  *{f;e).  The  leading  (n  ■  0)  term 
in  this  expansion  is  simply  the  r.ero-Froude- 
number  solution  (2.1ft),  i.e. 


which  is  real  on  the  free  surface  f  ■  ♦  -  10, 
f  >  0.  Thus 

y,  -  o  and  «;(♦)  • 

Upon  substitution  of  the  series  (3.2)  Into 
the  boundary  condition  (2.10)  we  find 
yi  *  -Uj)  .  and  obtain  the  recurrence  relation 

y  • 

~  ■  l  V,.»*  n  *  2.3.k.-  <3-M 

M  I 

where  ■ 

s.  ■  Jo  *>;..♦  o:..-  <3-3> 


an 


Since  equation  (2.23)  is  a  linear  relationship 
between  y4  and  x^ ,  it  can  be  used  to  compute 
each  x„ ,  once  the  corresponding  yn  is  known, 
i . e.  for  n  «  1*2,. . . 


*<♦> 


Some  care  has  to  be  taken  in  the  numerical 
evaluation  of  the  derivatives  y,J($)  and  the 
integrals  (3.6),  since  this  is  the  only  numer¬ 
ical  limitation  on  the  number  of  coefficients 
which  can  be  found.  In  order  to  work  with 
integrals  over  a  finite  interval,  we  first 
re-write  the  relations  (3*5)  ana  (3.6)  with 
the  new  independent  variable 


obtaining 


«,(s>  ■  i  ( 

n*  0  ' 


**%. .. 
as 


n 

*  &L 

,1,38  36 

Sfl 

.  [‘<5(1-6"’ 

)  hsL 

pTT- 

(3.H) 


(3.9) 


The  interval  of  discretization  is  specified 
as  E;  for  example,  for  N  equal  intervals, 

E  *  1/N.  The  functions  y,  (B),  i  >  2,  are 
evaluated  at  the  points  B* *  (k-S)E,k«l . .N. 
The  derivatives 


are  computed  by  cubic  splines  at  the  points  8^ ♦ 
and  also  at  the  midpoints  6* »( k-1 )E ,k*2, 3 , . . . N , 
with  the  end  conditions  y,  (0)  •  y,  (l)  *  0, 
i  >  2  .  The  values  «?y,  /SB  at  the  points 
\  are  used  to  compute  the  Integrals  (3.9). 
upon  application  of  Monace  Ha's  (1967)  theorem, 
Welch  states  that  the  singularity  in  t.he  numer¬ 
ical  evaluation  of  Cauchy  principal-value 
Integrals  can  be  ignored,  providing  the  quadra¬ 
ture  Is  sysrtetrical  with  respect  to  slngu’urHy. 
In  the  Integration  routine,  a  cubic  spline  fit. 
was  used  to  represent  the  integrand,  and  this 
cubic  vau  Integrated  exactly. 


The  program  wan  run  in  double  precision 
(.'9  figures)  on  a  CDC  61*00  computer,  with 
N*t00,  and  van  found  to  enable  evaluation  of 
termj  up  to  yjB  with  %  figure  accuracy,  and 
up  to  yn  with  *4- figure  accuracy. 

6 .  Ulvcrgcnce  and  Non-Unlqueneat 

Evidence  has  recently  been  given  that  the 
Low- Kroude- number  approximation  in  problems  of 
the  present  nature  is  singular,  and  leads  to 
formal  series  in  powers  of  the  Frotidr  number 
with  zero  rad tua  of  convergence  (Varidnt  Mr>>«‘«*k, 
Schwartz  and  Tuck,  1977).  Providing  the 
Fronde  number  Is  sufficiently  small  (and  It 
must  Indeed  be  extremely  smalt),  the  serins 
nevertheless  ret  ains  sign!  flounce  ar.  an  asymp¬ 
totic  expansion,  with  accuracy  of  the  order  of 
magnitude  of  the  first  neglected  term.  However, 
such  very  low-Kroude-tiumber  results  are 


"uninteresting’’  in  the  sense  that  the  depart¬ 
ure  of  the  free  surface  from  its  limiting  plane 
is  required  to  be  quite  small,  and  the  inevit¬ 
able  loss  of  accurecy  of  the  asymptotic  expan¬ 
sion  takes  place  before  interesting  displace¬ 
ments  of  the  free  surface  (including  waves) 
have  a  chance  to  occur. 

In  the  present  section  we  show  how  the 
usefulness  of  the  divergent  expansion  can  be 
improved  by  a  simple  approximate  series- 
completion  procedure. 

We  recognise  that  in  practice  the  follow¬ 
ing  approach  is  limited  by  very  serious 
computational  difficulties.  However  we 
consider  it  as  a  useful  preliminary  motivation 
for  the  exact  numerical  scheme  to  be  used  in 
Sections  6  and  7. 

Let  us  consider  the  series  (corresponding 
to  (3-2))  lor  z'(iji,0;e),  <(>  >  0.  In  Vanden 
Broeck,  Schwartz  and  Tuck  (1977),  a  generalis¬ 
ation  to  the  case  of  complex  coefficients  of 
the  Domb-Sykes  procedure  ( Dcmb ,  C .  and  Sykes  , 
M.F.,  1957)  was  used  to  show  that,  for  n 
large. 


C.(*}  1  ,,  , 

-n'  ( <f)  n  ",  j  ( <J> ) 

for  some  complex-valued  quantity  r.,(ifr).  A 
reasonable  approximation  to  can  be 

obtained  from  a  finite  number  of  terms, 
directly  from  (l*.l),  or  by  extrapolation  for 


Figure  U.  Polar  plot  of  <',(♦). 

In  Figure  4  we  present  polar  plots  of  the 
function  C,  j($)  estimated  fro*  (**.1)  with 
it  ■  11,  for  different  values  of  y.  The 
points  on  each  curve  when  moving  clockwise 
correspond  to  increasing  values  of  $  .  All 
these  plots  appear  to  be  close  to  a  circle 
through  the  origin.  This  result  can  be  shown 
(see  Appendix  for  details)  to 
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be  equivalent  to  the  approximation  obtained 
by  replacing  the  non-linear  free  surface  by  a 
"locally  linearised"  linear  condition.  This 
locally-linearised  solution  also  predicts  the 
form  in  which  this  circular  plot  is  paramet¬ 
rized,  namely 


_d_  1 

d$  £»($) 


|  (xo(*)>3  , 


(k.2) 


a  result  which  appears  to  be  confirmed  by  the 
Domb-Sykes  plot  for  $  >  <J>C  ,  where  ^i($c  )  * 

D  ~  real.  On  integrating  (b.2)  ve  have 

£TT»T“5*H  (x'a((p) )  1dtp  (4.3) 

<t> 


The  approximation  ( ^ . 1 )  seems  to  fail 
close  to  the  stagnation  point  0  *  0,  suggest¬ 
ing  a  different  kind  of  behaviou  *  in  this 
region.  We  shall  see  in  Section  5  that  this 
does  not  constitute  a  serious  limitation  to 
the  final  numerical  scheme. 

Solution  of  (*».l)  as  a  recurrence  relation 
yields 


*;<*)  -  C($) (C» ($) )* (n  ♦  a)!  ( U - U ) 

for  some  constant  a  ,  and  some  function  C{ ) 
which  can  be  evaluated  by  fitting  the  last  few 
coefficients.  Recall  that  all  quantities, 
including  C,  C»  and  a  in  (i*.1*),  may  depend 
implicitly  on  the  angle  >  .  Some  preliminary 
computations  seem  to  suggest  that  a  3  0. 

However,  this  value  h*s  to  be  treated  with 
caution,  an  an  accurate  evaluation  of  the 
constant  "a"  baaed  on  only  15  terms  In  diff¬ 
icult.  We  will  therefore  develop  the  follow¬ 
ing  arguments  without  any  assumption  on  the 
constant  a  . 

Following  Buchanan  (1976)  and  Dingle  (l9f3), 
we  sum  the  asymptotic  series  approximately  by 
assuming  that 

zj  »  C($)(Ci  (♦))*  (n  *•  a)  1  (^.5) 

for  all  n  >  N  ♦  l,  where  N  la  a  sufficiently 
large  Integer.  Therefore  we  write 

N 

A*,*)  -  I  cV 

*  «  " 

The  infinite  series 

e  ! 

•  H»  I 

can  be  susmcd  in  the 


where 

v(t).f(H^i':v:,u.  (k.S) 

H  J  U 

I 

The  function  WM(t)  li  defined  In  the  complex 
t-plane,  cut  a.ong  the  negative-real  axis, 
if  a  *  0,  W*(t)  can  be  exp-eased  In  terms 
of  the  exponential  Integral  function 


(U.6) 

rVt(n  ♦  a)! 


Borel  sense  as 


(Abramowltz  and  Stegun,  196^,  p.<^t8).  The 
usefulness  of  the  original  asymptotic  expan¬ 
sion  can  therefore  be  increased  by  replacing 
the  infinite  series  in  (b.6)  by  its  "converging 
factor",  i.e. 

!(♦,£)  -  l  tz;  -  c(+)  ( eCl  )Ne-r^T 

(Mi 

Different  functions  replacing  W^t)  can 
be  obtained  by  specifying  different  cuts  in 
the  complex  t-plane.  All  the  resulting 
solutions  differ  by  a  term  which  is  exponent¬ 
ially  small  in  the  limit  as  z  0  and  all 
have  therefore  the  same  asymptotic  expansion. 
The  main  difficulty  about  the  converging  factor 
is  therefore  one  of  non-uniqueness. 

In  particular  we  can  replace  WN(t)  in 
(^-9)  by  either  of  the  following  two  functions: 


WN(t)  ..H  >  0, 

V,N(t)  ’  { 

^  «H(t)  -  iiiil(-t)  ,.'t  <  0, 

(I.  .10) 

U  ft.)  ♦  Sllt(-t)N*"’ A  >  0. 


W"(t) 


I  N 

1  W  (*) 


,^t  <  0. 

(u.n) 


One  may  argu-*  that  other  arbitrary  terns  (also 
exponentially  small  in  the  limit  as  i  0) 
could  have  been  included  in  the  definition  of 
the  converging  factor.  We  believe  that  this 
is  not  the  case  in  the  present  problem,  and 
that  the  only  non-unlqueneas  appearing  in 
the  present  problem  l»;  associated  with  Is.j 
sped  float  ion  of  the  branch-cut  location.  The 
most  convincing  argument  for  this  is  perhaps 
the  numerical  scheme  presented  in  Section  6: 
the  profile  predicted  by  Shanks  transformation 
turns  out  to  be  correct  for  the  stern  flow 
close  to  the  body. 

Let  us  consider  first  the  choice  ( ** . B ) 
Since  WH(t)  is  defined  in  the  complex  t- 
pianc,  cut  along  the  negnt I ve-renl  t-uxlfl,  the 
corresponding  function  in  i  1* . 9 )  Is  defined  in 
the  complex  Ci -plane  cut  along  the  positive 
real  f.i-axta.  Bui  Figure  t  shuva  that  this 
branch  cut  Is  necessarily  crossed  at  the  valu- 
♦  ■  <Pt  ,  for  any  y  •  Hence  the  corresponding 
no.'utlon  1b  discontinuous  at  ^  »  and 

therefore  ..ot  physically  acceptably.  On  the 
other  hand,  since  the  functions  WH  and  Ww 
are  defined  on  a  t-plane  cut  on  the  positive 
real  t-axls,  the  corresponding  functions  in 
(1.9)  are  defined  in  the  complex  f4l-plan^ 
cut  along  the  negative  real  (.j-axls,  which  is 
not  ’roast'd  by  the  curves  In  Figure  l*.  Hence 
both  of  these  solutions  are  continuous,  si;4 
can  be  expected  to  have  a  physical  meaning. 
Note  that  the  solution  or responding  to  tfH 
has  no  waves  ai.  infinity  and  has  therefore  a 
bow-flow  character ,^whe « ea.i  the  solution 
cur  res  pond  (r;g  to  W*  possesses  s  train  of 
waves  st  infinity,  and  h-ix  a  stem-flow  o‘ier- 
acter. 
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(5.2) 


More  precisely,  substituting  ( U. 3)  and 
(J».10)  into  (b.9),we  get  for  }  >  $e  In  the 
stern- flow  case, 

z'U.e)  *  l  e‘V-C(*Xeti)Ne"'I‘  WB(- 

■  ■0  '  **  ' 

♦  rrr  e^e  .<»>'■  ■’* 

(1.12) 


where  Ei(t)  is  the  exponential  integral 
function  defined  in  the  complex  t -plane  cut 
along  the  real  negative  t-axis.  (Abramowitz 
and  Stegun  1961*,  p.228).  Thus  the  Shanks 
table  converges  in  the  complex  x- plane  cut 
along  the  real  positive  x-axis. 


The  last  term  in  (fc.12)  represents  a  linear 
wave  on  the  non-uniform  stream  defined  by  the 
rigid-wall  solution.  The  amplitude  of  the 
waves  at  infinity  is  given  by: 


Iffl 


lim 


and  in  exponentially  small  as  £  -*  0. 


(u.13) 


Other  choices  for  the  cut  are  in  principle 
possible.  The  reason  why  the  Shanks  table 
selectB  this  particular  cut  can  be  established 
by  contradiction.  Ii  another  cut  were  selected, 
the  Shanks  table  applied  to  the  expansion  (5-1), 
with  x  real  and  positive,  would  have  to 
converge  to  one  of  the  two  complex  functions 


These  results  are  similar  to  those  obtained 
by  Ogilvie  (1968),  by  carrying  out  a  local 
linearisation  about  the  e  *  0  solution 
z  *  t|(f).  In  Ogilvie' s  method  the  waver  are 
completely  determined  by  the  rigid-wall  solution 
i.e.  the  firBt  term  of  the  low  Froude  number 
expansion.  On  the  other  hand,  our  method 
indicates  that  the  amplitude  of  the  waves 
depends  on  quantities  like  C($),  a  and  D 
which  can  only  be  evaluated  by  considering 
many  terms  in  the  low  Froude  number  expansion. 

We  expect  our  approt  :h  to  be  on  improvement  on 
Ogilvie's  theory,  as  the  total  information 
about  the  fully  non-linear  problem  is  contained 
in  high-order  terms  of  the  expansion,  however, 
our  approach  seems  to  present  serious  numerical 
difficulties,  partly  because  of  the  difficulty 
of  evaluating  the  constant  a  from  a  small 
number  of  terms.  Other  numerical  difficulties 
also  arise  associated  with  the  above  series- 
completion  method,  involving  errors  due  to 
subtraction  of  large  nearly-equal  numbers.  In 
the  following  sections,  a  more  practical 
numerical  method  is  derived,  using  a  similar 
philosophy  but  without  the  above  limitations. 

3.  Shanks  Table  GuwaaUon 


On  the  other  hand  is  re&i  and  cannot 

therefore  converge  to  a  complex  number  when 
x  is  real.  Therefore  the  only  possible 
choice  is  to  cut  the  complex  x-plam*  along  the 
real  positive  uxis.  A  similar  argument  has 
been  used  before  by  Shanks  (1955)  In  the  case 
of  the  function  log(l+z). 

Our  method  is  now  the  following.  We 
apply  the  transformation  e^**  t.o  the  complete 
expansion  for  z'($,0ic),$  >  0,  obtained  in 
Section  3.  The  above  considerations,  combined 
with  the  argtanents  of  Section  ,  suggest  that 
a  Stokes  discontinuity  han  to  be  expected  for 
$  -  ♦«  • 

This  point  can  be  Justified  intuitively 
as  follows-  In  Section  U  we  have  shown  that 
the  most-divergent  part  of  the  series  can  te 
completed  with  the  functions  WN(t),  Wj5(t)  or 
WJJ(t)  .  The  solution  corresponding  to  WN(t) 
has  a  Stok»s  discontinuity  at  ♦  ■  ^  ,  whereas 
the  solution  corresponding  to  W^(t)  possesses 
a  train  of  linear  waves  for  $  >  .  This 

procedure  could  in  principle  be  repeated  an 
I.. finite  number  of  times. 


Transformations  that  accelerate  the 
convergence  of  a  lowly -convergent  series,  can 
often  also  be  used  on  divergent  asymptotic 
expansions.  For  example  Boxer  (1965)  proved 
that  Fade  sequences  are  convergent  for  diver¬ 
gent  expansions  derived  by  confluence.  In 
the  present  paper  we  make  use  of  the  Shanks 
lr«aron«tlw  (8h»nk.  19«>.  Althuunh 

this  transformation  It*  often  more  powerful 
than  the  Pade  sequences  for  svmmlng  divergent 
expansions.  It  haa  not  been  studied  extensively 
and  the  reasons  for  its  "magic"  power  remain 
obscure . 

Useful  experience  can  be  gained  by  consid¬ 
ering  first  the  simple  divergent  expansion 

i  i*  n  I  (5.1) 

where  s  Is  a  complex  variable.  When  applied 
to  the  series  15-1) «  the  Iterated  Shanks 
transformation  e*,k>  converge*  rapidly,  uo  long 
as  x  Is  not  real  and  positive,  to  the  function 


For  example,  In  the  second  step,  we  should 
find  a  lean-divergent  expansion  by  extracting 
the  most -divergent  part  from  the  original 
expansion.  We  should  then  complete  thin  new 
series  with  appropriate  functions  S(t>,  5>  (t) 
or  8  (t).  The  solution  corresponding  to 
Sit)  would  have  a  Stokeu  discontinuity  at 
♦  *  and  3* ( t )  would  possess,  for  ♦  >  , 

a  train  of  non-linear  corrections  to  the 
linear  waves  found  In  the  first  step.  It 
seems  reasonable  to  aasime  that  the  domain  In 
which  we  superpose  the  non-linear  corrections 
coincides  with  the  domain  of  the  linear  waves. 
Therefore 

The  Shanks  table  was  fount  to  converge 
rapidly,  and  gives  results  wttl  l»-figure 
accuracy  on  almost  all  the  fret  surface,  even 
tor  moderately  large  values  of  1  .  A  good 
convergence  wax  even  found  near  the  stagnation 
point, where  the  plots  of  Figure  li  do  not  give 
Aty  information. 


where 


Figure  5*  Discontinuous  free-surTnce 
profiles  obtained  by  Shanks 
method. 

Typical  profiles  for  e  *  0.65,  Y  M  rc/2,  and 
c  =  0.I40,  Y  =  n/3  ,  are  shown  on  Figure  5. 

These  profiles  have, as  expected, Jump  discont¬ 
inuities  corresponding  to  a  value  of  $ 
relatively  close  to  the  points  <J>  *  4>c  where 
the  circles  in  Figure  b  cross  the  real  positive 
f,  1 -axis . 

By  analogy  with  the  properties  of  the 
converging  factor  established  in  Section  J», 
we  arsuiue  that  the  portion  of  the  free  surface 
given  by  the  Shanks  table  between  the  body  and 
the  discontinuity  is  correct  for  the  stern  flow, 
and  that  the  portion  of  the  free  surface  beyond 
the  discontinuity  is  correct  for  the  bow  fiov. 
in  the  case  of  the  stern  flow, this  assumption 
is  confirmed  by  the  numerical  scheme  of  Section 
6  and  by  the  fact  that  the  solution  given  by 
the  Shanks  table  between  the  body  and  the  Jump 
satisfies  the  boundary  condition  (2.10).  The 
sit  '.ion  with  respect  to  the  bow  flow  is  less 
clear. 


6.  Stem  Flow 


In  order  to  solve  the  fully  non-linear 
problem,  a  successful  nunerical  scheme  was 
developed  in  the  following  way.  For  a  given 
value  of  z  and  y  »  we  seek  a  continuous 
solution  of  the  integrodlfferentlal  equation 
defined  by  (2.10)  and  (2.23),  which  matches 
exactly  the  solution  given  by  the  Shanks  table 
between  the  body  and  the  discontinuity.  We 
assume,  therefore,  that 

y#U)  »/•(♦),  0  <4  <  b,  (6.1) 

where  y*(d)  la  given  by  the  8hanks  table. 

The  value  $  •  b  corresponds  to  some  point 
between  the  body  and  the  discontinuity.  Since 
ytO)  •  0,  the  relation  (6.1)  implies 


Fl*)  *  (*r)  i1  - « f  te)  h  •) 

0 

is  a  known  function  of  $  . 

Equations  (2.10)  and  (6.3)  define  an 
integro-differential  equation  for  the  unknown 
function  y^{$)  ,  b  <  $  <  00 ,  to  be  solved 
subject  to  the  matching  condition 


lim  y(t>)  *  y*(b).  (6-1*) 

^b+ 

After  discretisation,  the  functions  y^(#), 
y(4>),  *»($),  k  <  $  <  »  are  represented  resp¬ 

ectively  by  the  vectors 

y’  *  (yj  .y’  .y’ . y">  (6-5) 

%  *  (y1  >y! >yJ  i  ■ ■ ■  .yN)  (6.6! 

m"1  I  1  1  N 

?’  *  . (6*7) 

whose  components  are  the  values  of  the  corres¬ 
ponding  functions  at  the  mesh  points  chosen. 


The  fi'st  mesh  point  is  at  $  ■  b  and 
the  last  one  is  at  $  =»  *i>oo ,' where  <t>a.  is  a 
large  number.  The  error  inherent  in  approx¬ 
imating  an  infinite  integral  by  a  finite  inter¬ 
val  was  found  in  most  cases  to  be  negligible, 
at  a  distance  less  than  a  wavelength  from  the 
.last  mesh  point,  for  sufficiently  large. 
Using  the  trapezoidal  rule  and  Monace 11 a' s 
theorem  to  approximate  the  integrals,  we  get 
relations  of  the  form 
N 


,1,  •  ‘-1’2 . * 


(6.3) 


*  ■  l  • 1  ■  u* . »• 

(6.0 

where  the  a,)  ,F,  are  known  constants. 

^Substituting  in  12.10),  we  get  a  system  of  N 
non-linear  algebraic  equations  with  N  unknowns 
(yj,...,y*)  that  can  be  written  in  vector  form 


as 


g(y ’ )  ■  0.  (6. 10) 

This  system  is  solved  iteratively  by  a 
Newton  method.  Thus,  if  yj  is  an  approx¬ 
imation  to  the  solution,  a  better  approximation 
is  expected  to  be 


y;  ■  <6-u> 

where  A  Is  the  matrix  (ij)^ 

elements 


y(»)  •  y*(0 ,  0  <  ♦  «  b,  (6.S) 


\ 


where  y*U)  la  a  known  function.  Equation 
(2.23)  can  now  be  re-written  in  the  form 


(6.3) 


For  the  firet  approximation  w«  take  yj  ■  0  . 

Each  iteration  requires  the  computation  and 
inversion  of  the  matrix  A  . 

The  scheme  was  found  to  be  rapidly  converg¬ 
ent,  and  a  solution  of  the  algebraic  equations 


with  an  error  less  than  lO~10  is  obtained  in 
a  Tew  iterations.  The  accuracy  of  the 
solution  obtained  is  improved  by  increasing 
the  number  of  mesh  points.  The  residual  error 
is  a  direct  measure  of  the  accuracy  with  which 
the  free-3urface  condition  is  satisfied,  and 
in  fact  can  be  interpreted  as  the  difference 
between  the  computed  pressure  and  the  required 
zero  level. 

So  far,  the  solution  obtained  satisfies 
the  free-surface  condition  for  b  <  $  <  ®,  and 
matches  the  Shanks-table  solution  near  the 
body.  Using  (6.3)  and  (2.10)  ve  can  compute 
^  and  y,  0  <  $  <  b.  It  is  quite  remark¬ 
able  that  the  function  y($)  so  computed, 
turns  out  to  be  equal  to  y*{<$>)  (see  (6.2)) 
to  the  same  good  accuracy  as  that  to  which  the 
free-surface  condition  is  satisfied  for  y  >  b. 
This  proves  that  our  solution  satisfies  the 
complete  integro-differential  equation  (2.10), 
(2.23)  to  this  accuracy.  It  also  shows  a 
posteriori  that  our  conjecture  about  the 
accuracy  of  the  Shanks-table  solution  near  the 
body  was  correct  It  is  worthwhile  mentioning 
that  a  Newtonian  iteration  scheme  allowing  all 
the  points  of  the  free  surface  to  vary,  does 
not  converge,  even  if  the  starting  approxim¬ 
ation  is  correct  to  three  places.  This 
phenomenon  is  related  to  the  non-uniqueness  of 
the  solution. 


Figure  6.  Relationship  between 


Stern  Hows  for  >  ■  60°,  Y  ■  90°  were 
computed  by  the  above  numerical  scheme  for 
various  values  of  t:  .  In  each  case  the 
corresponding  value  of  the  Troudc  number  was 
computed  by  use  ui  (?.«’**)  and  (*J.lt>).  In 
Figure  6  we  present  values  of  the  Froude 
mjaber  Fn  versus  t ,  for  y  «  60°  and 
Y  *  90°  •  For  i.  small,  Fl(  is  proportional 
to  </r  This  result  is  in  agreement  with 

an  asymptotic  analysis  of  (2.2*4)  and  (2.15) 
in  the  limit  as  c  *  0.  For  large  values  of 
the  Froude  number,  the  curves  of  Figure  6 
Indicate  that  all  the  values  of  Fl(  between 
0  and  *  are  flapped  onto  a  finite  range  of  i. 


Figure  7.  Steepness  (wave  height/ 
wave  length)  of  the  non¬ 
linear  8 tern  wave  as  a 
function  of  draft-based 
Froude  nisnber  at  Y*90°. 

As  the  Froude  number  increases  for  a 
given  value  of  y  ,  the  steepness  of  the  waves 
(i.e.  peak-to- trough  wave  height  divided  by 
the  wavelength)  increases.  Figure  7  shows 
the  steepness  of  the  waves  versus  the  Froude 
nunber  FH  ,  for  Y  *  90°.  When  the  Froude 
number  is  small,  the  steepness  increases 
rapidlj(in  Tact  exponentially)  with  the  Froude 
nunber .  This  behaviour  can  be  expected  from 
the  linear  approximation  of  Section  **  (see 
formas  ( *i .  13)).  However  , when  the  Froude 
number  is  large,  non-linear  effects  become 
predominant  and  an  extrapolation  of  the  curve 
of  Figure  7  for  Fh  -*  ■*,  suggests  that  the 
Bteepness  tends  to  a  value  less  than  the 
maximum  steepness  (0.1*412)  of  Stokes  waves 
(Schwartz,  197**).  In  other  words,  when  the 
Froudj  number  Increases,  both  the  wave  height 
and  the  wave  length  Increase  but  their  ratio 
(l.e.  the  steepness)  remains  bounded  by  a 
constant  less  than  the  maximum  steepness. 

Similar  results  were  found  in  the  case  y  ■  6o°. 
Note  that  the  mathematical  formulation  of 
Section  2  allows  In  principle  negative  values 
of  the  draft  H,  for  -hlch  waves  of  higher 
steepness  could  be  computed. 

In  Figure  B  ve  present  a  typical  example 
or  the  non-linear  computations  which  can  be 
performed  by  the  present  method.  The  Froude 
number  is  6.3  and  the  steepness  of  the  waves 
Is  of  order  0.09.  The  actual  shape  of  the 
body  (y  *  90°)  is  also  shown  on  this  figure. 
Note  that  the  wave  height  ie  several  times 
bigger  than  the  draft  of  the  body,  and  the 
vavee  are  quite  noticeably  non-almiaoldal .with 
■harp  peaks  and  broad  troughs.  Note  alio 
that  the  horicontal  scale  has  been  much  comp¬ 
ressed  compared  to  the  vertical  scale.  Similar 
computations  have  been  performed  for  a  large 
range  of  y  and  c  values. 
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Figure  0.  Stern  flew  for  y  *  90° ,  F()  =»  6.3 


7.  Bov  Flow 

In  the  spirit.  of  Section  5.  we  n>ay 
expect  the  solution  given  by  the  Shanks  table 
beyond  the  discontinuity  at  t  to  be 

correct  for  the  (wave-free)  fur-field  solution 
for  bow  flow.  It  is  interesting  to  note, 
however,  that  our  numerical  results  from  the 
Shanks  table  are  slightly  less  accurate  for 
♦  >  $e  than  for  0  <  ♦«  •  Thus  the  free- 
surface  pressure  computed  from  this  solution 
Is  essentially  aero  (t  *  the  accuracy  of  conver¬ 
gence  of  the  Shanks  table)  If  ♦  <  ,  but  not 

quite  no  for  ♦  >  $,  .  This  is  of  potential 
significance,  as  discussed  below,  but  since 
the  error  Is  still  only  very  small  we  ignore 
it  temporarily,  and  assume  that  the  Shanks 
table  solution  la  exact  for  ♦  >  +,  as  a 
representation  of  a  bow  flow. 

We  now  attempt  to  solve  the  bow-flow 
problms  In  a  manner  analogous  to  that  for  stern 
flow  in  8ection  6.  That  Is,  for  a  gi\en  value 
of  c  and  Y  ,  we  seek  a  continuous  solution 
of  the  lntegro-differential  equation  (2.10) 
and  (2.23),  which  matches  exactly  the  solution 
given  by  the  Shanks  table  for  $  >  4,  .  W* 
therefore  as  awe 

y#(4)  *  yj(4).  b  <  +  <  •  ,  (7.1) 

where  yf(+)  Is  given  by  the  Shanks  table  for 
some  constant  b  >  • 


Following  the  procedure  outlined  in 
Section  6,  an  lntegro-diffcrential  equation  is 
derived  for  the  unknown  function  y# ( ♦ )  * 

0  <  $  <  b.  After  discretization,  we  obtain 
again  a  set  of  N  non-linear  algebraic 
equations  in  N  unknowns,  that  we  try  to  solve 
by  Newtonian  Iteration. 

This  scheme  was  found  to  be  unstable,  and 
did  not  converge  for  a  reallstically-high 
choice  of  the  number  N  of  mesh  points.  This 
numerical  evidence  teems  to  point  strongly  to 
the  conclusion  that  no  continuous  wave-free 
solution  of  the  bow-flow  problem  exists. 
However,  some  qualitative  Information  can  still 
be  gained  fns  the  present  numerical  procedure. 

For  exsaple,  a  careful  analysis  of  the 
first  few  Newt uni  an  iterations  suggests  that 
the  trouble  arises  In  the  ionedlate  neighbour¬ 
hood  of  the  stagnation  point.  It  was  found 
that  excellent  convergence  of  the  iterations 
could  be  achieved  by  decreasing  the  number  of 
mesh  points  in  the  neighbourhood  of  the  stag¬ 
nation  point,  while  keeping  a  large  value  of 
N,  with  meeh  points  closely  distributed  over 
the  resiainder  of  the  free  surface.  A  typical 
Tree-surface  proTlle  (y  *  90°,  c  ■  0.9)  In 
shjwn  In  Figure  9- 

This  "solution"  is  clearly  very  approx¬ 
imate  Indeed,  as  the  flow  between  the  last 
point  shown  and  the  stagnation  point  has  been 
completely  filtered  out.  However,  it  is 
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interesting  to  note  that  the  free  surface  is 
becoming  almost  vertical  at  the  last  computed 
point,  and  shovs  no  indication  of  any  tendency 
to  approach  the  stagnation  point. 

These  computations  therefore  suggest  that 
the  true  bow-flow  solution  possesses  some  kind 
of  Jet.  We  conjecture  that  the  appropriate 
sol' >t  1  on  at  all  Froude  numbers  is  of  the  fora 
s’. own  In  Figure  10,  similar  to  that  suggested 
by  Dagan  and  Tulin  (1972)  at  high  Froude  number. 
The  fact  that  the  above  numerical  method,  which 
ignores  the  presence  of  this  Jet,  nevertheless 
converges  if  wc  m-ke  the  mesh  sufficiently 
coarse  near  the  body,  is  consistent  with  the 
whole  Jet  structure  being  confined  to  a  very 
small  region  close  to  the  body. 


It  ii«  clear,  however,  that  the  whole 
analytical  and  numerical  structure  of  the 
present  paper  is  in  principle  invalid  for  a 
flow  such  as  that  in  Figure  10.  For  example, 
the  f-pl  wie  sketched  in  Figure  j  l„  IU)  longer 
appropriate,  and  we  -nu:  *.  Insert  a  cut  nu  shown 
in  Figure  11.  Nevertlie  less ,  we  can  recover 
the  original  (-plane  geometry  by  the  confomal 
mapping 

r  -  f  »  «  lu*(?  -  \)  *  I n A  (T..'J 

which  Lari,  ‘.he  f-plajo*  of  Figure  tl  Into  that 
of*  Figure  i,  with  $  ins  lento  of  ,  . 


C 


Figure  11.  Modified  f-plane  with  Jet 

The  only  effect  on  the  computations  is  to 
replace  the  free-surface  condition  (2.10)  by 


where  <S  is  the  non-dimensional  jet  thickness 
and  X  is  its  location  in  the  f-plane.  Both 
parameters  G,X  are  unknown  and  must  be  deter¬ 
mined  as  part  of  the  bow-flow  solution. 

Note  that  if  a  0  we  recover  the 
continuous  assumption  used  in  *hc  remainder 
of  this  paper,  and  ?  =  f.  It  seems  likely 
that  <5  is  exponentially  small  in  the  limi* 
as  t  *  0.  If  this  is  the  case,  the  solution 
with  a  Jet  has  exactly  the  name  asymptotic 
expansion  as  that  without,  and  the  Jet  structure 
must  be  obtained  by  an  appropriate  summation 
technique. 

At  this  point  we  can  see  :  ow  the  slight 
apparent  error  in  the  pressure  computation 
for  <(»  >  could  be  significant.  For  if 
(2. 10)  is  not  the  appropriate  free-surface 
condition,  but  rather  (7.3),  the  error  obtained 
by  Asaumlng  (2.10)  will  appear  to  be  a  non-zero 
free-surface  pressure, proport lonal  to  the 
exponent ial ly-small  Jet  thickness  6.  Attempts 
have  been  made,  ao  far  unsuccessful,  to  exploit 
this  phenomenon  to  provide  an  '•"Mmate  of  6 
and  >  . 


Direct  Newton  inn- iteration  methods  Incorp¬ 
orating  the  Jet  geometry  are  presently  being 
Investigated.  This  lu  a  problem  of  consider¬ 
able  difficulty,  since  an  accurate  model  of 
the  cisnplcte  re-entrant  Jet  geometry  is  needed, 
and  this  ilmmndr  good  numerical  values  for  the 
unknown  Jet  parameters  6  and  X  . 
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Appendix 

Asymptotic  form  of  Coefficients  for  Large  n 

Relation  (b.l)  can  be  used  to  infer  the 
asymptotic  form  of  the  coefficients  ,  by 
considering  contributions  to  the  right-hand  side 
of  (3.M  fren  ,  ,y«.  ,V  j  ,y«.  noting 

that  Q*.  j  depends  on  all  these  quantities, 
but  j  depends  only  on  x^.  a  ,y„.  2  , . . . ,  etc . 
Thus , 

♦  o'Vj-y,..) 

■  (y,*i *  y,x, ••• 

♦W..<  4W..,+-- 

(A.l) 

The  leading  term  in  (A.l)  is  normally  domin¬ 
ant  for  large  n,  and  thus  the  growth  of  the 
coefficients  is  asymptotically  given  by 

y*  *  xs.  1  *  n  *  *  ' 

Note  that  the  term  yiQiy,.  ,  oust  be  ol‘  lower 
order,  if  the  series  is  everywhere  divergent, 
since  this  term  can  produce  only  a  geometrical 
increase  in  y*  ,  in  the  absence  of  the  term 
in  .  The  limiting  recurrence  relation 

{A. 2)  would  have  arisen  from  a  model  linear 
problem.  In  which  the  actual  free-surface 
condition  (2.10)  was  replaced  by 

y  -  2eU;r*  x#  ■  R($),  (A. 3) 

for  any  arbitrary  function  R($).  Equation 
(A. 3)  is  a  linear  mixed  boundary  condition  for 
the  potential  function  y  ■  y(9,^)  on  «  0, 
reminiscent  of  similar  free-surface  conditions 
obtained  by  previous  authors  ( Ogllvie  1968, 

Deg  an  1975.  Newman  1976),  by  carrying  out  a 
"local  linearisation"  about  the  c  «  0  solution 

s  •  t#(r). 

If  we  substitute  approximation  (b.5)  for 
*,'(♦)  into  the  asymptotic  recurrence  relation 
(A. 2),  we  see  Immediately  that  this  relation 
holds  If  and  only  If  ti(9)  is  given  by  (b.2). 
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ABSTRACT 

This  study  Investigates  the  Influence  of 
nonlinear  effects  on  two-  and  three-dimensional 
cylinders  In  forced  oscillation.  For  the  two- 
dimensional  calculations  the  publicly  available 
finite-difference  code  SOLA-SURF  Is  used.  This 
code  provides  a  solution  algorithm  for  the  full 
nonlinear  Navler-Stokes  equations  or,  as  an  In¬ 
put  option,  the  nonlinear  potential  flow  equa¬ 
tions.  The  companion  code.  SOLA-30,  Is  used  for 
the  three-dimensional  calculations.  Hydrodynam¬ 
ic  forces  on  two-  and  three-dimensional  triangu¬ 
lar  cylinders  undergoing  forced  harmonic  oscilla¬ 
tion  In  sway  are  calculated  and  congiared.  The 
hydrodynamic  coefficients  for  the  two-dimension¬ 
al  cylinder  are  numerically  determined  for  sev¬ 
eral  amplitudes  of  motion.  At  amplitudes  larger 
than  approximately  0.12  beam  widths  definite 
nonlinear  effects  art  observed.  However,  this 
Is  not  the  case  for  the  three-dimensional  flow 
associated  with  finite  length  cylinders  for  am¬ 
plitudes  of  motion  up  to  0.22  beam  widths.  The 
nunerlcal  data  support  the  use  of  linear  poten¬ 
tial  theory  for  predicting  the  added  mass  and 
damping  coefficients  for  two-dimensional  cylin¬ 
ders  In  low  amplitude  motion  (up  to  65  of  beam 
width  for  sway).  For  finite  length  cylinders 
the  linear  theory  appears  to  hold  for  much  larger 
amplitudes  (at  least  up  to  205  of  beam  width). 

The  nunerlcal  algorithms  contained  In  the  SOLA 
codes  are  also  shown  to  work  well  for  the  calcu¬ 
lation  of  nonlinear  flows  generated  by  rigid 
bodies  Impacting  on  a  fluid  surface.  In  parti¬ 
cular,  the  Impact  of  a  circular  cylinder  Is  cal¬ 
culated  and  found  to  be  In  excellent  agreement 
with  experimental  data. 

1,  INTRODUCTION 

In  this  paper  we  discuss  nunerlcal ly  de¬ 
termined  hydrodynamic  forces  on  floating  cylin¬ 
ders.  Particular  attention  Is  given  to  nonlin¬ 
ear  effects  and  to  finite  length  effects.  The 
nunerlcal  solution  algorithms  used  for  these 
studies  are  finite-difference  techniques  for 
the  nonlinear  Navler-Stokes  equations.  The 
two-dimensional  algorithm  Is  contained  In  the 
SOLA- SURF  code.1  This  code  has  been  used  In 
extensive  numerical  studies  of  the  hydrodynat- 
1c  forces  on  rectangular  and  triangular  cylin¬ 


ders  In  low  amplitude  forced  heave,  sway,  and 
roll  motions.1'1  The  good  agreement  obtained 
In  these  studies  with  linear  theory  and  experi¬ 
mental  data  serves  as  a  validation  of  the  basic 
calculatlonal  procedures.  The  companion  three- 
dimensional  code,  SOLA- 3D,  has  been  successful¬ 
ly  applied  to  the  calculation  of  wind  loading 
on  three-dimensional  structures’  and.  In  addi¬ 
tion,  has  reproduced  selected  two-dimensional 
calculations  for  heave  and  sway  motions  for 
cross  checking  against  the  two-dimensional 
code. 

He  have  utilized  the  two-  and  three-dimen¬ 
sional  SOLA  codes  to  Investigate  nonlinear  and 
three-dimensional  effects  Influencing  the  hy¬ 
drodynamic  forces  on  floating  cylinders.  In 
this  paper  we  discuss  nonlinear  effects  arising 
during  large  amplitude  swaying  motions  of  a 
two-dimensional  60°  triangular  cylinder.  The 
results  of  the  nunerlcal  studies  are  compared 
with  other  data.  Including  nonlinear  potential 
flow  numerical  computations.  An  Interpretation 
of  the  observed  nonlinear  effects  1«  given.  He 
present  a  second  study  that  compares  two-  and 
three-dimensional  calculations  of  the  triangu¬ 
lar  cylinder  In  sway.  Here  the  end  effects  as¬ 
sociated  with  finite  length  cylinders  are 
noted.  Nonlinear  finite  amplitude  effects  for 
the  three-dimensional  triangular  cylinder  are 
also  considered.  To  further  validate  our  nu¬ 
merical  methods  as  useful  tools  for  studying 
nonlinear  flow  phenomena,  we  present  the  re¬ 
sults  from  a  circular  cylinder  Impacting  onto 
a  water  surface. 

II.  NON, INEAR  THO-DIHENSIONAL  EFFECTS 
Low  Amplitude  Studies 

The  hydrodynamic  coefficients’  for  two-di¬ 
mensional  bodlas  undergoing  low  amplitude 
forced  harmonic  oscillations  In  an  otherwise 
quiescent  fluid  have  been  determined  using  the 
SOLA-SURF  code.  In  this  study  added  matt  and 
damping  coefficients  are  computed  and  compared 
with  the  experimental  and  analytical  work  of 
Yugtt.’  The  results  of  these  studies  for  the 
rectangular  cylinder  In  forced  heave,*  and  the 
bO*  triangular  cylinder  In  forced  sway*  have 
previously  been  reported,  but  are  Included  here 


*TKls  work  was  performed  Jointly  under  the  auspices  of  the  United  States  Energy  Itosearch  and  Oevelop 
meet  Administration  and  the  Office  of  Naval  Research,  ONR  Task  AN *062-455. 


for  completeness.  Presented  are  also  data  from 
a  60°  triangular  cylinder  In  forced  roll  motion. 
The  added  mass  coefficient,  u,  and  the  damping 
coefficient,  X,  are  given  by 


u  a 
and 


tangular  cylinder  and  B/T  =  1.155  for  the  tri¬ 
angular  cylinder,  where  T  Is  the  Initial  draft 
of  the  cylinder.  The  amplitudes  of  motion, 
normalized  by  B,  for  the  rectangular  cylinder 
were  0.025  and  0.050  and  for  sway  was  0.058. 

The  triangular  cylinder  In  roll  motion  rotated 
about  an  axis  located  at  the  horizontal  center 
of  the  wedge  and  the  Initial  free  surface  posi¬ 
tion.  The  amplitudes  of  motion  were  0.025  and 
0.050  radians. 


x  - 

w  i 


(2) 


where  a  Is  the  amplitude  of  motion,  w  Is  the 
freguency  of  motion,  and  y  Is  the  anvlltude  of 
the  calculated  harmonic  pressure  force  on  the 
body.  The  phase  shift  6  was  obtained  by  com¬ 
paring  plots  of  the  body  displacement  and  pres¬ 
sure  force  acting  on  the  cylinder  as  functions 
of  time  and  measuring  the  shift  In  phase.  A 
detailed  description  of  the  determination  of 
these  coefficients  Is  given  In  an  earlier  re¬ 
port.2  The  calculated  added  mass  and  damping 
coefficients  for  the  cylinders  In  heave,  sway, 
and  roll  are  shown  In  Figs.  1,  2,  and  3,  re¬ 
spectively.  The  coefficients  are  normalized  by 
pA  (B2pA  for  roll)  and  V  B/2g,  where  p  Is  the 
fluid  density,  A  Is  the  mean  submerged  area,  B 
Is  the  cylinder  beam,  and  g  Is  the  acceleration 
of  gravity.  Coefficients  were  calculated  for 
normalized  frequencies  (l.e.,  u  vr575g)  ranging 
from  0.50  to  1.25  with  B/T  *  2.0  for  the  rec- 


Flg.  1.  A  comparison  of  theoretical,  numerical, 
and  experimental  values  of  added  mass 
(top)  and  damping  (bottom)  coefficients 
for  a  rectangular  cylinder  In  forced 
hezve,  with  B/T  -2.0. 


In  general,  the  numerical  da*'  from  these 
calculations  are  In  good  agreement  with  linear 
theory.  The  sway  (Fig.  2)  and  roll  (Fig,  3) 
numerical  data  show  some  discrepancy  with  the 
experimental  data,  which  Is  believed  to  result 
from  elastic  bending  in  the  support  bar  used  to 
hold  the  body  In  the  experimental  setup.’  Al¬ 
though  there  was  secondary  flow  at  the  tip  of 
the  triangular  cylinder  In  the  sway  and  roll 
calculations,  we  found,  as  Yugts  suggested  from 
his  observation  of  these  secondary  vortices  In 
hi s  experiments,  that  this  did  not  disturb  the 
ne;  pressure  force  over  the  cylinder  surface. 

He  believe  these  numerical  experiments  rein¬ 
force  the  usefulness  of  linear,  potential  flow 
theory  for  computing  the  added  mass  and  damping 
coefficients  for  various  shaped  bodies  In  low 
amplitude  motions. 

Large  Amplitude  Studies 

The  nonlinear  effects  associated  with 
large  anplltude  motions  of  floating  cylinders 
may  be  Illustrated  with  a  two-dimensional  tri¬ 
angular  cylinder  In  finite  amplitude  forced 
sway.  This  study  was  performed  with  the  two- 
dimensional  SOLA-SURF  code.  The  amplitude  of 
motion  In  the  low  amplitude  studies  discussed 
above  was  0.058  of  the  cylinder  beam  width 
(0.02  m)  at  the  still  water  level.  The  cylin¬ 
der  draft  was  equal  to  0.B65  beam  widths.  The 
finite  anplltude  studies  were  performed  with 
amplitudes  Increased  up  to  a  maximum  value  of 
0.A30  of  the  beam  width,  at  a  normalized  fre¬ 
quency  of  1.0.  All  other  parameters  remained 
the  same  as  for  the  low  amplitude  studies. 

The  main  effect  of  this  Increase  In  ampli¬ 
tude  Is  to  produce  a  significant  decrease  In 
the  phase  shift  of  the  dynamic  pressure  force 
relative  to  the  cy'inder  displacement  pnase. 
Figure  A  shows  this  phase  shift  and  the  ampli¬ 
tude  of  the  dynamic  pressure  force  as  functions 
of  the  amplitude  of  motion.  Th«  phase  shift 
reaches  a  maximum  of  0.90  radians  at  0.0A  n 
amplitude  and  then  decreases  nearly  linearly 
for  larger  displacement  amplitudes.  This  fig¬ 
ure  also  shows,  as  expected,  the  linear  In¬ 
crease  In  the  force  amplitude  as  a  function  of 
the  cylinder  displacement  amplitude.  These 
trends  are  reflected  In  the  calculation  of  the 
hydrodynamic  coefficients  shown  In  Fig.  5. 

Added  mass  and  damping  coefficients  determined 
from  the  linear  theory  reported  by  Yugts’  are 
Included  for  comparison.  The  damping  coeffi¬ 
cient,  Eg.  2,  follows  the  trend  of  the  phase 
shift  (B)  shown  In  Fig.  4.  This  Is  expected 
because  for  small  phase  shifts  the  coefficient 
Is  proportional  to  the  phase  shift,  while  the 
force  amplitude  (y)  increases  nearly  linearly 
with  the  dtiplacaaient  amplitude  (a). 
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Fig.  2.  A  comparison  of  theoretical,  numerical, 
and  experimental  values  of  added  mass 
(top)  and  damping  (bottom)  coefficients 
for  a  CO*  triangular  cylinder  In  forced 
sway,  with  8/T  *1.155. 

The  added  mass  coefficient,  Eq.  1,  for  the 
larger  amplitudes  of  motion  varies  less  than 
10J  from  the  linear  theory  values.  This  fol¬ 
lows  from  Its  weak  dependence  on  B  for  small 
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Fig.  3.  A  comparison  of  theoretical,  numerical, 
and  experimental  values  of  added  mass 
(top)  and  damping  (bottom)  coefficients 
for  a  60*  triangular  cylinder  In  forced 
roll,  with  B/T*  1.155. 

very  high  amplitudes  will  cause  splashing  and 
turbulence  dissipation  effects  that  must  con¬ 
tribute  to  some  damping. 


These  results  suggest  that  the  linear 
theory  reported  by  Vugts  does  adequately  pre¬ 
dict  the  added  mass  coefficients  for  the  60* 
triangular  cylinder  In  sway  at  this  beam  to 
draft  ratio  and  for  displacement  amplitudes  of 
motion  up  to  nearly  501  of  Its  beam  width.  For 
the  damping  coefficient,  however,  this  Is  not 
the  case.  For  displacement  amplitudes  greater 
i.nan  approximately  251  of  the  beam  width,  the 
damping  coefficient  Is  significantly  smaller 
than  that  predicted  by  linear  theory. 


Potential  Versus  Honpotentlal  Flow 


The  flow  field  In  the  two-dimensional  cal¬ 
culations  of  the  triangular  cylinder  In  sway 
shows  secondary  flow  near  the  cylinder  tip  (see 
Hg.  6).  as  noteo  above,  the  presence  of  this 
secondary  flow  vortex  has  virtually  no  wffect 
on  the  net  calculated  force  on  the  cylinder. 

In  an  attempt  to  understand  this,  we  modified 
the  two-dimensional  501A-SURF  code  so  that  non¬ 
linear  potential  flow  can  be  computed  as  an  In¬ 
put  option. 


The  detailed  calculations  reveal  the  rea¬ 
son  for  the  dec rer sing  phase  angle  B  with  In¬ 
creasing  amplitude.  Referring  to  Fig.  6,  we 
see  the  velocity  field  of  the  fluid  after  1.48 
periods  of  motion  for  the  four  different  ampli¬ 
tudes  of  motion,  0.02,  0.09,  0.12,  and  0.1$  m. 
As  the  sway  aaplltude  Is  Increased,  for  a  given 
frequency,  the  average  body  velocity  Increases. 
This  causet  the  fluid  to  slosh  further  up 
(down)  the  sides  of  the  body,  because  surface 
waves  do  not  move  away  fast  enough.  As  a  con¬ 
sequence  the  fluid  reaction  force  on  the  wedge 
tends  to  be  more  In  phase  with  the  body,  l.e. , 
the  phase  shift  b  Is  reduced.  Of  course,  this 
trend  cannot  continue  Indefinitely,  because  the 


The  basts  of  this  modification  comes  from 
the  observation  that  the  momenti*  equation  dif¬ 
ference  approximation  can  be  easily  cast  Into 
the  form  of  the  potential  flow  equations.  This 
Is  done  by  eliminating  all  body,  convective, 
and  viscous  accelerations,  and  also  serving  out 
the  previous  time  step  velocity  field.  The  po¬ 
tential  function,  a.  Is  then  forautly  Identi¬ 
fied  with  dt  -  P  In  the  code,  whom  dt  Is  the 
time  Increment  and  P  Is  the  pres  re  when  the 
full  Navler-Stokes  equations  are  used.  The  In¬ 
compressibility  condition  remains  unchanged. 

The  rigid  wall  broidery  conditions  also  remain 
unchanged.  At  the  free  surface,  however,  dlf- 
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Fig.  4.  Phase  shift  end  amplitude  of  the  dynam¬ 
ic  pressure  force  as  functions  of  the 
60°  triangular  cylinder  displacement 
amplitude. 


ferent  boundary  conditions  are  needed  for  the 
variable  P  when  it  is  identified  with  the  po¬ 
tential.  These  conditions  are  derived  under 
the  constraint  that  the  gas  pressure  at  the 
free  surface  must  equal  the  pressure  outside 
the  liquid.  By  expressir,s  this  condition  in 
terms  of  the  potential,  appropriate  free  sur¬ 
face  boundary  conditions  are  determined.  He 
prooftested  thts  potential  flow  code  by  calcu¬ 
lating  the  SOLA-SURF  test  problem,1  i.e. ,  the 
formation  and  propagation  of  an  undular  bore. 
The  results  compared  well  with  the  original 
SOLA- SURF  calculation,  which  makes  use  of  the 
full  Navier-Stokes  equations. 

A  comparison  is  shown  in  Fig.  7  of  the  ve¬ 
locity  fields  of  a  cylinder  in  sway  after  1.48 
periods  from  the  SOLA- SURF  code  with  and  with¬ 
out  the  nonlinear  potential  flow  option.  The 
difference  between  the  irrotetional  and  rota¬ 
tional  flow  fields  is  obvious.  The  net  calcu¬ 
lated  forces  on  the  cylinder,  however,  are 
nearly  identical  for  the  two  methods.  On  the 
other  hand,  the  pressure  profiles  along  the 
cylinder  boundaries  in  the  two  cases  do  differ. 
Figure  8  cnaqjares  the  pressure  (plotted  normal 
to  the  boundaries)  on  the  60*  triangular  cylin¬ 
der  assuming  nonlinear  potential  flow  and  using 
the  full  Navier-Stokes  equations.  The  ampli¬ 
tude  of  motion  for  these  calculations  is  0.173 
beam  widths  (0.06  ml  and  the  normal  lied  fre¬ 
quency  is  1.0.  The  pressure  profile  plotted  is 
after  1 .48  periods ,  which  corresponds  to  the 
velocity  fields  In  Fig.  7.  At  this  time  the 
cylinder  velocity  is  near  xero  as  it  approaches 
the  rightmost  position  of  maalM  displacement. 
As  eapected  In  the  potential  flow  case,  the 
pressure  near  the  tip  on  both  sides  of  the  cyl¬ 
inder  it  rcre  negative  than  elsewhere  on  the 
corresponding  side,  which  Is  necessary  to  ac¬ 
celerate  the  flow  around  the  tip.  In  fact,  the 
pressure  Is  lower  over  the  entire  cylinder  sur¬ 
face  In  the  potential  flow  calculation  than  in 
the  nonpotentlal  flow  calculation.  Although 
these  pressure  profiles  differ,  the  less  posi¬ 
tive  downstream  pressures  in  the  potential  flow 
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Fig.  5.  Normalized  added  mass  and  damping  coef¬ 
ficients  as  functions  of  the  60°  tri¬ 
angular  cylinder  displacement  amplitude. 


case  are  compensated  for  by  more  negative  up¬ 
stream  pressures.  As  a  result,  the  net  forces 
on  the  cylinder  are  nearly  the  same  in  the  two 
cases.  The  eddies  generated  in  the  nonpoten¬ 
tial  case  do  not  carry  away  kinetic  energy  be¬ 
cause  they  are  alternately  generated  and  de¬ 
stroyed  as  the  body  moves  to  and  fro. 


Ill,  NONLINEAR  THREE-DIMENSIONAL  EFFECTS 

Nonlinear  and  finite  length  effects  in¬ 
fluencing  the  hydrodynamic  forces  on  three-di¬ 
mensional  floating  cylinders  may  be  studied 
using  the  SOLA- 3D  code.  Ho  utlliied  this 
three-dimensional  code  to  Investigate  the  end 
effects  and  nonlinear  large  amt  .itude  effects 
associated  with  a  finite  length  60°  triangular 
cylinder  In  forced  sway. 


Finite  Length 


The  parameters  for  these  three-dimensional 
calculations  were  chosen  for  comparison  with 
the  two-dimensional  calculations.  Calculations 
were  made  with  sway  amplitudes  of  motion  of 
0.058  and  0.116  of  the  triangular  cylinder  beam 
width,  i.e.,  0.02  m  and  0.04  m,  at  the  still 
water  level.  The  cylinder  draft  was  equal  to 
0.865  beau  widths  and  the  normalized  frequency 
of  motion  was  1.25.  The  cylinder  length  to 
draft  ratio  was  varied  from  two  to  four.  The 
resulting  phase  shift  of  the  dynamic  pressure 
force  relative  to  the  cylinder  displacement 
phase,  and  the  a*spl Itude  of  the  hydrodyncmlc 
force  per  unit  length  for  the  three-dimensional 
calculations  were  virtually  the  same  as  the 
two-dimensional  calculations.  This  brief  study 
suggests,  therefore,  that  the  end  effects  of 
the  triangular  cylinder  are  not  significant  for 
low  amplitudes  of  motion  and  for  cylinder 
langth  to  draft  aspect  ratios  greater  than  two. 
Length  to  draft  ratios  less  than  two  were  not 
investigated. 


flj.  t.  Ytlocity  ypttor  plot!  jhotrtnp  lh«  yploelty  f  1*ld  ibout  a  mytnp 
60*  trUnpular  cyllmitr  afttr  1.48  parlodt,  Raadlna  fro»  top  to 
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Fig.  7.  Velocity  fields  about  a  60"  triangular  cylinder  In  sway  after  1.48  periods  from 
the  SOLA-SURF  code  with  (top}  and  without  (bottom)  the  nonlinear  potential  flow 
option. 
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Fig.  8.  Pressure  profiles  on  a  80*  triangular  cylinder  In  sway  determined  from  the 
SOLA-SURF  code  with  and  wllliout  the  nonlinear  potential  flow  option. 


Typical  velocity  field  plots  for  these  low 
amplitude  calculations  are  shown  In  Figs.  9  and 
10.  The  entire  velocity  field  In  these  planes 
Is  not  shown,  but  only  the  region  near  the  cyl¬ 
inder.  Also,  the  magnification  of  the  velocity 
vectors  varies  from  plane  to  plane.  Velocity 
fields  in  planes  normal  to  the  axis  of  the  cyl¬ 
inder  are  shown  in  Fig.  9.  The  left  velocity 
field  Is  of  the  plane  nearest  the  cylinder  end 
and  the  right  plot  Is  of  the  velocity  field  In 
the  plane  immediately  outside  the  cylinder  end. 
At  the  time  of  these  plots  the  cylinder  Is  mov¬ 
ing  to  the  right  after  2.11  periods  of  oscilla¬ 
tion.  The  three-dimensional  effect  of  the  flow 
Is  clearly  shown  In  the  right  plot.  The  larger 
velocity  flow  at  the  left  (downstream)  edge  of 
the  cylinder  does  not  continue  past  the  cylinder 
end  In  this  plane,  but  flows  around  the  edge. 
This  Is  also  clearly  shown  In  the  right  plot  of 
Fig.  10,  which  Is  of  a  horizontal  plane  near  the 
vertical  center  of  the  cylinder.  The  fluid 
flows  around  the  downstream  side  of  the  cylin¬ 
der.  The  velocity  field  In  the  vertical  plane 
through  the  center  of  the  cylinder  and  parallel 
to  Its  axis  Is  shown  In  the  left  plot  In  Fig. 

10.  Secondary  vortex  flow  Is  seen  near  the  cyl¬ 
inder  end  In  all  the  planes  shown.  However,  as 
In  the  two-dimensional  calculations,  these  vor¬ 
tices  appear  to  have  no  significant  Influence  on 
the  net  hydrodynamic  forces  on  the  body, 


The  most  significant  effect  of  the  In¬ 
crease  1  r,  amplitude  In  the  two-dimensional  cal¬ 
culations,  as  discussed  above,  was  a  signifi¬ 
cant  decrease  In  the  phase  shift  of  the  dynamic 
pressure  force  relative  to  the  cylinder  dis¬ 
placement  phase.  The  force  amplitude  Increased 
linearly  with  the  cylinder  displacement,  ampli¬ 
tude.  We  made  correspondingly  large  amplitude, 
three-dimensional  calculations  to  compare  with 
the  two-dimensional  study. 


The  three-dimensional  calculations  were 
for  amplitudes  of  motion  from  0.058  to  0.216  of 
the  beam  width,  l.e.,  .020  m  to  0.075  m.  (At 
larger  amplitudes  the  free  surface  slope  near 
the  cylinder  end  violated  the  code  requirement 
that  the  slope  not  be  greater  than  the  slope 
of  the  cell  diagonal.)  The  draft  of  the  60° 
triangular  cylinder  was  C.865  beam  widths  and 
the  length  to  draft  aspect  ratio  was  two.  As 
In  the  two-dimensional  ca'e,  the  force  ampli¬ 
tude  Increased  linearly  as  the  cylinder  dis¬ 
placement  amplitude  Increase-'  fsee  Fig.  11). 
However,  as  seen  In  rig.  1?  e  decrease  In 
the  phase  shift  of  the  dyn  pressure  force 
relative  to  the  cylinder  emplacement  phase  ob¬ 
served  In  the  two-dimensional  case  was  not  ob¬ 
served  In  these  finite-length  calculations. 

The  phase  shift  Is  less  for  all  amplitudes  of 
motion  but  does  not  decrease  significantly  as 
the  amplitude  Inert  .  .  It  Is  possible,  how¬ 
ever,  that  at  still  -rger  amplitudes  of  motion 
the  phase  shift  would  show  a  decrease. 

The  added  m  s  and  damping  coefficients 
determined  from  these  three-dimensional  calcu¬ 
lations  are  compared  with  the  two-dimensional 
SOLA- SURF  datu  and  linear  theory  In  Figs.  13 
and  14.  In  keeping  with  the  two-dimensional 
data,  the  at  led  mass  coefficients  are  within  a 
few  per  cer.t  of  the  linear  theory,  lhe  damping 
coefflcle  t,  again,  follows  the  trend  of  the 
phase  shirt. 

W*  earlier  noted  that  in  the  Infinite 
length  case  the  phase  shift  decreased  as  the 
body  velocity  Increased  (l.e.,  at  larger  ampli¬ 
tudes  of  motion  at  a  set  frequency)  because  the 
fli  Id  sloshed  further  up  (down)  the  sides  of 
t* e  body  and  caused  the  force  on  the  cylinder 
to  be  more  In  phase  with  the  body,  l.e.,  the 
phase  siil ft  was  reduced.  The  probable  reason 
for  the  phase  shift  not  decreasing  significant¬ 
ly  In  the  finite  length  case  is  that  at  large 
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Fig.  9.  Local  velocltlea  In  planes  normal  to  the  axis  of  the  three-dimensional  triangular  cylinder  In 
low  amplitude  motion  after  2.11  period!.  The  left  plot  is  the  plane  nearest  the  cylinder  end 
and  the  right  plot  Is  the  plane  imedlately  outside  the  cylinder  end. 


1  lg.  lr.  Velocities  in  a  vertical  plane  through  the  center  of  .he  cyl 1 rder  and  parallel  to  its  axis 
(left)  and  in  a  horizontal  plane  near  the  vertical  center  of  the  cylinder  (right)  after 
Ml  periods, 


amplitudes  of  motion  fluid  flows  freely  around 
the  cylinder  end  and  does  not  build  up  at  the 
sides. 

lhe  flow  pattern  around  the  cylinder  for 
the  large  amplitudes  reinforces  this  Interpre¬ 
tation.  figures  15  and  16  show  the  velocity 
field  near  the  cyllrtter  for  an  amplitude  of 
0.173  beam  widths  (0.06  ■)  after  two  periods  of 
oscillation.  Again,  the  magnification  of  the 
velocity  vectors  is  different  for  each  of  the 
planes.  Velocity  fields  In  planes  normal  to 
the  axis  of  the  cylinder  are  shown  in  fig.  15. 
The  left  velocity  vector  plot  Is  of  the  plane 
nearest  the  cylinder  end.  At  observed  in  Fig. 

6  tor  the  two-dinensicnal  case,  very  strong 
secondary  xortex  flow  Is  formed  near  the  tip  of 
the  cylinder.  The  right  plot  In  fig.  15  Is  of 
the  p’ane  (Mediately  outside  the  cylinder  end. 
At  the  tiae  of  these  plots  the  cylinder  has 
reached  the  leftmost  point  of  Its  displacement 
after  two  periods  of  oscillation.  The  left  plot 
In  fig  16  Is  of  the  velocity  field  in  the 
vertical  plane  through  the  center  of  the  cylin¬ 
der  and  parallel  to  Its  axis.  This  shows  the 
duwiward  mot  I  or  of  the  fluid  at  the  end  of  the 
cylinder,  resulting  In  the  small  vortex  iff  the 
cylinder  end.  7he  right,  plot  In  fig.  16  shows 
the  secondary  flow  on  the  downstream  side  of 
the  cylinder  In  the  horizontal  plant  nter  the 
vertical  center  of  the  cylinder.  Thete  veloci¬ 
ty  fields  In  selected  planet  show  the  flow 
arosmtd  the  cylinder  end  and  downward  flow  near 


the  er.d  for  this  time.  The  resulting  free  sur¬ 
face  configuration  Is  shown  In  Fig.  17. 

IV.  CIRCULAR  CYLINDER  IMPACT 

The  S01A-SURF  code  was  used  to  calculate 
the  force  of  Impact  on  a  circular  cylinder 
during  constant  velocity  entry  Into  a  pool  of 
water.  The  cy'inder  boundary  was  approximated 
by  straight  line  segments.  The  rigid-fluid  In¬ 
terface  boundary  condition  applied  to  each  line 
sequent  was  successful 'y  used  for  determining 
the  hydrodynamic  forces  on  the  rectangular  and 
triangular  cylinders  In  forced  motion  discussed 
above.  Specifically,  at  the  rigid-fluid  Inter¬ 
face  the  cell  pressure  Is  derived  from  ‘he  con¬ 
straint  that  the  normal  fluid  velocity  be  equal 
to  that  of  the  cylinder.  As  a  free  fluid  sur¬ 
face  approaches  a  rigid  boundary,  a  simple  lin¬ 
ear  combination  of  the  rigid  and  free  boundary 
condition  Is  used.  This  Is  needed  to  eliminate 
the  suddsn  transition  In  boundary  conditions, 
**\1ch  may  result  In  excessively  large  pressure 
spikes.  For  partially  submerged  budles  moving 
at  relatively  smalt  velocities,  this  ad  hoc 
linear  combination  of  boundary  conditions  work¬ 
ed  very  well.  For  the  Impact  problems,  how¬ 
ever,  a  modification  was  necessary  because  the 
fluid  did  no.  untlclpate  the  presence  of  the 
rigid  boundirv  In  sufficient  time  before  Impact 
and  the  calculation  consequently  exhibited  un- 
jcceovxoiy  large  pressure  oscillations. 

Through  a  heuristic  argument  based  on  the  need 
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Fig  11.  Amplitude  of  the  dynamic  pressure 

force  as  a  function  of  cylinder  dis¬ 
placement  amplitude. 


Amplitude  (m) 


Flo  12.  Phase  shift  of  the  dynamic  pressure 
force  relative  to  the  cylinder  dis¬ 
placement  phase  as  a  function  of  the 
cylinder  displacement  amplitude. 
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Fig.  13. 


Normal  lied  added  seas  coefficient  as  a 
function  of  the  cylinder  displacement 
amplitude. 


Fig.  t«. 


Normalized  dealing  coefficient  as  a 
function  of  the  cylinder  displacement 
amplitude. 


Fig.  15.  Local  velocities  in  planes  normal  to  the  axis  of  the  triangular  cylinder  In  large  amplitude 
motion  after  2.0  periods.  The  left  plot  Is  the  plane  nearest  the  cylinder  end  and  the  right 
plot  Is  the  plane  laaedlately  outside  the  cylinder  end. 


Fig .  17.  Local  free  suriaco  configuration  re¬ 
sulting  from  the  triangular  cylinder  in 
sway  motion  after  2.0  periods. 


for  an  applied  pressure  on  the  fluid  just  suf¬ 
ficient  to  bring  the  normal  component  of  the 
fluid  and  body  velocities  into  agreement  at  the 
time  of  Inpact,  a  boundary  condition  combina¬ 
tion  was  derived  that  did  force  a  smooth  tran¬ 
sition  between  the  free  and  rigid  boundary  con¬ 
ditions.  The  new  conblnatlon  uses  a  quadratic 
in  the  relative  velocity  term  instead  of  the 
linear  term  used  in  the  earlier  ad  hoc  expres¬ 
sion. 

The  average  pressure  on  the  cylinder,  i.e., 
the  vertical  force  per  u..1t  length  divided  by 
the  cylinder  diameter,  was  determined  for  a 
cylinder  with  a  diameter  of  8.25  inches  and  an 
Impact  velocity  of  7.70  ft/sec.  The  calcula¬ 
tion  was  run  to  a  time  of  18.0  msec.  At  this 
time  the  fluid  has  reached  nearly  90°  around 
the  cylinder.  Velocity  vector  plots  In  Fig.  18 
show  the  velocity  field  with  the  free  surface 
and  the  cylinder  boundary  at  -7.85,  2.48,  10.75 
and  18.00  msec.  Because  the  calculation  starts 
some  time  before  the  cylinder  hits  the  surface, 
we  shifted  the  calculated  time  scale  so  that 
the  computed  and  measured  peak  forces  occur  at 
the  same  time. 

A  comparison  of  the  ntmrically  calculated 
average  pressure  and  the  experimental  data*  are 
shown  in  Fig.  19.  (The  experimental  data  are 
for  an  impact  velocity  of  7.65  ft/sec.  and  the 
computed  data  have  been  scaled  from  7.70  ft/sec. 
to  7.63  ft/sec.  for  this  comparison.)  The  ex¬ 
periment  only  had  pressure  transducers  located 
along  a  portion  of  the  lower  surface  of  the 
cylinder.  When  the  cylinder  was  wetted  beyond 
the  highest  pressure  gauge  location  the  total 
force  was  estimated  In  two  ways.  In  the  first, 
extrapolation  was  used  to  estimate  the  unmeas¬ 
ured  surface  pressures  and  resulted  in  the  up¬ 
per  of  the  two  experimental  curves  appearing  In 
Fig.  19  after  t*3.0  msec.  The  lower  curve  Is 
the  result  obtained  using  only  the  measured 
data  and  ignoring  the  pressures  In  the  unin¬ 
strumented  region.  The  agreement  between  the 
computed  results  and  the  upper  experimental 
curve  Is  excellent,  except  for  some  small,  high 


frequency  pressure  oscillations  around  6  msec. 
These  oscillations  are  remnants  of  the  discre¬ 
tization  fluctuations  that  are  not  completely 
eliminated  by  the  itnproved  boundary  condition 
combination  discussed  above. 

V.  CONCLUSIONS 

Most  ship  hydrodynamic  problems  are  solved 
by  linear  potential  flow  methods.  Some  limits 
of  this  approximate  theory  have  been  demon¬ 
strated  by  comparisons  of  calculated  results 
using  the  SOLA-SURF  code  for  the  full,  nonlin¬ 
ear  Navler-Stokes  equations  with  linear  theory 
and  the  experimental  data  of  Vugts.  An  essen¬ 
tial  assumption  made  in  the  linear  theory  is 
that  the  amplitude  of  motion  be  small  with  re¬ 
spect  to  the  dimensions  of  the  cylinder.  In¬ 
deed,  when  this  Is  no  longer  the  case,  nonlin¬ 
ear  effects,  as  shown  by  the  SOLA-SURF  code, 
can  be  significant. 

Three-dimensional,  finite  length  effects 
were  determined  not  to  be  significant  for  cyl¬ 
inders  with  either  low  or  relatively  high  am¬ 
plitudes  of  motion.  Apparently  the  flow  around 
the  cylinder  ends,  for  the  short  cylinders 
studied,  minimizes  the  pile  up  of  fluid  at  the 
fore  and  aft  cylinder  surfaces,  which  caused 
the  large  amplitude  effect  In  the  case  of  In¬ 
finitely  long  cylinders. 

The  calculations  of  the  cylinder  Impacting 
onto  the  free  surface  forced  a  needed  Improve¬ 
ment  of  tne  transition  from  free  to  rigid  sur¬ 
face  boundary  conditions  It  also  served  to 
further  validate  the  SOLA- SURF  code  as  a  useful 
tool  for  calculating  nonlinear  fluid  flow  prob¬ 
lems. 


Fig.  19,  Comparison  of  numerically  computed  end 
experimental  data  for  the  average  pres 
sure  per  unit  length  on  an  8.25  In.  dl 
ameter  cylinder  Impectlno  with  a  con¬ 
stant  velocity  of  7.65  ft/tec. 
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DISCUSSIONS 
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NUMERICAL  SOLUTIONS  OF  TRANSIENT  NONLINEAR  FREESURFACE  MOTION 
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O.l.  Bourlcnotf  and  B.R.  Penumalll 

COMPUTATION  OF  NEAR-BOW  OR  STERN  FLOWS, 

USING  SERIES  EXPANSION  IN  THE  FROUDE  NUMBER 
J.-M.  Vanden  Broeck  and  E.O.  Tuck 

NONLINEAR  HYDRODYNAMIC  FORCES  ON  FLOATING  BODIES 

B.D.  Nichols  and  C.W.Hirt 


Invited  Discussion 
John  V.  Wehausen 

University  of  California,  Berkeley 


I  have  very  few  c aments  on  Faltlnsen's 
paper.  Out  of  curiosity.  It  might  be  Interest¬ 
ing  to  know  how  big  a  penalty  one  pays  by  replac¬ 
ing  (9)  by  $(x,y)  -  0.  Does  b(t)  have  to  be 
much  larger?  It  might  help  some  readers  If  (35) 
were  Identified  with  the  "radiation  condition”. 

At  the  bottom  of  p.  9  the  author  remarks  that 
C.  M.  lee's  results  do  not  show  a  significant 
Influence  of  nonlinearity.  From  his  point  of 
view  he  Is  probably  right.  However,  the  dlffer- 

fnces  calculated  by  Lee,  Parlssls  and  by  Potash 
J.  Ship  Res.  J5  (1971),  295-324]  are  significant 
enough  to  be  measurable  and  show  reasonable 
agreement  with  experiment  when  the  amplitudes 
ren't  too  large,  as  shown  by  Tasal  A  Koterayama 
Rep.  Res.  Inst.  Appl.  Nech.  Kyushu  Unlv.  24 
1976),  no.  77,  1-39], 

I  have  a  few  problems  with  the  paper  by 
Bourlanoff  A  Penumalll.  The  first  concerns  the 
use  of  the  Navler-Stokes  equations  and  an 
"artificial  viscosity".  Is  this  aimed  at  ob¬ 
taining  a  more  exact  model  of  a  fluid  or  does 
It  have  significance  only  as  a  device  to  simpli¬ 
fy  the  numerical  analysis?  If  the  former.  Is 
the  usual  viscous-fluid  boundary  condition  satis¬ 
fied?  Anotner  question  concerns  the  equations 
of  motlr  (2.3)  and  (2.4).  If  (2.3)  Is  the 
equation  tor  the  motion  of  the  center  of  mass, 
shouldn't  the  angular  motion  be  referred  to  a 
coordinate  system  fixed  In  the  body  with  moments 
taken  about  the  center  of  mass?  Other  choices 
usually  lead  to  more  complicated  equations.  A 
similar  remark  applies  to  some  later  equations. 

Since  drift  forces  are  calculated,  It  would 
be  Interesting  to  see  some  comparisons  with 
analytically  derived  expressions  by  Newman  [j. 
Ship  Res.  l] ,  51 -60J  and  Naruo  [J,  Ship  Res.  4, 
no.  3,  1-lBj.  There  are  also  some  recent  mea¬ 
surements. 

The  paper  by  Vanden  Broeck  and  Tuck  Is  very 
Interesting.  I  think  I  have  understood  what 
has  been  done,  but  1  have  not  digested  It  well 
enci'n*1  to  comment  sensibly. 

Th"  numerical  analysis  In  the  paper  by 
Nichols  A  Hint  has  been  pub' i shed  elsewhere,  so 


that  one  can  connent  only  upon  the  results. 
Firstly,  one  can  ask  the  same  question  here  as 
was  asked  above  about  the  use  of  the  Navler- 
Stokes  equation  by  Bourlanoff  A  Penumalll.  In 
particular.  Is  the  viscous-fluid  boundary  condi¬ 
tion  used?  If  this  condition  Is  not  satisfied, 

I  find  It  strange  that  vortices  can  be  generated 
as  In  Figures  7  and  9.  It  Is,  of  course,  satis¬ 
fying  to  have  a  numerical  assessment  of  the 
limits  of  validity  of  linearized  theory.  Earlier 
assessments  have  been  either  from  experiment  or 
from  second-order  calculations  such  as  those  of 
Lee,  Parlssls  and  Potash  cited  above.  A  com¬ 
parison  with  the  latter  would  be  of  Interest. 


Author's  Reply 

by  Odd  M.  Faftlnsen 

to  discussion  by  John  V.  Wehausen 

Professor  Wehausen  asked  how  large  b(t) 
has  to  be  In  order  to  approximate  a(x,0)  by 
zero  when  |x|  »  b(t). 

I  have  not  examined  this  systematically, 
but  I  found  quite  erroneous  answers  by  using 
such  an  approximation  for  the  b(t)-values  used 
In  iqy  paper. 


Author's  Reply 

by  George  I.  Bourlanoff  and  B.R.  Penumalll 
to  discussion  by  John  V.  Wehausen 

The  connent  about  artificial  viscosity  can 
best  be  answered  by  first  supplying  some  back¬ 
ground  Information.  It  Is  well-known  that  the 
explicit  forward  time  differencing  of  the  force 
equation  results  In  a  numerical  error  that  Is 
second  order  In  ax.  This  error  term  can  have 
either  positive  or  negative  sign,  depending  on 
the  direction  of  local  spa  '"l  gradients.  The 
"artificial  viscosity"  is  a  .  sitlve  dissipative 
term  that  Is  larger  In  magnitude  than  the  largest 
error  term.  Therefore,  the  net  second-order  term 
(numerical  error  plus  artificial  viscosity)  will 
remain  positive  and  the  calculation  will  remain 
stable. 

It  Is  possible  to  use  centered  time  differ¬ 
encing  techniques  or  predictor-corrector  tech¬ 
niques  that  have  smaller  or  no  second-order 
error.  These  techniques  require  more  computer 
time  and  arc"  more  difficult  to  implement.  There¬ 
fore.  the  Inclusion  of  an  artificial'  viscosity 


396 


term  Is  simply  a  device  to  allow  the  use  of  a 
simple  fast  numerical  technique  In  the  present 
analysis.  The  no-slip  boundary  conditions  were 
used  at  all  fluid-solid  Interfaces,  and  hence 
there  Is  no  coupling  of  the  viscous  drag  force 
to  the  floating  body. 

Dr.  Wehausen's  second  point  Is  well  taken 
since  there  Is  a  term  left  out  of  equation  (2.4). 
The  term  Is  Included  when  the  equation  Is  rewrit¬ 
ten  on  page  6  and  it  is  Included  in  the  calcu¬ 
lation. 
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